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I. INTRODUCTION

The present work is based on our previous paper [1].
There we studied jointly gravitation and electrodynamics in
the form of a gauge theory of the Poincaré group times the
internal group Uð1Þ. Following the approach of Hehl et al.
to gauge theories of gravity [2–8], we made use of a
Lagrangian formalism to get the field equations and the
Noether identities associated to the gauge symmetry,
devoting special attention to energy conservation. This
latter aspect of [1], where exchange between different
forms of energy plays a central role, strongly suggests to
look for a thermodynamic interpretation of the correspond-
ing formulas, although this aim remains unattainable as
only single matter particles are involved. For this reason,
we are interested in extending similar energetic consid-
erations to macroscopic matter in order to be able to
construct an approach to thermodynamics compatible with
gauge theories of gravity.
In this endeavor, our starting point is provided by the

dynamical equations found for a particular form of funda-
mental matter, namely Dirac matter, with the help of the
principle of invariance of the action under local Poincaré⊗
Uð1Þ transformations. Our main hypothesis is that the
equations still hold for other forms of matter with the same
Uð1Þ, translational and Lorentz symmetry properties, and
we assume that these are possessed by macroscopic matter.
Accordingly, we consider that material media obey equa-
tions with a form which is known to us, also when we have
to reinterpret several quantities involved in them—in
particular the matter sources—in order to give account
of macroscopic features which are not present in the
original formulation.
Moreover, a major alteration of the almost purely

geometrical approach to physical reality characteristic for
gauge theories occurs with the introduction of thermo-
dynamic variables. Briefly exposed, regarding the latter
ones we proceed as follows. From the original gauge

theoretically defined matter energy current ϵmatt, we define
a modified matter energy current ϵu with an energy flux
component q identified as heat flux, and a further compo-
nentU representing the internal energy content of a volume
element. As a requirement of the transition to macroscopic
matter [9], we postulate U to depend, among others, on a
new macroscopic variable s with the meaning of the
entropy content of an elementary volume. (Contrary to
other authors [10–14], we do not introduce an additional
entropy flow variable.) The definition of temperature as the
derivative of U with respect to s completes the set of
fundamental thermal variables. We are going to prove that
they satisfy the first and second laws of thermodynamics. In
our approach, the energy and entropy forms, as much as the
temperature function, are Lorentz invariants, as in Eckart’s
pioneering work [15]. There, as in our case, the first
principle of thermodynamics is derived from the energy-
momentum conservation law not as the zero component of
this vector equation, but as a scalar equation.
The paper is organized as follows. In Secs. II and III we

present the gauge-theoretically derived field equations and
Noether identities. After introducing in IV a necessary
spacetime foliation, Sec. V is devoted to defining total
energy and its various constitutive pieces, and to studying
the corresponding conservation equations. In VI, explicit
Lagrangians for electrodynamics and gravity are consid-
ered, while VII deals with some aspects of the energy
momentum of macroscopic matter. In Sec. VIII we argue
on the most suitable way to include the features of material
media in the dynamical equations. Lastly, the main results
are presented in Sec. IX, where we deduce the laws of
thermodynamics in two different scenarios. The paper ends
with several final remarks and the conclusions.

II. FIELD EQUATIONS

The results of [1] relevant for the present paper are
summarized in what follows with slight changes needed to
replace the fundamental Dirac matter by macroscopic
matter. Interested readers are referred to [1] for technical
details, in particular those concerning the handling of*romualdotresguerres@yahoo.es
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translations. A complementary study of the underlying
geometry of dynamical spacetimes of Poincaré gauge
theories can be found in Refs. [16] and [17].
Our point of departure is a Lagrangian density 4-form,

L ¼ LðA;ϑα;Γαβ;F; Tα; Rαβ;matter variablesÞ; (1)

invariant under local Poincaré ⊗ Uð1Þ symmetry. Its
arguments, along with matter fields, are the following.
On the one hand, we recognize the connection 1-forms
of Uð1Þ, of translations and of the Lorentz subgroup,
respectively: that is, the electromagnetic potential A, the
(nonlinear) translational connections ϑα geometrically
interpreted as tetrads, and the Lorentz connections Γαβ

required to guarantee gauge covariance, being antisym-
metric in their indices. On the other hand, further arguments
are the covariantized derivatives of the preceding connec-
tions. The differential of the electromagnetic potential is the
familiar electromagnetic field strength,

F≔dA; (2)

and analogously, torsion [6] defined as the covariant
differential of tetrads,

Tα≔Dϑα ¼ dϑα þ Γβ
α∧ϑβ; (3)

together with the Lorentz curvature

Rαβ≔dΓαβ þ Γγ
β∧Γαγ; (4)

play the role of the field strengths associated respectively to
translations and to the Lorentz group. Lorentz indices are
raised and lowered with the help of the constant Minkowski
metric oαβ ¼ diagð−þþþÞ.
The derivatives of (1) with respect to the connections A,

ϑα and Γαβ are the electric four-current 3-form

J≔
∂L
∂A ; (5)

the total energy-momentum 3-form

Πα≔
∂L
∂ϑα (6)

(including, as we will see, electrodynamic, gravitational
and matter contributions), and the spin current1

ταβ≔
∂L
∂Γαβ : (7)

Finally, derivatives of (1) with respect to the field strengths
(2), (3) and (4) yield respectively the electromagnetic
excitation 2-form

