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On the classical limit in atom-surface diffraction
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Abstract. – The transition to the classical limit in atom-surface diffraction is studied using
the de Broglie-Bohm causal formalism. In particular, we focus on rainbow scattering, which is
a well-defined effect in classical mechanics and has a clear counterpart in quantum mechanics.
In order to achieve this limit, we consider the scattering of particles with increasing masses off a
Cu(110) surface. Although the classical limit seems strictly unreachable, quantum trajectories
mimic the characteristics of the classical intensity distribution, and their use allows to unveil
the mechanism by which the quantum rainbow condition takes place.

Diffraction of atoms (specially rare gases) and small diatomic molecules off solid surfaces is
presently a very active field of research [1]. Typical diffracting systems consist of single-metal
surfaces and transmission gratings [2]. The corresponding experiments lead to a better knowl-
edge of the ubiquitous van der Waals interactions, surface characterization and, in general, to
the improvement of atomic optics and atom interferometry [3]. In particular, by increasing
the mass of the impinging particles, higher angular and energy resolutions are necessary to
detect a larger number of weak and sharp diffraction peaks. In the interpretation of these
scattering experiments with heavy projectiles classical mechanics is frequently used, a proce-
dure that must be exerted with caution since the semiclassical limit is highly non-uniform [4].
Moreover, there are recent experiments in which the quantum behavior of such particles has
been observed [5].

The purpose of this letter is to provide a pure quantum explanation of this kind of phe-
nomena within the causal point of view of the de Broglie-Bohm (BB) quantum theory of
motion [6, 7]. In our opinion, this theory has the important additional advantage of opening
up new perspectives into the long-standing and open problem of the correspondence between
quantum and classical mechanics [8, 9]. To achieve this goal, we have selected to study the
rainbow effect, for which there is a clear and unique correspondence between quantum and
classical features, considering the latter as a limiting case of the former.

In the last years there has been a renewed interest in the BB theory as a framework
to provide intuitive insight into quantum problems, in particular, quantum interference and
diffraction. This theory has been successfully applied to a great variety of problems [10].
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Very recently, atom diffraction by metal surfaces has been studied by the authors using this
theory [9]. In that work, concepts like the Fresnel and Fraunhofer regimes of undulatory optics
or the classical turning points defining the surface electronic density have been revisited from
a full quantum perspective.

The fundamental equations in the BB theory [7] are derived by introducing the wave func-
tion Ψ(r, t) = R(r, t) eiS(r,t)/h̄ (R and S are real valued) into the time-dependent Schrödinger
equation to obtain
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2m
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which are the continuity and quantum Hamilton-Jacobi equations, respectively; here m is the
mass of the incoming particle, and V the gas-surface interaction. The last term in eq. (2) is
the so-called quantum potential, defined as

Q = − h̄2

2m
∇2R(r, t)
R(r, t)

. (3)

This potential is determined by the quantum state of the system, and together with V deter-
mines the acting forces. Within this formulation the correspondence principle is mathemati-
cally expressed as Q → 0. In our case, this limit will be achieved by increasing the value of m.

Quantum trajectories are calculated by integrating the particle equation of motion, ṙ =
∇S(r, t)/m, similarly to what happens in the classical Hamilton-Jacobi theory [11]. According
to the statistical interpretation of quantum mechanics, these trajectories are paths along which
probability flows, and therefore they are directly related to the probability current as well.

As a working example, we have chosen the He-Cu(11α) surface collisions, which have been
extensively studied in the past, both experimentally [12,13], and theoretically at quantum [14],
semiclassical [15] and classical [16] level. In particular we consider the quasi–one-dimensional
and least corrugated face, Cu(110), for which the out-of-plane collisions are negligible, and
thus a 2D Hamiltonian model can be used,

H = (p2
x + p2

z)/2m + V (x, z), (4)

where x and z are the directions parallel and perpendicular to the surface, respectively. The
interaction potential is described by a corrugated Morse function

V (x, z) = D e−2αz [1− 2eαz + (0.03 cos 2πx/a + 0.0004 cos 4πx/a)], (5)

where the Morse parameters (α = 1.05 Å−1 and D = 6.35 meV) and the unit cell length
(a = 3.6 Å) have been taken from the literature [12].

