
Quantum trajectories in atom–surface scattering with single adsorbates:
The role of quantum vortices

A. S. Sanza) and F. Borondo
Departamento de Quı´mica, C-IX, Universidad Auto´noma de Madrid, Cantoblanco-28049 Madrid, Spain

S. Miret-Artésb)

Instituto de Matema´ticas y Fı́sica Fundamental, Consejo Superior de Investigaciones Cientı´ficas,
Serrano 123, 28006 Madrid, Spain

~Received 15 October 2003; accepted 23 January 2004!

In this work, a full quantum study of the scattering of He atoms off single CO molecules, adsorbed
onto the Pt~111! surface, is presented within the formalism of quantum trajectories provided by
Bohmian mechanics. By means of this theory, it is shown that the underlying dynamics is strongly
dominated by the existence of a transient vortitial trapping with measurable effects on the whole
diffraction pattern. This kind of trapping emphasizes the key role played by quantum vortices in this
scattering. Moreover, an analysis of the surface rainbow effect caused by the local corrugation that
the CO molecule induces on the surface, and its manifestation in the corresponding intensity pattern,
is also presented and discussed. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1683136#

I. INTRODUCTION

In surface scattering, diffraction experiments are of para-
mount importance.1–3 Low-energy beams of light neutral
particles are a nondestructive technique that allows one to
probe the outermost layers of metallic, insulator, or semicon-
ductor surfaces. In particular, in experiments with He atoms
at low incident energy, diffraction is predominant and the
scattering is mainly elastic. This fact has led to a wealth of
experimental data, from which a great deal of information
about the orientation and size of the surface unit cells, sur-
face corrugation, particle–surface physisorption potentials,
surface diffusion, condensation, or growth phenomena, for
example, has been obtained.4 On the other hand, inelastic
processes can also be analyzed: Phonon dispersion curves are
determined by combining pulsed beams and time-of-flight
techniques,5,6 and an attenuation of the diffraction intensities
through the well-known Debye–Waller exponential factor
~without changing their shapes! is observed. Furthermore, if
heavier probe particles~atoms or molecules! are used as scat-
tering particles, multiphoton events become more relevant
apart from adding inelastic channels coming from the inter-
nal degrees of freedom~rotation and vibration! of the incom-
ing molecules. Surface trapping, resonances, and subsequent
desorption7–9 can be also assisted by means of inelastic
events.

Opposite to well ordered surfaces, defects disrupting
their periodicity can also be found. In this case, when He
atoms probe the surface, the corresponding angular distribu-
tion of the intensity displays maxima in between the Bragg
peaks. This type of scattering is known as diffuse elastic
scattering, or incoherent elastic scattering, since no phase

relationship exists among particles scattered from different
defects. Oscillations at large diffraction angles in the inten-
sity pattern due to elastic scattering of He atoms off ran-
domly stepped Pt~111! surfaces, and estimations of the size
of single CO molecules@adsorbed on Pt~111! surfaces# were
reported a long time ago.10 After these earlier studies, the
He–CO/Pt~111! scattering has become a prototype system
for both experimentalists and theoreticians. Observations are
better made at low surface temperatures and coverages to
prevent the formation of ordered islands, and reduce the in-
elastic background contribution. Even more, it is known that
CO molecules adsorb mainly at step sites. On the other hand,
while working at high incident energies of the incoming He
atoms is good for theory, it is not so convenient experimen-
tally since the inelastic contribution is increased and the
resolution is poorer. The different methods used so far to
study, from a theoretical point of view, the scattering of at-
oms off single isolated adsorbates are mainly based on hard-
wall models,10–12sudden approximation schemes,13 quantum
wave packets propagation,11,14 standard close-coupling
gas phase approaches,15 and atom–surface scattering
formalisms.16

Angular distributions are usually measured as a function
of the parallel momentum transfer,DK, for a given initial
impact direction of He atoms. Large values ofDK ~or,
equivalently, large diffraction angles! are mainly influenced
by the repulsive part of the interaction potential. Analo-
gously, scattering intensities at small values ofDK are domi-
nated by the attractive, long-range part of the potential. In-
terference oscillations and rainbow peaks are the basic
features observed in this type of angular distributions. How-
ever, some controversy regarding the assignment of the dy-
namical origin of the different types of such features has
been unavoidable in literature. Small and intermediate mo-
mentum transfer undullations observed were initially ex-
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plained by the introduction of the so-called reflection sym-
metry interference~RSI! in a hard-wall model.10,12 Within
this theoretical model, the surface is represented as a mirror,
and the admolecule as a hemispherical boss on the mirror.
Thus, an incident ray can be directly reflected by the hemi-
spherical boss, or doubly reflected first by the boss and then
by the mirror. Hence, the scattering amplitude can be ex-
pressed as the sum of two contributions: A direct backscatter-
ing term ~involving mainly the interaction with the adsor-
bate!, and a term arising from a double scattering event. Each
one of these two contributions can be again unfolded in two
parts: One accounting for small values ofDK ~Fraunhofer
diffraction!, and the second one coming from large values of
DK. Theoretical studies carried out by Yinnonet al.13 with a
soft potential showed that not all of the oscillations observed
could be attributed to Fraunhofer peaks. Rainbow effects,
due to the local corrugation induced by the defect, were pre-
dicted from their calculations based on classical trajectories.
In an ulterior work, Lemoine15 corroborated the presence of
rainbow peaks by numerically solving the time-dependent
Schrödinger equation for the same system. However, in spite
of this exhaustive work, arguments based only on classical
trajectories13 are not conclusive by their own nature and, on
the other hand, those based on pure quantum calculations
lack intuitive insight.