H≔ − ∂L
∂F ; (8)

and its translative and Lorentzian analogs, defined as the
excitation 2-forms

Hα≔ − ∂L
∂Tα ; Hαβ≔ − ∂L

∂Rαβ : (9)

With these definitions at hand, the principle of extremal
action yields the field equations:

dH ¼ J; (10)

DHα ¼ Πα; (11)

DHαβ þ ϑ½α∧Hβ� ¼ ταβ: (12)

As we will see below, suitable explicit Lagrangians uncover
respectively (10) as Maxwell’s equations and (11) as a
generalized Einstein equation for gravity, whereas (12)
completes the scheme taking spin currents into account.
Notice that Eqs. (10)–(12) are explicitly Lorentz covariant.2
In addition, they are invariant with respect to translations as
much as to Uð1Þ as a consequence of the (nonlinear)
symmetry realization used in [1].

III. NOETHER IDENTITIES

Following [6], we separate the total Lagrangian density
4-form (1) into three different pieces:

L ¼ Lmatt þ Lem þ Lgr; (13)

consisting respectively in the matter contribution

1The definition of spin current given in Eq. (61) of Ref. [1]
differs from the present one due to the fact that there we
considered an internal structure for the tetrads, with a particular
dependence on Γαβ, giving rise to additional terms. The latter
ones are not present when the internal structure of the tetrads is
ignored, as is the case here.

2The covariant differentials in ((11) and (12) are defined as

DHα≔dHα − Γα
β∧Hβ;

and

DHαβ≔dHαβ − Γα
γ∧Hγβ − Γβ

γ∧Hαγ ;

respectively.
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Lmatt ¼ Lmattðϑα;matter variablesÞ (14)

(in the fundamental case, matter variables consisting of
matter fields ψ and of their covariant derivatives including
connections A and Γαβ), together with the electromagnetic
part Lemðϑα; FÞ and the gravitational Lagrangian
Lgrðϑα; Tα; Rα

βÞ. According to (13), the energy-momentum
3-form (6) decomposes as

Πα ¼ Σmatt
α þ Σem

α þ Eα; (15)

with the different terms in the right-hand side (rhs) defined
respectively as

Σmatt
α ≔

∂Lmatt

∂ϑα ; Σem
α ≔

∂Lem

∂ϑα ; Eα≔
∂Lgr

∂ϑα : (16)

Starting with the matter Lagrangian part Lmatt, let us derive
the Noether type conservation equations for the matter
currents associated to the different symmetries, that is

J ¼ ∂Lmatt

∂A ; Σmatt
α ¼ ∂Lmatt

∂ϑα ; ταβ ¼
∂Lmatt

∂Γαβ :

(17)

Provided the field equations (10)–(12) are fulfilled, as
much as the Euler-Lagrange equations for matter fields
(nonexplicitly displayed here), from the invariance of Lmatt

under vertical (gauge) Poincaré ⊗ Uð1Þ transformations
follow the conservation equations for both, the electric
current

dJ ¼ 0 (18)

and the spin current

Dταβ þ ϑ½α∧Σmatt
β� ¼ 0: (19)

On the other hand, the Lie (lateral) displacement lxLmatt of
the Lagrangian 4-form along an arbitrary vector field X
yields the identity

DΣmatt
α ¼ ðeα⌋TβÞ∧Σmatt

β þ ðeα⌋RβγÞ∧τβγ þ ðeα⌋FÞ∧J;
(20)

with the matter energy-momentum 3-form given by

Σmatt
α ¼ −ðeα⌋DψÞ ∂L

matt

∂dψ þ ∂Lmatt

∂dψ ðeα⌋DψÞ þ eα⌋Lmatt

(21)

(for Dirac matter, and thus to be modified for the case of
macroscopic matter). In the rhs of (20) we recognize,
besides the proper Lorentz force 4-form in the extreme
right, two additional terms with the same structure, built

with the field strengths and the matter currents of trans-
lational and Lorentz symmetry respectively.
Next we apply the same treatment to the remaining

constituents of (13). The gauge invariance of the electro-
magnetic Lagrangian piece implies

ϑ½α∧Σem
β� ¼ 0; (22)

while in analogy to (20) we find

DΣem
α ¼ ðeα⌋TβÞ∧Σem

β − ðeα⌋FÞ∧dH; (23)

being the electromagnetic energy-momentum

Σem
α ¼ ðeα⌋FÞ∧H þ eα⌋Lem: (24)

Finally, regarding the gravitational Lagrangian part, its
gauge invariance yields

DðDHαβ þ ϑ½α∧Hβ�Þ þ ϑ½α∧ðDHβ� − Eβ�Þ ¼ 0 (25)

[derivable alternatively from (19) with (11), (12), (15) and
(22)], and the (20) and (23)— analogous equation reads

DðDHα þ EαÞ þ ðeα⌋TβÞ∧ðDHβ − EβÞ
− ðeα⌋RβγÞ∧ðDHβγ þ ϑ½β∧Hγ�Þ ¼ 0; (26)

with the pure gravitational energy-momentum given by

Eα ¼ ðeα⌋TβÞ∧Hβ þ ðeα⌋RβγÞ∧Hβγ þ eα⌋Lgr: (27)

Equation (26) is also redundant, being derivable from (20)
and (23) togetherwith the field equations (10)–(12) and (15).