In order to describe the transition to the classical limit, we have considered increasingly
larger values for m, taking the rare-gas sequence: He, Ne, Ar, and finishing with a fictitious
particle, labelled He∗, with mHe∗ = 500 mHe, maintaining the same potential. Notice that
this way to proceed implies some approximations. In the first place, the attractive potential
depths, as well as the surface corrugation amplitudes and inelastic contributions, are expected
to be larger as the mass of the incident particle increases. Second, although the wave char-
acter is not negligible for heavy rare gases, no well-resolved in-plane diffraction peaks and
out-of-plane diffraction intensities have been observed experimentally, specially for Ar [13].
However, rainbow features have been identified for Ne and Ar, which display no shift with
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Fig. 1 – Intensity diffraction pattern (a) and quantum deflection function (b) for the He-Cu(110)
scattering at 21 meV (solid line) and 63 meV (dotted line) and normal incidence. The corresponding
classical deflection functions are also plotted in the inset to panel (b).

the surface temperature. To minimize the impact of all those effects in our final conclusions,
the calculations have been performed at normal incidence, θi = 0◦, and with incident energies
compared to the potential well.

From the classical point of view, the rainbow singularity is explained by the presence of
caustics [17], where the corresponding semiclassical wave function breaks down. Quantum
mechanically, this singularity is usually replaced by an intensity maximum in the angular dis-
tribution, and the quantum rainbow condition takes place when the classical raibow coincides
with a Bragg channel. In this respect, it has been argued that rainbow features should be
associated to the whole diffraction pattern instead of a very high-intensity diffraction peak,
which does not necessarily correspond to the diffraction channel displaying rainbow [15]. As
will be shown later, by comparing quantum (within the BB theory) and classical trajectories
deflection angle distributions, this intuitive interpretation is well justified.

The numerical procedure used in this work has been described in detail in ref. [9]. It starts
by simultaneously propagating the initial wave packet, according to the method proposed by
Heller [18], and running quantum trajectories. After these trajectories have been computed,
the quantum deflection (QD) function, i.e., the distribution of final scattering angles vs. the
impact parameter, defined as the initial position over the surface at which trajectories are
started, is evaluated.

In fig. 1 the results for the scattering of He atoms at two values of the total energy, Ei = 21
and 63 meV, are plotted in solid and dotted lines, respectively. Part (a) corresponds to the
diffraction pattern calculated using the S-matrix method of ref. [18], while in panel (b) the
corresponding QD function is given. We also present, in the inset, the corresponding classical
deflection (CD) functions for one unit cell. In (a) we observe at each value of Ei three diffrac-
tion peaks, associated to the zero (specular) and first diffraction orders. They appear at Bragg
angles of 0◦ and ±15.7◦ for Ei = 21 meV, and 0◦ and ±9.2◦ for 63 meV, respectively. Since
in the CD functions of the inset the rainbow angles (extrema) appear at ±12.2◦ and ±9.2◦,
we conclude that the first-order peaks at Ei = 63 meV display a quantum rainbow feature,
and the whole diffraction pattern is associated to the surface rainbow. This fact has also the
effect of decreasing the specular integrated intensity (area under the diffraction peak) and
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Fig. 2 – Intensity diffraction pattern (a) and quantum trajectories (b) at 21 meV and normal incidence
for the Ne, Ar, He∗, and Hecl-Cu(110) scattering. To make the comparison easier, the intensities have
been normalized to their maximum values.

increasing those of the first-order peaks with respect to the scattering at 21 meV. In the semi-
classical picture, trajectories contributing to the peaks located at ±15.7◦, which do not fulfill
the quantum rainbow condition, are classically forbidden but energetically allowed. Therefore,
only complex valued classical trajectories are responsible for such weak-intensity peaks [19].

In the BB formalism it is not necessary to resort to such complex trajectories to describe the
classically forbidden dynamics, and the QD function plotted in fig. 1(b) is readily interpreted in
terms of Bohmian trajectories. This function presents a ladder-type shape linked to the Bragg
angles, in sharp contrast with the smooth character of the CD function. As demonstrated
in [9], the length of each step corresponds to a specific portion of the incident wave packet,
which is responsible for each diffraction channel. In this way, the center of the packet is
associated to the specular peak (central step), and small portions at the borders are the origin
of the first- and higher-order peaks (remaining steps in the QD function). Furthermore, the
density of trajectories in each one of these steps, weighted with the probability derived from
the initial wave packet, is proportional to the corresponding diffraction intensity. Obviously,
the finite spatial width of the wave packet manifests itself in the border effect, present in the
QD function. Notice also that all information relevant for the classical dynamics is restricted
to only one unit cell, whereas in quantum treatments the whole region illuminated by the
initial wave packet is involved in the dynamics.