Bohmian mechanics17,18 is a theoretical formalism com-
bining both the predictive accuracy of quantum mechanics
and the capability to provide a causal intuitive picture of
quantum processes~analogous to classical descriptions,
where the individual nature of material particles is fully de-
scribed!. This alternative formalism of quantum mechanics is
similar to the hydrodynamical formulation of quantum me-
chanics~quantum hydrodynamics! proposed by Madelung,19

and goes beyond the de Broglie’s concept of pilot wave.20

Bohmian mechanics provides a different and clear insight
into quantum interference processes without any need to
abandon the notion of a well-defined trajectory in space and
time. Particles are guided by a surrounding wave solution of
the time-dependent Schro¨dinger equation, so that the trajec-
tories of an ensemble of particles reproduce the statistical
predictions of the standard quantum mechanics. In the par-
ticular case of the He–CO/Pt~111! system, very regular dy-
namics a priori can be expected for trajectories colliding
with the clean Pt surface corresponding, from a hydrody-
namical point of view, to a laminar regime. However, the
presence of a single adsorbate should induce around its lo-
cation more turbulent dynamics. Intensity patterns are shown
to be strongly affected by the appearance of vortices and the
existence of a transient vortitial trapping. Moreover, it is not
necessary to introduce any additional semiclassical notion
~as the abovementioned RSI! to fully understand the under-
lying dynamics. The nonlocal character and context depen-
dence of Bohmian mechanics are enough to better interpret
the diffraction pattern.

Quantum hydrodynamics is formally related to some im-
portant phenomena in quantum mechanics as, for example,
the Aharonov–Bohm effect,21 superconductivity,22 or Bose–
Einstein condensation.23 The quantization conditions leading
to the presence of vortices characterizing these phe-

nomena follow a similar mathematical treatment. The theory
of quantum vortices was described by Dirac in a classical
paper,24 in which the existence of magnetic monopoles was
suggested. A more explicit development of the quantum
theory of magnetic monopoles, which constitutes a generali-
zation of the concept of quantum vortex, can be found in
Ref. 25. Moreover, the theory of quantum vortices has been
widely described in Refs. 26 and 27, for example, in connec-
tion with quantum hydrodynamics, and an interesting related
application can be found in Ref. 28.

Bohmian mechanics has been recently applied to differ-
ent scattering problems. Lopreore and Wyatt29 have analyzed
the tunneling of wave packets through barriers, elucidating
the corresponding mechanism in terms of quantum trajecto-
ries; a portion of them, with initial locations in the foremost
part of the initial wave packet, overcomes the barrier because
they acquire some additional kinetic energy during a boost
phase, shortly after the launching. In the atom–surface scat-
tering context, Sanzet al. have applied Bohmian mechanics
to reinterpret diffraction patterns30 and the rainbow effect.31

On the other hand, using a similar analysis based on mixed
quantum-classical simulations, Prezhdo and Brooksby32 have
solved the quantum backreaction problem for the O2– Pt re-
action, and Gindenspergeret al. have reported a study in-
cluding continuum states,33 and a description of rotational
diffractive scattering.34

According to the purpose of this work, the organization
of the article is as follows: In the next section, a brief de-
scription of the fundamentals of Bohmian mechanics is
given, emphasizing the dynamical origin of quantum vorti-
ces. In Sec. III, the main results obtained from the applica-
tion of Bohmian theory to the He–CO/Pt~111! scattering are
presented and discussed. For the sake of clarity, this section
has been subdivided into three subsections. In the first one, a
brief discussion on the procedure followed to compute the
time propagation of both the wave function and the quantum
trajectories is presented. In the second, a comparison be-
tween the classical and Bohmian dynamics associated with
the He–CO/Pt~111! system is shown. Finally, in the third
subsection, the analysis of this scattering in terms of en-
sembles of quantum trajectories is presented, also analyzing
the case of a purely repulsive adsorbate directly connected
with the absence of rainbow features. Finally, in Sec. IV, the
main conclusions extracted from this work are summarized.

II. FUNDAMENTALS OF BOHMIAN MECHANICS

The key element of Bohmian mechanics is the introduc-
tion of the concept of particle into the quantal description of
nature.17 As in classical mechanics, the evolution of the sys-
tem can be understood as the motion of particles following
well-defined trajectories. Thus, a quantum system must be
seen as a whole constituted by the particle~having a pre-
cisely defined position at each time! and the wave function
~extended in space and time, and guiding the motion of the
particle!. The wave function evolution is governed by the
time-dependent Schro¨dinger equation, and to obtain the
equations of motion for the particle, one can proceed by
writing the wave function in its polar form as
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C~r ,t !5R~r ,t !eiS~r ,t !/\, ~1!

where the real functionsR(r ,t) and S(r ,t) account for the
amplitude and phase of the wave function, respectively.
Then, introducing Eq.~1! into the time-dependent Schro¨-
dinger equation,

i\
]C

]t
5F2

\2

2m
“

21VGC, ~2!

where V(r ) is the external or classical potential, two real
coupled equations,
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“S
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2R

R
50, ~4!

are obtained. Equations~3! and ~4! are the conservation of
the probability density, and the quantum Hamilton–Jacobi
equation, respectively. The latter is similar to its classical
counterpart except for the extra term

Q52
\2

2m

“

2R

R
. ~5!