IV. SPACETIME FOLIATION

A. General formulas

The definition of energy to be introduced in next section,
as much as its subsequent thermodynamic treatment, rests
on a foliation of spacetime involving a timelike vector field
u defined as follows. (For more details, see [17].) The
foliation is induced by a 1-form ω ¼ dτ trivially satisfying
the Frobenius’ foliation condition ω∧dω ¼ 0. The vector
field u relates to dτ through the condition u⌋dτ ¼ 1 fixing
its direction. This association of the vector u with τ, the
latter being identified as parametric time, allows one to
formalize time evolution of any physical quantity repre-
sented by a p-form α as its Lie derivative along u, that is

luα≔dðu⌋αÞ þ u⌋dα: (28)

(Notice that the condition u⌋dτ ¼ 1 itself— defining u in
terms of τ—means that luτ≔u⌋dτ ¼ 1.) With respect to the
direction of the time vector u, any p-form α decomposes
into two constituents [18], longitudinal and transversal to u
respectively, as

THERMODYNAMICS IN DYNAMICAL SPACETIMES PHYSICAL REVIEW D 89, 064032 (2014)

064032-3



α ¼ dτ∧α⊥ þ α; (29)

with the longitudinal piece

α⊥≔u⌋α; (30)

consisting of the projection of α along u, and the transversal
component

α≔u⌋ðdτ∧αÞ; (31)

orthogonal to the former as a spatial projection.
The foliation of exterior derivatives of forms is per-

formed in analogy to (29) as

dα ¼ dτ∧ðluα − dα⊥Þ þ d α; (32)

with the longitudinal part expressed in terms of the Lie
derivative (28) and of the spatial differential d. For its part,
the Hodge dual (A7) of a p-form α decomposes as

�α ¼ ð−1Þpdτ∧#α − #α⊥; (33)

being # the Hodge dual operator in the three-dimensional
spatial sheets.

B. Foliation of tetrads

Let us apply the general formulas (28)–(33)) to the
particular case of tetrads ϑα, which, as universally coupling
coframes [1], will play a significant role in what follows.
Their dual vector basis feαg is defined by the condition

eα⌋ϑβ ¼ δβα: (34)

When applied to tetrads, (29) reads

ϑα ¼ dτuα þ ϑα; (35)

where the longitudinal piece

uα≔u⌋ϑα (36)

has the meaning of a four-velocity. In terms of it, the time
vector u can be expressed as u ¼ uαeα, being the require-
ment for u to be timelike fulfilled as

uαuα ¼ −1: (37)

In terms of (36), let us define the projector

hαβ≔δβα þ uαuβ: (38)

Replacing (35) in (34) and making use of (38) we find

eα⌋ðdτuβ þ ϑβÞ ¼ δβα ¼ −uαuβ þ hαβ; (39)

implying

eα⌋dτ ¼ −uα; (40)

and

eα⌋ϑβ ¼ hαβ: (41)

On the other hand, let us generalize the definition (28) of
Lie derivatives by considering covariant differentials
instead of ordinary ones [6]. In particular, we will make
extensive use of the covariant Lie derivative of the tetrads,
defined as

Łuϑ
α≔Dðu⌋ϑαÞ þ u⌋Dϑα ¼ Duα þ Tα⊥; (42)

where

Łuϑ
α ¼ luϑα þ Γ⊥β

α∧ϑβ; (43)

with (42) decomposing into the longitudinal and transversal
pieces:

ðŁuϑ
αÞ⊥ ¼ Łuuα; (44)

and

Łuϑ
α ¼ Duα þ Tα⊥ ¼ Łuϑ

α: (45)

For what follows, we also need complementary formulas
concerning the foliation of the eta basis. Since they require
more space, we introduce them in Appendix A.

V. DEFINITION AND CONSERVATION
OF ENERGY

In Ref. [1] we discussed the definition of the total energy
current 3-form

ϵ≔ − ðuαΠα þDuα∧HαÞ: (46)

By rewriting it as

ϵ ¼ −dðuαHαÞ þ uαðDHα − ΠαÞ; (47)

and making use of (11), we find that it reduces to an exact
form

ϵ ¼ −dðuαHαÞ; (48)

automatically satisfying the continuity equation

dϵ ¼ 0: (49)

The interpretation of (46) as total energy, and thus of (49) as
local conservation of total energy, becomes apparent with
the help of (15). The energy (46) reveals to be the sum of
three pieces
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ϵ ¼ ϵmatt þ ϵem þ ϵgr; (50)

defined respectively as

ϵmatt≔ − uαΣmatt
α ; (51)

ϵem≔ − uαΣem
α ; (52)

ϵgr≔ − ðuαEα þDuα∧HαÞ: (53)

On the other hand, decomposing (46) into its longitudinal
and transversal components

ϵ ¼ dτ∧ϵ⊥ þ ϵ; (54)

the foliated form of the local energy conservation equa-
tion (49) reads

luϵ − dϵ⊥ ¼ 0; (55)

showing (when integrated) that the rate of increase of the
energy ϵ contained in a small volume equals the amount of
energy flowing into the volume over its boundary surface as
the result of the balance of inflow and outflow of the energy
flux ϵ⊥ crossing through the closed surface.
Conservation of total energy is the result of exchanges

between the different forms of energy. Let us write the
continuity equations of the different pieces (51)–(53). As
we will see immediately, in all these equations, when
considered separately, sources and sinks of energy are
involved, reflecting the fact that, inside the small volume
considered, energy is produced or consumed, wether on
account of work or of any other manifestation of energy.
These terms only cancel out when all forms of energy are
considered together, that is, in (49) with (50).
Regarding the matter contribution to energy (51), using