In fig. 2 the results corresponding to the diffraction intensities (left column) and their
associated Bohmian trajectories (right column) at Ei = 21 meV for incoming particles of
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Fig. 3 – Quantum deflection function at 21 meV and normal incidence for He and He∗-Cu(110)
scattering, and classical deflection function normalized to the width of the initial wave packet.

different masses (Ne, Ar, and He∗) are depicted. The trajectories are only plotted in the
region near the surface (analogous to the Fresnel region of undulatory optics [9]), and to avoid
complicating the figure we have not represented their incident parts, where, due to the lack of
interaction, nothing interesting happens. For comparison, the classical results for He (labelled
Hecl) are also shown at the bottom of the figure.

In the left column it is clearly seen that the number of diffraction peaks increases with the
mass of the scattered particles, approaching the limit of the classical distribution (bottom).
At the same time, the specular peak gradually disappears (consider also fig. 1(a) as the first
member in the series of results) and an oscillatory behavior in the intensity peaks appear (see
results for He∗). Regarding the right column, several comments are in order. First, the topol-
ogy of the trajectories becomes more and more complex as m increases; the trajectories get
more wiggly with numerous crossings and anticrossings among them. This can be explained by
invoking the hydrodynamical interpretation of quantum mechanics [8], in which light particles
move within a laminar flux, whereas as m increases a transition to a turbulent regime takes
place. Second, and more important, the displayed patterns evolve, in the limit of very high
masses, towards the classical results, as can be ascertained by comparing the results of He∗

and Hecl. However, there exists a substantial difference between them. In the classical case,
the CD function is periodic, covering densely the interval between the two rainbow angles,
where the caustics appear. On the contrary, Bohmian trajectories for He∗ are bunched in
groups pointing in the direction of the different Bragg angles and, in particular, of rainbow
angles. The rainbow formation mechanism in both cases is quite different; while in the former
one rainbow is originated at each unit cell, in the latter the accumulations are caused by the
trajectories at the borders of the illuminated surface area. This is a direct consequence of
the non-local character of Q, which is important even for these high values of m. For the
same reason, the diffracted intensity in the left column shows strong oscillations as opposed
to the smooth profile corresponding to the classical case (bottom). Let us remark that these
accumulations, when completely defined in the Fraunhofer region [9], give rise to each of the
diffraction peaks observed. And third, it should be noticed that simultaneously the quantum
trajectory pattern near the surface becomes very similar to that of the classical one.

In fact, the previous discussion deals with the problem of how the classical limit emerges
from quantum mechanics according to the correspondence principle, which constitutes the
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main objective of this letter. To further analyze this result, we show in fig. 3 the QD function
for He and He∗ at the scattering conditions considered above. By comparing these two curves,
the transition from a discrete, ladder-shape behavior, typical of the quantum regime, to a
more continuous dependence, characteristic of classical studies, with the impact parameter is
readily apparent. More importantly, the average of the QD function for He∗ is in excellent
quantitative agreement with the CD function for Hecl (plotted in the inset of fig. 1) when
normalized in width to the number of units cells (ten in our case) spanned by the initial wave
packet. Such a result unambiguously confirms the clear influence of the classical regime in
the process that we are considering, the whole diffraction pattern being determined by the
rainbow condition, although the non-local character of the quantum dynamics is preserved.
This is an illustration of the great performance of the BB theory, which is more demanding
computationally, but provides a better intuitive insight. In some sense, the fact that the
diffraction intensities for He∗ and Hecl in fig. 2 present a similar pattern is also a reflection
of this result; the difference being that in the first case we have a probabilistic interpretation
while in the second the interpretation is causal, as in classical mechanics.

A final point worth mentioning is the existence of modulations in the QD function of
fig. 3, which displays a clear ten-period oscillation derived from how the surface corrugation
is “seen” by the initial wave packet. There also exist faster (smaller) fluctuations as a direct
consequence of the quantum potential, Q, which goes to zero as m increases.

Summarizing, in this letter the classical limit in atom-surface scattering has been studied
from the causal point of view provided by the BB theory. By using Bohmian trajectories, we
have been able to unveil the mechanism by which the quantum rainbow appears, and show
that the differences between the quantum diffraction pattern and the classical results tend
to disappear when Q → 0, despite the fact that the global character of the dynamics is not
achieved in this limit. The corresponding distribution of Bohmian trajectories mimics that
of the classical study, presenting accumulations at the rainbow angles, although the origin of
these two effects is completely different. We think that this type of studies constitutes a very
powerful and intuitive tool for the description of quantum phenomena.
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