This function is the so-called quantum potential and it can be
seen as the carrier of the quantum information transmitted to
quantum trajectories. The quantum potential is a measure-
ment of the curvature of the wave function amplitude. The
role of Q as a potential, similar toV, but from a purely
quantum origin, is better understood by rearranging Eq.~4!,
and defining the velocity field,v, as

v5 ṙ5
“S

m
. ~6!

This expression implies that each particle trajectory is or-
thogonal to theS5constant manifold. Now, by applying the
operator“ to Eq.~4!, and substituting Eq.~6! in the resulting
expression, one obtains

m
]v

]t
1m~v"“ !v52“~Q1V!. ~7!

This equation can be identified with a generalized Newton’s
second law,

m
dv

dt
52“~Q1V!, ~8!

when the Lagrangian time derivative operator,

d

dt
5

]

]t
1v"“, ~9!

is used. In Eq.~8!, a quantum force,2“Q, acting on the
particle is apparent, in addition to the classical force given by
2“V. Thus, effects different from those derived from the
classical potential,V, could be expected. It is, in this sense,
that Bohmian mechanics provides a general theory of waves
and particles that goes beyond classical mechanics, and not a
simple step backward to classical theories.

The peculiarity of Bohmian motion arises from the non-
classical effects caused by the quantum potential. For ex-

ample, the action of a classical potential on a particle is
usually constrained to a neighborhood of such a particle, i.e.,
classical interactions are local. However, since the quantum
potential keeps information about the whole system~as the
wave function does!, particles feel a long-range interaction
that goes beyond their neighborhood, i.e., two distant par-
ticles ‘‘know’’ about the motion of the other due to the strong
correlation established between them by the quantum poten-
tial. Therefore, this long-range, or nonlocal action leads, in
the atom–surface scattering context, to the observation of
quantum diffraction effects in the Fraunhofer region,30 fur-
ther away from the classical interaction region. On the other
hand, due to the dependence of the quantum potential on the
quantum state, Bohmian mechanics is context dependent.
This property, related also to nonlocality, means that quan-
tum motion is sensitive to each parameter describing a quan-
tum state.

The fact that quantum potential effects can be important
in regions where the classical interaction is negligible leads
to a necessary redefinition of the meaning of the asymptotic
region. Classically, this is regarded as the region where the
interaction is negligible (V.0). However, as inferred from
Eq. ~8!, this definition is not valid in the quantum case since
the action of the quantum potential could be still
relevant.30,35,36 Angular distributions can be obtained once
the wave function has reached the classical asymptotic re-
gion because, in the momentum representation, the outgoing
diffraction channels are already well-defined~in this region,
Ĥ. p̂2/2m). On the contrary, in the configuration represen-
tation, the wave function is not converged yet, and it needs to
reach the Fraunhofer region~i.e., the quantum asymptotic
region!, where the different diffraction peaks are definitely
formed.30,35 However, the existence of those diffraction
maxima also indicates, according to Eq.~5!, that particles
could experience intense quantum forces between consecu-
tive maxima. Thus, although the quantum asymptotic condi-
tion reads as

m
dv

dt
.0, ~10!

it fulfills locally, i.e., quantum particles are locally free.
As said above, one of the most relevant properties of this

scattering is the existence of a transient vortitial regime and
its strong influence on the underlying dynamics. The condi-
tion leading to the formation of quantum vortices arises from
the complex character of the wave function. This fact implies
the nonsingle valuedness of the wave function phase

S8~r ,t !5S~r ,t !12pn\ ~n50,61,62,...!. ~11!

This multivaluedness takes place only in nodal regions,
where C(r ,t)50. In such regions, the smoothness of the
wave function disappears, and the value of its phase under-
goes discrete jumps. Under these conditions, the quantum
density current vanishes and the velocity remains undefined
~no particle can cross through a nodal region!. However, the
velocity field around a nodal region is rotational. This can be
easily shown as follows. On one hand, the circulation of the
velocity field,v, along a closed path,C, is a quantized mag-
nitude
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On the other hand, by applying Stoke’s theorem, Eq.~12! can
be rewritten as

E
S
dr•~“3v!5

2pn\

m
, ~13!

where S is the region enclosed byC. Therefore, vortices
appear whennÞ0, in the nodal regions of the wave function,
leading to closed streamlines around the nodes, i.e., to a
rotational velocity field.

III. RESULTS AND DISCUSSION

A. Model and numerical details of the calculations

A simple two-dimensional, soft potential model, origi-
nally proposed by Yinnonet al.,13 has been chosen to per-
form quantum trajectory calculations. It consists of the sum
of the interaction between He and the flat Pt~111! surface and
the interaction between He and the spherically symmetric
CO adsorbate,

VHe–CO/Pt~111!~r !5VHe–Pt~111!~z!1VHe–CO~r2rCO!, ~14!

with rCO andr5(x,z) being the position vectors for the CO
center of mass and the He atom, respectively;x andz are the
coordinates along the parallel and perpendicular directions
with respect to the surface, respectively, and measured rela-
tive to the CO center of mass. The He–Pt~111! interaction is
represented by a Morse function withD54.0 meV, a
50.6 bohr21, andzm52.3 bohr. To describe the He–CO in-
teraction, a Lennard-Jones function is chosen with param-
eterse52.37 meV andr m53.5 Å. Thus, for this interaction
model, the adsorbate is centered atx50, and has an effective
radius~at an incident energy of 10 meV! of 5.4 bohr.