(20) we find

dϵmatt ¼ −Łuϑ
α∧Σmatt

α − Rαβ
⊥ ∧ταβ − F⊥∧J: (56)

The interpretation of this conservation equation when its
validity is extended to macroscopic matter constitutes the
main task of the present work. Actually, Eq. (56) provides
the basis for our approach to thermodynamics.
In analogy to (56), definition (52) of electromagnetic

energy with (23) yields the Poynting equation

dϵem ¼ −Łuϑ
α∧Σem

α þ F⊥∧dH; (57)

generalized to take into account spacetime as defined in
Poincaré gauge theories. In (57), the energy flux (or
intensity of flowing energy) is represented by the
Poynting 2-form ϵem⊥ , and the last term in the rhs is related
to Joule’s heat. Finally, from the gravitational energy
definition (53) with (26) we get

dϵgr≔ − Łuϑ
α∧ðEα −DHαÞ þ Rαβ

⊥ ∧ðDHαβ þ ϑ½α∧Hβ�Þ:
(58)

The field equations (10)–(12) guarantee that the sum of
(56), (57) and (58) is conserved, in agreement with (49).

VI. ELECTRODYNAMICAL AND
GRAVITATIONAL LAGRANGIANS

In the present section we introduce explicit Lagrangian
pieces (13) describing electrodynamics and gravity. We do
so in order to calculate in particular the excitations defined
in (8) and (9), which extend to the macroscopic arena
without alterations, as will be discussed in Sec. VIII. We
also derive the electromagnetic and gravitational energy-
momentum contributions to (15) as defined in (16), and the
corresponding energies (52) and (53). The form found for
(52), namely (63), and in particular that of its transversal
part (94), provides us with a criterion to choose the way to
extend the microscopic fundamental equations to macro-
scopic material media. (See Sec. VIII.)

A. Electrodynamics

In the context of fundamental matter in vacuum, we
consider the Maxwell Lagrangian

Lem ¼ − 1

2
F∧�F: (59)

From it follows a field equation of the form (10) where the
excitation (8) is given by the Maxwell-Lorentz electro-
magnetic spacetime relation

H ¼ �F; (60)

involving (2), which identically satisfies

dF ¼ 0: (61)

Equations (10) and (61) complete the set of Maxwell’s
equations for fundamental matter in vacuum.
On the other hand, the electromagnetic part (24) of

energy momentum derived from the explicit Lagrangian
(59) reads

Σem
α ¼ 1

2
½ðeα⌋FÞ∧H − F∧ðeα⌋HÞ�; (62)

so that (52) becomes

ϵem ¼ − 1

2
ðF⊥∧H − F∧H⊥Þ; (63)

obeying Eq. (57). The transversal component ϵem of the
electromagnetic energy current 3-form (63) is the energy
3-form representing the amount of electric and magnetic
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energy contained in a small volume, and the longitudinal
part ϵem⊥ is the energy flux or Poynting 2-form.

B. Gravity

For the gravitational action, we consider a quite general
Lagrangian density taken from Ref. [8], including a
Hilbert-Einstein term with cosmological constant, plus
additional contributions quadratic in the Lorentz-
irreducible pieces of torsion and curvature as established
by McCrea [6,19]. The gravitational Lagrangian reads

Lgr ¼ 1

κ

�
a0
2
Rαβ∧ηαβ − Λη

�
− 1

2
Tα∧

�X3
I¼1

aI
κ

�ðIÞTα

�

− 1

2
Rαβ∧

�X6
I¼1

bI�ðIÞRαβ

�
; (64)

with κ as the gravitational constant, and a0, aI , bI as
dimensionless constants. From (64) we calculate the trans-
lational and Lorentz excitations (9) to be respectively

Hα ¼
X3
I¼1

aI
κ

�ðIÞTα; (65)

Hαβ ¼ − a0
2κ

ηαβ þ
X6
I¼1

bI�ðIÞRαβ; (66)

and we find the pure gravitational contribution (27) to the
energy momentum

Eα ¼
a0
4κ

eα⌋ðRβγ∧ηβγÞ − Λ
κ
ηα

þ 1

2
½ðeα⌋TβÞ∧Hβ − Tβ∧ðeα⌋HβÞ�

þ 1

2
½ðeα⌋RβγÞ∧Hβγ − Rβγ∧ðeα⌋HβγÞ�: (67)

[Notice the resemblance between (67) and (62).] The
gauge-theoretical equations (11) with (67) and (15) con-
stitute a generalization of Einstein’s equations. Actually, for
a0 ¼ 1, aI ¼ 0, bI ¼ 0 and vanishing torsion, (67) reduces
to

Eα ¼
1

κ

�
1

2
Rβγ∧ηβγα − Ληα

�
; (68)

which is simply an exterior calculus reformulation of
Einstein’s tensor plus a cosmological constant term.
Using the general expression (67), we calculate the gravi-
tational energy (53) to be

ϵgr ¼ − a0
4κ

ðRαβ∧ηαβÞ⊥ þ Λ
κ
uαηα

− 1

2
ðTα⊥∧Hα − Tα∧H⊥αÞ

− 1

2
ðRαβ

⊥ ∧Hαβ − Rαβ∧H⊥αβÞ −Duα∧Hα (69)

[compare with (63)], obeying Eq. (58).