In order to simulate with good accuracy the scattering
process, an initial incoming plane wave has been used, ap-
proximated as a linear superposition of 250 Gaussian wave
packets,35 according to

Gn~x,z!5
1

Apsxsz

e2~x2x0
n
!2/2sx

2
2~z2z0

n
!2/2sz

2
1 iki ~x2x0

n
!, ~15!

where (x0
n ,z0

n) gives the initial position of the center of the
nth wave packet. In our calculations, these wave packets are
homogeneously distributed along a distance of 100 bohr~i.e.,
ux0

nu<50 bohr), with the same distance,z0
n519.4 bohr, from

the clean Pt surface. The width parameters used for each
wave packet aresx51.58 bohr andsz55 bohr. This corre-
sponds to introduce approximately 4 Gaussian wave packets
in a length equal tosx ~the distance between two consecu-
tive centers is 0.4 bohr!, what implies a very good overlap-
ping among them. The resulting plane wave is then launched
perpendicularly to the surface from̂z&0519.4 bohr, where
the classical potential is negligible. Two different values of
the normal wave vector have been used:ki52.32 and 4.63
bohr21. These correspond to initial energies ofEi510 and
40 meV, and de Broglie wavelengthsldB52.71 and 1.36

bohr, respectively. The evolution of the wave function has
been computed by standard algorithms, widely described in
literature.37–39

Bohmian trajectories are obtained by simultaneous nu-
merical integration of Eqs.~2! and~6!. The impact parameter
associated to each quantum trajectory is assigned according
to the following procedure: The region covered by the in-
coming plane wave can be imaginary divided into parallel
‘‘slices’’ along thex direction~perpendicular to the direction
of the wave function propagation!, characterized byz0

5^z&06d ~the 6d quantity gives the distance from the cen-
tral slice,z05^z&0 , of the wave packet,~1! for above or~2!
for below!; then, the quantum trajectories with initial condi-
tions, x0 ~i.e., the impact parameters! along each slice are
weighted according to the value of the initial probability den-
sity at x0 andz0 .

B. Classical mechanics versus Bohmian mechanics

In Fig. 1, our results forEi510 meV~left-hand side col-
umn! andEi540 meV~right-hand side column! and perpen-
dicular incidence are plotted. In panels~a! and (a8), the
probability densities,uC(r ,t)u2, at 11 ps and 3.5 ps, respec-
tively, are displayed. The different maxima observed corre-

FIG. 1. Comparison of results forEi510 meV~left-hand side column! and
Ei540 meV ~right-hand side column!. Top: probability density att511 ps
for 10 meV, andt53.5 ps for 40 meV; the different maxima correlate with
peaks in central panels. Center: relative intensity as a function of the parallel
momentum transfer,DK, at normal incidence. Bottom: quantum trajectories
with initial positions~impact parameters! distributed parallel to the clean Pt
surface, and starting atz05^z&026 bohr.
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late to peaks in panels~b! and (b8), which show the intensity
as a function of the parallel momentum transfer,DK, of the
scattering particles. In Fig. 1~b!, peaks labeled asA1 , A2 ,
andB are assigned to Fraunhofer peaks, andA3 and the small
‘‘shoulder’’ on the left-hand side of peaks labeled asC1D
are related to the presence of classical surface rainbows,
since these peaks do not appear in calculations carried out
with a purely repulsive adsorbate. The peakA1 also disap-
pears although it cannot be assigned to a surface rainbow as
explained below. On the other hand, the part of the outgoing
wave trapped along the surface@maximaD in ~a! and (a8)]
could be responsible for a resonance phenomenon if an ad-
ditional adsorbate were found along its way on the surface.
This is a well-characterized phenomenon known as defect
mediated selective adsorption resonance, predicted by
Yinnon et al.,13 and recently observed by Glebovet al.40 In
panels~c! and (c8) of Fig. 1, two representative ensembles of
quantum trajectories with impact parameters alongz05^z&0

26 bohr are shown. Notice that these ensembles represent
only a partial contribution to each intensity peak shown in
~b! and (b8), since the total intensity is obtained by consid-
ering a larger number of trajectories, densely distributed
within the region covered by the initial probability density
uC0(r )u2. In panels~c! and (c8), it can be clearly seen how
quantum trajectories follow paths of maximum probability,
leading to the different maxima ofuC(r ,t)u2 as shown in
panels~a! and (a8), respectively.

At the energies considered here, the percentage of
trapped quantum trajectories is 2.20% for 10 meV, and
1.24% for 40 meV, with respect to a total number of 3000
trajectories covering the surface area illuminated by
uC0(r )u2. The estimation of these trapping ratios has been
done by assigning to each quantum trajectory an appropriate
weight according touC0(r )u2. For comparison, in Fig. 2, the
classical trapping ratio as a function of the incident energy,
Ei , has been also plotted showing an exponential-like decay.

The classical ratios corresponding to the incident energies
considered in the quantum calculations, 3.91% and 2.03%,
respectively, give a reasonable agreement with their quantum
counterparts~triangles!. Due to the local character of classi-
cal mechanics~unlike Bohmian mechanics!, to compute the
trapping ratio, it is not necessary to sample the two-
dimensional region covered byuC0(r )u2 with ~classical! tra-
jectories; any two trajectories with the same initialx0 coor-
dinate, but differentz0 ~within the classical asymptotic
region!, will follow the same evolution. An ensemble of
10 000 trajectories has been considered to obtain the results
shown in Fig. 2. All trajectories were initialized at a distance
of 19.4 bohr from the clean Pt surface, and symmetrically
distributed with respect to the center of the adsorbate, cov-
ering a total length of 100 bohr along thex direction ~the
same covered byuC0(r )u2). Classical trapped trajectories are
characterized by negative values of their~asymptotic! per-
pendicular energy component.41 In the inset of Fig. 2, a clas-
sical plot of this component (Ez) as a function of the impact
parameter~b! is shown forEi510 meV. Due to the perpen-
dicular incidence considered, the profile displays two nega-
tive lobes symmetrically located with respect to the center of
the adsorbate. These two lobes define the set of impact pa-
rameters for which~classical! surface trapping dynamics are
observed. Under these conditions, and after the first impact
with the surface, He atoms oscillate along thez direction
~i.e., show a bound motion inside the well of the Morse
function!, and move freely along thex direction with an en-
ergy greater thanEi (Ex5Ei2Ez.Ei , sinceEz,0). The
regions of impact parameters leading to trapping decrease
whenEi increases, indicating the close relation between their
sizes and the trapping ratio; a higher impact energy, a lesser
number of atoms will remain trapped since they carry
enough energy to overcome the attractive well of the Morse
function. The two negative lobes mentioned above become
deeper and sharper since the increasing inEi implies a larger
exchange of momentum. Thus, atoms remain oscillating with
higher negative values ofEz , closer to the depth of the well.
Nevertheless, independent ofEi , it is worth commenting
that among the trapped trajectories, that corresponding to the
impact parameter belonging to the minimum of the lobe is
special. Any trajectory reaches an asymptotic constant oscil-
lation amplitude once the influence of the adsorbate in its
dynamics is negligible. However, the trajectory with maxi-
mum uEzu energy displays a constant oscillation amplitude
since the first ‘‘bounce’’ of the atom on the surface. Such a
trajectory acts as a caustics for double scattering~thus, of
relevance for interaction models based on the RSI notion!,
and can be considered as ‘‘stationary’’ within this context.

The effects of classical surface trapping are also mani-
fested in the quantum dynamics of the system, as can be seen
in Figs. 3~a! and 3~b!, where the time dependence of the
expectation values ofx andz (^x& t and^z& t , respectively! for
the trapped part of the wave function are displayed. The
influence of the adsorbate on the wave function is negligible
approximately 5 ps after the initial instant. After this time,
^x& t follows a linear function, trace of a uniform motion of
this portion of the wave function along the direction parallel

FIG. 2. Classical trapping ratio as a function of the incidence energy (Ei).
This ratio is a measurement of the relation between the number of classical
trajectories trapped along the surface and the total number of classical tra-
jectories considered. Triangles mark the quantum ratios corresponding to
Ei510 meV andEi540 meV. In the inset, the asymptotic component~see
Ref. 41! of the energy along thez direction as a function of the classical
impact parameter,b, is also plotted for perpendicular incidence at 10 meV.
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to the surface@D in Fig. 1~a!#. From the slope of this func-
tion, the average velocity for D results ^vx&
514.31 bohr/ps, which can be interpreted as the group ve-
locity of the ensemble of trapped Bohmian trajectories.
Moreover, the value of the estimated average energy along
the x direction is^Ex&511.89 meV. The oscillatory motion
of the D portion can also be observed in Fig. 3~b! by means
of ^z& t . From this plot, both the frequency of the oscillation
and the vibrational energy associated to that portion can be
easily calculated. A simple estimation givesv
52.538 ps21, and ^Ez&5Ei2^Ex&521.89 meV. If the
same procedure is followed forEi540 meV, one finds
^vx&527.18 bohr/ps and, therefore,^Ex&542.91 meV and
^Ez&522.91 meV. These results keep a close relation with
those extracted from Fig. 2. Classically, minima appears at
Ez

min522.68 meV for Ei510 meV, and at Ez
min

523.00 meV forEi540 meV. Notice the small difference
between^Ez& and Ez

min in the case ofEi540 meV, what
means that the portion of the trapped wave function moves
as the ~classical! stationary trajectory does. Therefore, as
mentioned above, an increasing of the impact energy makes
the system to behave more classically. Furthermore, if one
takes into account the three bound levels of the Morse po-
tential used,E0522.53 meV, E1520.60 meV, andE2

523.031023 meV, one observes that the value of^Ez& for
Ei510 meV approaches the ground state,E0 . Hence, this

behavior could be considered as a precursor for a defected
mediated resonance.