VII. ENERGY-MOMENTUM 3-FORM OF
MACROSCOPIC MATTER

Contrarily to the former cases of electromagnetism and
gravity, we do not propose a Lagrangian for macroscopic
matter. Instead, we focus our attention on the matter
energy-momentum 3-form Σmatt

α , for which we postulate
the dynamical equation (20), and any other in which it
appears, to hold macroscopically. The energy momentum
(21) found for Dirac matter does not play any role when
considering macroscopic systems. The description of each
kind of material medium requires the construction of a
suitably chosen energy-momentum 3-form adapted to it. In
the present section we merely present a useful decom-
position applicable to any Σmatt

α , and we consider the form
of the simplest of all mechanic energy-momentum con-
tributions, namely that due to pressure, which we explicitly
separate from the whole macroscopic matter energy
momentum. By using projectors (38) and definition (51),
we find

Σmatt
α ≡ ð−uαuβ þ hαβÞΣmatt

β ≕uαϵmatt þ ~Σmatt
α ; (70)

making apparent the pure energy content of energy
momentum. On the other hand, to give account of pressure,
we separate the pressure term from an energy-momentum
3-form as

Σmatt
α ¼ phαβηβ þ Σundef

α ¼ −dτ∧pη̄α þ Σundef
α ; (71)

with η̄α as defined in (A17)), while Σundef
α is left undefined.

By decomposing (71) according to (70), we get

Σmatt
α ¼ uαϵmatt − dτ∧pη̄α þ ~Σundef

α : (72)

The piece ~Σundef
α present in (72) after the separation of the

energy term can be chosen in different manners to describe,
as the case may be, viscosity, elasticity, plasticity, etc.
Actually, (72) resembles the energy-momentum 3-form of a
fluid plus additional contributions responsible for different
mechanic features.
Notice that, being (20) a dynamical equation of the form

DΣmatt
α ¼ fα; (73)
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where the 4-form fα is a generalized Lorentz force, by
replacing (72) in it, we get (at least formally) an extended
Navier-Stokes equation.

VIII. ELECTRODYNAMIC EQUATIONS IN
MATERIAL MEDIA

Looking for a general criterion about the most suitable
procedure to include phenomenological matter in the
fundamental equations, let us examine in particular electro-
magnetism in order to find out how to generalize (10) as
much as (57) in such a manner that they become applicable
macroscopically while preserving their form. As a matter of
fact, Maxwell’s equations in matter admit two alternative
formulations, depending on how the electric and magnetic
properties of material media are taken into account [18,20].
Actually, polarization and magnetization can be described,
in seemingly equivalent ways, either as due to modifica-
tions of the electromagnetic excitationsH or as the result of
the existence inside such materials of generalized currents J
including both, free and bound contributions. With the
latter approach in mind, we define the total current density
Jtot as the sum of a current Jfree of free charge and a matter-
bounded contribution Jmatt characteristic for the medium,
that is

Jtot ¼ Jfree þ Jmatt; (74)

with the assumption that they are conserved separately as

dJfree ¼ 0; dJmatt ¼ 0; (75)

so that, although both types of charge can coexist, no
exchange occurs between them. From the second conser-
vation condition in (75), we infer the existence of an
independent excitation 2-form, which we denote as Hmatt,
such that

Jmatt ¼ −dHmatt: (76)

For the longitudinal and transversal pieces of Hmatt we
introduce the notation

Hmatt ¼ −dτ∧M þ P; (77)

whereM is the magnetization 1-form and P the polarization
2-form.
The extension of Maxwell’s equations (10) to include the

contribution (76) of the material medium without altering
their form can then be performed in any of the alternative
ways mentioned above. Let us define

Hbare≔�F (78)

(where we call bare fields the fields in vacuum) in analogy
to the Maxwell-Lorentz spacetime relation (60). Then,
according to the first procedure, consisting in considering

the electromagnetic effects of the medium as due to a
modification of the electromagnetic excitations, the latter
ones H as much as J in (10) are to be understood
respectively as

H ¼ Htot≔Hbare þHmatt and J ¼ Jfree; (79)

while in the second case such effects are characterized in
terms of bounded currents, so that the same equation (10) is
to be read taking in it now

H ¼ Hbare and J ¼ Jtot≔Jfree − dHmatt: (80)

Let us show that, despite appearances, both formulations
are not trivially interchangeable. Actually, only one of them
can be easily adjusted to our program of generalizing the
microscopic formulas (56) and (57) to include the con-
tributions of the medium. Our main argument to decide in
favor of one of both alternatives (in the present context) is
that the electromagnetic energy (63) is different in each
case, in such a way that, for arbitrary P and M, Eq. (57) is
compatible with only one of the possible choices.
Making use of (29), we decompose the electromagnetic

excitation 2-form H, the electromagnetic field strength
2-form F and the current J of Maxwell’s equations (10) and
(61) as

H ¼ dτ∧HþD; (81)

F ¼ −dτ∧Eþ B; (82)