In the inset of Fig. 2, several maxima and minima are
also found betweenEz50 meV andEz510 meV. Maxima
correspond to nondeflected trajectories (Ez510 meV), and
minima are due to classical surface rainbows. From both
minima, at each side of the adsorbate, the positive and nega-
tive values of the rainbow angle,u r , or critical deflection,
can be obtained by means of the relation:Ez

r5Ei sin2 ur .
However, these rainbows are better characterized from the
so-called classical deflection function,DK versusb, which
provides not only a complementary information about the
dynamics of the system but it is the only way to clearly and
unambigously assign them. In Fig. 4~a!, this function is rep-
resented for the case ofEi510 meV. Extrema of such a
function give the rainbow angles and the corresponding clas-
sical intensities display a singularity~caustics!. At negative
impact parameters~scattering from the left of the adsorbate!,
the maximum appears in the single scattering regime~con-
tinuous line! and occurs at lowDK values; on the contrary,
the minimum takes place at the threshold of multiple scatter-
ing regime ~discontinuous line!. The reverse situation is
found at positive impact parameters. From this classical
analysis, we can affirm that these critical scatterings are,
therefore, responsible for theA3 peak~low DK values! and
the left-hand side shoulder of theC1D peak~high DK val-
ues! in Fig. 1~b!, althought the corresponding momentum

FIG. 3. Expectation value of the position for the trapped~D portion! wave
function as a function of time:~a! ^x& and ~b! ^z&. These expectation values
have been computed within the region defined byx>0 bohr and z
<12 bohr ~where classical and quantum motions are bound!, and for per-
pendicular incidence at 10 meV.

FIG. 4. Classical~a! and quantum~b! deflection functions. The quantum
deflection function has been computed for three different ensembles of
Bohmian trajectories, beginning atz05^z&026 bohr ~s!, z05^z&0 bohr
~L!, andz05^z&016 bohr~d!. Calculations are carried out for perpendicu-
lar incidence at 10 meV.
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transfer values are very close but not exactly the same as the
classical values. As the effective radius of the adsorbate at
that incident energy is 5.4 bohr, the surface rainbow at low
values ofDK comes from the clean Pt surface scattering and
the second one from the adsorbate scattering before hitting
the Pt surface. Notice that no critical feature appears around
the DK value for which theA1 intensity peak is observed.
This fact definitely suppresses the existence of an additional
classical surface rainbow. A similar analysis could be done
for the scattering at 40 meV. For comparison, in Fig. 4~b!,
the corresponding quantum deflection function31 is also plot-
ted. Obviously, all of the impact parameters coming from the
different slices of the initial wave packet must contribute to a
given value ofDK with nonzero intensity in the whole dif-
fraction pattern@see Figs. 1~b!–1~b8!#. For this scattering, a
quasicontinuous structure is therefore expected. However, in
order to see how this deflection function is built, only three
ensembles of quantum trajectories have been chosen: Those
starting atz05^z&026 bohr ~s!, z05^z&0 bohr ~L!, and
z05^z&016 bohr ~d!. As can be clearly seen, the shape of
the classical and quantum deflection functions is drastically
different. The classical deflection function is continuous ex-
cept in trapping regions and it displays maximum/minimum
structures, whereas the quantum one shows a sort of quanti-

zation, at values ofDK where intensity peaks are observed.
Bohmian trajectories belonging to upper slices of the initial
plane wave contribute to small values ofDK, while those
corresponding to lower slices contribute to high values of
DK; in particular, to those values for which surface trapping
occurs. The quantum scattering in the classically forbidden
region beyond the highest rainbow angle is strongly attenu-
ated due to the fact that a fewer number of quantum trajec-
tories contribute to such intensities. Thismultilayer-type
structure is in sharp contrast to the ladder structure found in
the scattering of He atoms from periodic surfaces.31 Even
more, far from the region influenced by the adsorbate (b
*15 bohr), only the specular (DK50 bohr21) deflection is
clearly observed in the classical deflection function. On the
contrary, in the quantum domain, nonzero values of the mo-
mentum transfer still remain, indicating the nonlocal nature
of Bohmian trajectories. The different symmetry found in
both functions is also an interesting aspect that we would
like to mention. Whereas the quantum deflection function is
symmetric with respect to theb50 line, the classical one is
symmetric with respect to the origin~inversion symmetry!.
Finally, it should be noticed that within Bohmian mechanics,

FIG. 5. Quantum trajectories with impact parameters along the slicez0

5^z&026 bohr displayed only in the positive region of thex axis, for per-
pendicular incidence at 10 meV. The lower panel shows a magnification
close to the adsorbate.

FIG. 6. Quantum trajectories with impact parameters along the slicez0

5^z&0 bohr displayed only in the positive region of thex axis, for perpen-
dicular incidence at 10 meV. The lower panel shows a magnification close to
the adsorbate.
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the region of impact parameters where trapping occurs is
much larger than the classical one.30

One question that still remains open is the interpretation
of theA3 peak~which can be again seen as a shoulder of the
B peak! in the Bohmian mechanics. In order to simplify the
presentation of the quantum deflection function, only contri-
butions of quantum trajectories coming from three different
slices of the initial wave packet have been plotted which do
not showDK values around theA3 peak. However, we can
provide a pictorial argument to our quantum rainbow assign-
ment. In Figs. 1~c! and 1~c8!, it is observed that quantum
trajectories accumulate in theB direction displaying several
foldings due to maximum deflections, a reminiscence of a
caustic. Thus, the left-hand side shoulder of theB peak, that
is, theA3 peak, has to come from the surface rainbow found
at low values ofDK in Fig. 4~a!.

C. The behavior of quantum trajectories

An additional feature of quantum trajectories, not men-
tioned when showing Figs. 1~c! and 1~c8!, is that they do not
behave as straight rays in the interaction region. We have
observed that such trajectories follow the boss profile of the
adsorbate like in a sliding motion, or spin in loops around

quantum vortices42 for some time. Within a hydrodynamical
framework, this relates to the existence of a turbulent region
surrounding the adsorbate. This is in a sharp contrast with
the semiclassical picture used to explain such angular distri-
butions in which rays do not show any of these remarkable
features.