J ¼ −dτ∧jþ ρ: (83)

Accordingly, the foliation of (10) yields

luD − dH ¼ −j; (84)

dD ¼ ρ; (85)

and that of (61) gives rise to

luBþ dE ¼ 0; (86)

dB ¼ 0: (87)

In Eqs. (84)–(87) we do not prejudge which of both
interpretations is to be given to the different fields. In
order to decide, we express (78) in terms of the Hodge dual
(33) of (82),
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�F ¼ dτ∧#Bþ #E: (88)

So we see that (79) corresponds to the choice

D ¼ #Eþ P; H ¼ #B −M; J ¼ Jfree; (89)

in the Maxwell equations (84)–(87), with

Jfree ¼ −dτ∧jfree þ ρfree; (90)

while (80) gives rise to

D ¼ #E; H ¼ #B; J ¼ Jtot; (91)

being

Jtot ¼ −dτ∧ðjfree þ luPþ dMÞ þ ðρfree − dPÞ; (92)

as calculated from (74) with (76) and (77). Now, in order to
check the compatibility either of (89) or (91) with (57), we
add (84) and (86) to each other, respectively multiplied by
E and H, to get

E∧luDþ luB∧Hþ dðE∧HÞ ¼ −E∧j; (93)

and on the other hand, we rewrite the transversal part of
(63) as

ϵem ¼ 1

2
ðE∧Dþ B∧HÞ: (94)

We can see that, in general, for nonspecified P and M, the
step from (93) to (57) with ϵem given by (94) is only
possible with the choice (91) for the excitations. Indeed,
notice that the first term in the rhs of (57) has its origin in
the relation

luϵem≔lu
1

2
ðE∧#Eþ B∧#BÞ

≡ E∧lu#Eþ luB∧#B − ðŁuϑ
α∧Σem

α Þ⊥; (95)

derived with the help of the identities

lu#E≡ #
�
luE − Łuϑ

αeα⌋E

�
þ Łuϑ

α∧ðeα⌋#EÞ; (96)

and

lu#B≡ #ðluB − Łuϑ
α∧eα⌋BÞ þ Łuϑ

α∧ðeα⌋#BÞ: (97)

[Compare with (A8)).] Thus, although (93) holds in both
approaches, it only can be brought to the form (57) within
the scope of choice (91), or equivalently of (80), the latter
thus revealing to be necessary in order to guarantee the
general applicability of the fundamental formulas found for
microscopic matter. Accordingly, we choose option (80),
which in practice means that, in order to apply the original

formula (10) of the fundamental approach, we have to keep
in it the excitation H ¼ Hbare ¼ �F built from bare fields,
and to include all contributions of the medium in the matter
current by replacing J by Jtot ¼ J − dHmatt, where the new
J in Jtot is understood to be Jfree.
In the following, we generalize this criterion of strict

separation between bare electromagnetic fields (say radi-
ation in vacuum) and matter, in such a way that it also
applies to the gravitational case. So, in all field equations
and Noether identities established in Secs. II and III, we
have to leave untouched the excitations H, Hα, Hαβ built
from bare fields as in Sec. VI, while modifying the matter
currents J, Σmatt

α , ταβ. The matter contributions separated
from bare fields will enter ϵmatt and thus ϵu as defined in
Sec. IX, so that they will play a role in the thermodynamic
relations to be established there.

IX. DEDUCTION OF THE LAWS OF
THERMODYNAMICS

A. First approach, in an electromagnetic medium

In view of the discussion of previous sections, we
identify H with Hbare and, in order to adapt Eq. (56) to
a macroscopic medium with electromagnetic properties, we
replace in it (as everywhere) J by Jtot, that is

dϵmatt ¼ −Łuϑ
α∧Σmatt

α − Rαβ
⊥ ∧ταβ − F⊥∧Jtot: (98)

Taking into account the explicit form (92) of Jtot, we find
that (98) can be rewritten as

dðϵmattþF∧MÞ¼−Łuϑ
α∧Σmatt

α −Rαβ
⊥ ∧ταβ−F⊥∧J

þdτ∧f−F⊥∧luPþF∧luMg; (99)

where we use simply J instead of Jfree. Let us define the
modified matter energy current in the left-hand side (lhs) of
(99) as

ϵu≔ϵmatt þ F∧M: (100)

Then, from (99) and (100) and using the notation (84) for F,
we find the more explicit version of (99):

dϵu ¼ dτ∧fΣα
matt⊥ ∧Łuϑ

α − Σmatt
α Łuuα þ Rαβ

⊥ ∧ταβ⊥
þ E∧jþ E∧luPþ B∧luMg; (101)

where we recognize in the rhs, among other forms of
energy, the electric and magnetic work contributions
E∧luP and B∧luM respectively. Let us now decompose
(100) foliating it according to (29) and introducing a
suitable notation for the longitudinal and transversal pieces,
namely

ϵu ¼ dτ∧ϵu⊥ þ ϵu≕dτ∧qþU: (102)
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As we are going to justify in the following (in view of the
equations satisfied by these quantities), q will play the role
of the heat flux 2-form and U that of the internal energy
3-form. From (102) with (32) we get

dϵu ¼ dτ∧ðluU − dqÞ: (103)