In Figs. 5–7 quantum trajectories are displayed for the
same three sets of initial conditions considered in Fig. 4~b!.
Lower panels in Figs. 5–7 are a magnification of the inter-
action region to clearly see the presence of quantum vortices
in this dynamics. Several points are worth commenting here:
First, as indicated above, the behavior of the trajectories pre-
sented in these figures shows that the quantum dynamics of
the system becomes more complex as impact parameters are
taken closer to the adsorbate. In a quantum hydrodynamical
context, it could be said that trajectories starting from upper
slices of the initial wave packet follow a laminar regime,
while those starting at lower slices belong to a turbulent one,
with a smooth transition between them. Second, this com-
plex dynamics is not chaotic,43 but gets highly organized
around a number of points avoided by the trajectories~see
Fig. 5! and identified as quantum vortices. These quantum
vortices are seen to appear evenly spaced at intervals given

FIG. 7. Quantum trajectories with impact parameters along the slicez0

5^z&016 bohr displayed only in the positive region of thex axis, for per-
pendicular incidence at 10 meV. The lower panel shows a magnification
close to the adsorbate.

FIG. 8. Quantum trajectories with impact parameters along the slicez0

5^z&026 bohr displayed only in the positive region of thex axis, for per-
pendicular incidence at 40 meV. The lower panel shows a magnification
close to the adsorbate.
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approximately by ldB52p/ki ,42 and are located along
straight lines parallel to the clean Pt surface. This vortitial
structure leads to a transient trapping regime which should
not be confused with the surface trapping associated with the
ensemble of trajectories giving rise to theD portion of the
final wave packet in Fig. 1~c!. In the former case, trapping
remains only as the interaction takes place and is due to
quantum interference; in the latter, trapping is permanent
~unless some adsorbate is present and trajectories will desorb
from the surface! and comes from az-to-x momentum ex-
change. Third, not all quantum trajectories sample the same
interaction region but it depends on the departure slice. This
is due to the existence of an effective barrier or, alternatively,
a quantum pressure~see below! caused by trajectories reach-
ing a deeper distance.35 This fact implies a weaker effective
interaction acting on the incoming particles initialized in up-
per slices, their dynamics being much simpler~see Figs. 6
and 7!. Hence, the regime is not so turbulent and a wide
region of laminar flow is appreciated, although the influence
of the vortitial dynamics is still felt. These trajectories con-
tribute mainly to the diffraction peaks labeled asA. Fourth, it
should be noticed that topologycally quantum trajectories
distribute in such a way that they cannot cross through the

same point at the same time. At each time, the particle mo-
mentum in Bohmian mechanics is single valued,18 unlike
what can be observed in classical mechanics. Thus, due to
these avoided crossings, certain ensembles of trajectories can
undergo accumulations and foldings evoking caustics~in a
classical sense!. This fact is particularly interesting at this
level because, classically, the inflection points on the poten-
tial at each side of the adsorbate cause crossings of the rain-
bow trajectories in the same position at the same time, unlike
quantum trajectories.31 As explained in Ref. 30, such a topol-
ogy can be understood from a detailed analysis of the quan-
tum potential ~or, equivalently, the structure of the wave
function! and its space–time variation. Therefore, by means
of the information transmitted through the quantum poten-
tial, a nonlocal causal connection between the region of the
~external! potential close to the boss and the rainbow-exit
region~as advocated in the classical picture!13 is established.
Fifth, to enhance the capital importance of vorticity, it is
possible to know the degree of influence of the transient
vortitial dynamics in each peak observed in the intensity pat-
tern. Notice here that the standard quantum mechanics can
only give the correct intensity and that, only by means of
some semiclassical picture~which is additional, but not self-

FIG. 9. Quantum trajectories with impact parameters along the slicez0

5^z&0 bohr displayed only in the positive region of thex axis, for perpen-
dicular incidence at 40 meV. The lower panel shows a magnification close to
the adsorbate.

FIG. 10. Quantum trajectories with impact parameters along the slicez0

5^z&016 bohr displayed only in the positive region of thex axis, for per-
pendicular incidence at 40 meV. The lower panel shows a magnification
close to the adsorbate.
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contained in the own structure of quantum mechanics!, the
dynamical origin of the corresponding peaks is justified.
However, the formalism based on quantum trajectories of
Bohmian mechanics fulfills both requirements: It reproduces
the statistical results provided by the standard theory and, at
the same time, it accounts for the dynamical origin of those
results without resorting to any argument taken from alterna-
tive theoretical formulations. Thus, by binning and weighting
the quantum trajectories with an appropriate factor~as de-
scribed above!, the scattering intensity is correctly obtained,
as demonstrated in Ref. 30. Proceeding in this way, we have

observed that, at 10 meV and normal incidence, vortitial dy-
namics contribute to each diffraction peak with the following
percentages: 29.9% for peaksA, 20.9% forB, and 100% for
both C andD. These results show clearly the important role
played by the existence of a transient vortitial regime in this
type of scattering without the need to evoke any semiclassi-
cal picture and so avoiding the controversy found in litera-
ture about the interpretation and assignment of the peaks (A1

andA3) in the diffraction pattern obtained with this interac-
tion model.

Similar arguments can be used to describe Figs. 8–10,

FIG. 11. ~a! Quantum trajectories with impact parameters along the slice
x051.1 bohr displayed only in the positive region of thex axis, for perpen-
dicular incidence at 10 meV. The initial position alongz are taken as 12.0
<z0<22.0 bohr. The two lower panels show the parallel~b! and perpen-
dicular ~c! components of these quantum trajectories as a function of time.