At this point, we claim as a characteristic of macroscopic
matter systems [9] the dependence of the internal energy
3-form U on a certain new quantity s— the entropy—
which we take to be a spatial 3-form (representing the
amount of entropy contained in an elementary volume).
Equation (112) to be found below confirms a posteriori that
s actually behaves as expected for entropy. Moreover, the
structure of (101) suggests to promote a shift towards a
fully phenomenological approach by considering U to
possess [9] the following general functional dependence:

U ¼ Uðs; P;M; ϑα; uαÞ: (104)

In (104), as in the matter Lagrangian piece (14), tetrads are
still taken as arguments of U while new variables replace
the fundamental matter fields ψ and their covariant deriv-
atives Dψ . Connections involved in the derivatives Dψ are
thus excluded together with the fields. Besides the new
entropy variable and the polarization and magnetization of
the medium (induced by external fields), we find the
components (35) of the tetrads in terms of which the
volume 3-form (A16) with (A19) is defined. Accordingly,
the Lie derivative of (104) present in (103) takes the form

luU¼∂U
∂s lusþ

∂U
∂P∧luPþ ∂U

∂M∧luMþ ∂U
∂ϑα∧luϑ

α

þ ∂U
∂uα luu

α; (105)

where we identify the derivatives [9] as

∂U
∂s ¼ T;

∂U
∂P ¼ E;

∂U
∂M ¼ B; (106)

∂U
∂ϑα ¼ Σα

matt⊥ ;
∂U
∂uα ¼ −Σmatt

α : (107)

Let us call attention to the temperature defined in (106) as
the derivative of the internal energy with respect to the
entropy. On the other hand, a plausibility argument to
justify the identifications we make in (107) can be found in
Appendix B. Replacing (106) and (107) in (105) we get

luU ¼ Tlusþ E∧luPþ B∧luM þ Σα
matt⊥ ∧luϑα

− Σmatt
α luuα: (108)

In order to rearrange the nonexplicitly invariant terms in
(108) to get invariant expressions, we replace the ordinary
Lie derivatives by covariant Lie derivatives of the form
(43), so that the last terms in (108) become

Σα
matt⊥ ∧luϑα − Σmatt

α luuα ≡ Σα
matt⊥ ∧Łuϑ

α − Σmatt
α Łuuα

þ Γαβ
⊥ ðϑ½α∧Σmatt

β� Þ⊥: (109)

Replacing (109) in (108) we finally arrive at

luU ¼ Tlusþ E∧luPþ B∧luM þ Σα
matt⊥ ∧Łuϑ

α

− Σmatt
α Łuuα þ Γαβ

⊥ ðϑ½α∧Σmatt
β� Þ⊥: (110)

In the rhs of (110), the term containing explicitly the
Lorentz connection is obviously noninvariant. Its emer-
gence is due to an inherent limitation of the phenomeno-
logical approach, namely the absence of explicit
dependence of U on fundamental matter fields and their
derivatives, together with connections. Indeed, provided
matter fields ψ with derivatives dψ were present, con-
nections were required to define covariant derivatives
preserving local symmetry. However, in the phenomeno-
logical case, U depends neither on ψ nor on dψ , so that
(since dψ and connections need each other) it cannot give
rise to invariant expressions, either one takes it or not to
depend on the connections. The noninvariant term in (110),
reflecting the lack of invariance of the terms in the lhs of
(109), will be dragged to Eqs. (111) and (112) below. [We
will find a similar situation in (135) and (137).] In any case,
let us mention that the invariance is restored in the
particular case when the macroscopic free spin current
ταβ vanishes.
Making use of (110), Eq. (101) reduces to

dϵu ¼ dτ∧½luU − Tlusþ E∧jþ Rαβ
⊥ ∧ταβ⊥

− Γαβ
⊥ ðϑ½α∧Σmatt

β� Þ⊥�; (111)

and finally, comparison of (111) with (103), making use of
(19), yields

lus − dq
T

¼ 1

T
½E∧jþ Rαβ

⊥ ∧ταβ⊥ þ Γαβ
⊥ ðDταβÞ⊥�: (112)

In the lhs of (112) we find the rate of change of the entropy
3-form combined in a familiar way with heat flux and
temperature. The interpretation of the first term in the rhs is
facilitated by the fact that, according to Ohm’s law
j ¼ σ#E, it is proportional to E∧j ¼ 1

σ j∧#j ≥ 0, so that
it is responsible for entropy growth. The second term is
analogous to the first one. If we suppose that all terms in the
rhs of (112) are ≥ 0, or, in any case, for vanishing
macroscopic free spin current ταβ, we can consider (112)
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to be a particular realization of the second law of
thermodynamics.
On the other hand, the first law is no other than the

conservation equation (98) for matter energy, rewritten as
(101) in terms of the internal energy current 3-form (100).
This reformulation is necessary in order to bring to light the
components of ϵu defined in (102), that is, heat flux and
internal energy respectively, thus making possible to
compare the first law with the second one (112) deduced
above. [By the way, notice that the inversion of (100) to
express ϵmatt in terms of ϵu suggests to interpret ϵmatt as a
sort of enthalpy current 3-form.] Making use of (103), the
first law (101) can be brought to the more compact form

luU − dq ¼ −ðŁuϑ
α∧Σmatt

α Þ⊥ þ Rαβ
⊥ ∧ταβ⊥ þ E∧j

þ E∧luPþ B∧luM: (113)