FIG. 12. ~a! Quantum trajectories with impact parameters along the slice
x057.1 bohr displayed only in the positive region of thex axis, for perpen-
dicular incidence at 10 meV. The initial position alongz are taken as 12.0
<z0<22.0 bohr. The two lower panels show the parallel~b! and perpen-
dicular ~c! components of these quantum trajectories as a function of time.
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which show the quantum trajectories corresponding to the
same slices of the initial wave function along thex direction,
but for an incidence of 40 meV. However, the most important
point here is the observation of a decrease in the influence of
the vortitial regime in the dynamics of the system. Notice
that, although vortices still appear, the number of trajectories
affected by transient trapping is smaller.

To better illustrate the concept of ‘‘quantum pressure’’
introduced above, in Figs. 11–13, quantum trajectories for

three different transversal slices of the initial wave function
are presented~keeping the same scattering conditions, i.e.,
perpendicular incidence at 10 meV!. Thus, the initial condi-
tion that characterizes each slice is nowx051.1, 7.1, and
18.1 bohr, respectively. In Figs. 11–13, panels~b! and ~c!
show the parallel and perpendicular components of quantum
trajectories as a function of time, respectively. From an in-
spection of panel~c!, those quantum trajectories initiated
closer to the adsorbate or surface ‘‘create’’ an artificial bar-
rier that prevents other trajectories initiated further away to
reach the surface. Let us remark the close resemblance be-
tween the deflection of these trajectories during the interac-
tion, and that shown by the trajectories corresponding to the
scattering of a Gaussian wave packet off a hard wall.44 Fur-
thermore, among those trajectories belonging to the slicex0

51.1 bohr, it is possible to distinguish double and single
collisions @see panel~c!#. In the former case, atoms first hit
the adsorbate and then they slide along its surface to collide
with the Pt surface, before escaping from the interaction re-
gion. In the latter case, trajectories display only a single col-
lision ~with the adsorbate! avoiding inner trajectories close to
the adsorbate surface. Moreover, surface trapping can be

FIG. 13. ~a! Quantum trajectories with impact parameters along the slice
x0518.1 bohr displayed only in the positive region of thex axis, for per-
pendicular incidence at 10 meV. The initial position alongz are taken as
12.0<z0<22.0 bohr. The two lower panels show the parallel~b! and per-
pendicular~c! components of these quantum trajectories as a function of
time.

FIG. 14. Quantum trajectories with impact parameters along the slicez0

5^z&026 bohr displayed only in the positive region of thex axis, for per-
pendicular incidence at 10 meV, and under the influence of a purely repul-
sive adsorbate. The lower panel shows a magnification close to the adsor-
bate.
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again seen in Fig. 13@see panel~b!# where the parallel com-
ponents of the trajectories follow a uniform motion~constant
velocity!. Notice also that, as in the case of free motion along
the z direction @see Figs. 11~c! and 12~c!#, the condition
given by Eq. ~10! is fulfilled, and a quantum asymptotic
motion is also observed along thex-direction.41

Finally, in order to complete the Bohmian description of
our system, in Figs. 14 and 15 the effect of a purely repulsive
He–CO potential on the scattering at perpendicular incidence
and energy of 10 meV is shown. The quantum trajectories
plotted are initiated at the slicesz05^z&026 bohr andz0

5^z&0 , respectively. Surprisingly, a vortitial regime still re-
mains close to the adsorbate although, by comparison with
their counterparts~see Figs. 5 and 6!, the turbulent region is
more diluted. In particular, the accumulation and foldings of
the quantum trajectories are also diminished. This fact leads
to the suppression of the corresponding contributions to the
A3 peak in the diffraction pattern. The absence of theA1

peak and the left-hand side shoulder of theC1D peak can
also be explained with similar arguments. For example, no-
tice that the number of nearly nondeflected trajectories in
Fig. 14 is much less than in Fig. 5.

IV. CONCLUSIONS

To summarize, in this work, we have presented a com-
plete theoretical study of atomic scattering from single ad-
sorbates on a metallic surface within the Bohmian formal-
ism, which provides an intuitive, causal description of this
diffraction in terms of quantum trajectories. The interaction
model chosen for this scattering presents classical rainbow
features~extrema in the classical deflection function! and
surface trapping. In this formalism, rainbow features are as-
sociated to the whole diffraction pattern rather than to indi-
vidual peaks31 unlike the proposal based on classical
mechanisms.13 This is due to the nonlocal and context-
dependent character of the quantum potential, which makes
the adsorbate extend its influence further away than its clas-
sical range of interaction.

On the other hand, the quantum process takes place
through rich dynamics, in which the concept of transient vor-
titial trapping plays a key role. In this sense, we have been
able to provide an extended and more complete description
of the corresponding scattering process than that existing in
literature in terms of a classical or semiclassical picture. The
use of quantum trajectories to better interpret and assign the
dynamical origin of the intensity peaks displayed in the dif-
fraction pattern has been determinant. In particular, and
within this interaction model, the controversial interpretation
appearing in literature about the assignment of the intensity
peaks~mainly, theA1 and A3 peaks! dilutes. The reflection
symmetry interference notion, originally introduced to ex-
plain certain oscillations in the experimental diffraction pat-
terns, is not necessary within the Bohmian formalism.
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