The first term in the rhs of (113), that is, the longitudinal
part of Łuϑ

α∧Σmatt
α , encloses information about mechanic

work, whose form depends on the explicit matter energy-
momentum 3-form we consider. In particular, by taking it to
consist of a pressure term plus an undefined part, as in (71),
we find

ðŁuϑ
α∧Σmatt

α Þ⊥ ¼ ðŁuϑ
α∧Σundef

α Þ⊥ þ Łuϑ
α∧pη̄α; (114)

where the last term, in view of (A20), results to be

Łuϑ
α∧pη̄α ¼ pluη̄; (115)

being thus identifiable as the ordinary pressure contribution
to work as pressure times the derivative of the volume. It is
worth remarking that the emergence of this pressure
contribution to the first law does not ocur through deriva-
tion of U with respect to the volume η̄ [which is not an
independent variable by itself, being defined from the
tetrads as (A16)], but with respect to the tetrad components,
as in (107). Replacing (114) with (115) in the first law
equation (113), we get for it the more explicit formulation,

luU − dq ¼ −ðŁuϑ
α∧Σundef

α Þ⊥ þ Rαβ
⊥ ∧ταβ⊥ þ E∧j

− pluη̄þ E∧luPþ B∧luM; (116)

where one recognizes the familiar contributions of internal
energy, heat flux and work [including ðŁuϑ

α∧Σundef
α Þ⊥

among the latter ones], together with additional terms. In
particular, E∧j and the formally similar quantity Rαβ

⊥ ∧ταβ⊥
are present in (116) due to irreversibility, as read out
from (112).

B. General approach

Let us extend the previous results to the most general
scenario in which we modify all matter currents in analogy
to JðtotÞ in order to take into account further possible

contributions of a medium. In an attempt to expand the
electromagnetic model, we introduce— associated to
gravitational interactions— translational and Lorentz gen-
eralizations of the electromagnetic polarization and mag-
netization of macroscopic matter. Maybe this constitutes a
merely formal exercise. However, it can also be understood
as a proposal to look for new properties of material media,
since we are going to consider the hypothesis of certain new
phenomenological matter contributions to the sources of
gravity, acting perhaps as dark matter.
Generalizing (80), we propose to modify the complete

set of field equations (10)–(12) as

dH ¼ JðtotÞ; (117)

DHα ¼ ΠðtotÞ
α ; (118)

DHαβ þ ϑ½α∧Hβ� ¼ τðtotÞαβ ; (119)

with bare excitations and total currents consisting of
the sum of free and bound contributions, defined respec-
tively as

JðtotÞ ¼ J − dHmatt; (120)

ΠðtotÞ
α ¼ Πα −DHmatt

α ; (121)

τðtotÞαβ ¼ ταβ − ðDHmatt
αβ þ ϑ½α∧Hmatt

β� Þ; (122)

where we introduce generalizations of the electromagnetic
polarization and magnetization (77) as

Hmatt ¼ −dτ∧M þ P; (123)

Hmatt
α ¼ −dτ∧Mα þ Pα; (124)

Hmatt
αβ ¼ −dτ∧Mαβ þ Pαβ; (125)

whatever the physical correspondence of these quantities
may be. Since, as discussed above, only matter currents are
to be modified, we understand (121) in the sense that only
the matter part is altered, that is

ΠðtotÞ
α ¼ Σmatt

ðtotÞα þ Σem
α þ Eα; (126)

being

Σmatt
ðtotÞα ¼ Σmat

α −DHmatt
α : (127)
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In view of (127), we extend (51) as

ϵmatt
ðtotÞ≔ − uαΣmatt

ðtotÞα ¼ ϵmatt þ uαDHmatt
α ; (128)

and, as a generalization of (56) to include macroscopic
matter, we postulate the formally analogous equation

dϵmatt
ðtotÞ ¼ −Łuϑ

α∧Σmatt
ðtotÞα − Rαβ

⊥ ∧τðtotÞαβ − F⊥∧JðtotÞ; (129)

as the law of conservation of total matter energy.
Equation (129) can be rearranged as

dðϵmatt þ F∧M þ Tα∧Mα þ Rαβ∧MαβÞ
¼ −Łuϑ

α∧Σmatt
α − Rαβ

⊥ ∧ταβ − F⊥∧J
þ dτ∧f−F⊥∧luPþ F∧luM − Tα⊥∧ŁuPα

þ Tα∧ŁuMα − Rαβ
⊥ ∧ŁuPαβ þ Rαβ∧ŁuMαβg: (130)

[Compare with (99).] Without going into details, we
proceed in analogy to the former case. We define a similar
internal energy current 3-form

ϵ̂u≔ϵmatt þ F∧M þ Tα∧Mα þ Rαβ∧Mαβ; (131)

decomposing as

ϵ̂u ¼ ∶dτ∧q̂þ Û: (132)

Supposing the functional form of Û to be

Û ¼ Ûðŝ; P;M; Pα;Mα; Pαβ;Mαβ;ϑα; uαÞ; (133)

and with the pertinent definitions analogous to (106) and
(107), first we get

luÛ¼ T̂luŝþΣα
matt⊥ ∧luϑα−Σmatt

α luuα−F⊥∧luPþF∧luM
−Tα⊥∧luPαþTα∧luMα−Rαβ

⊥ ∧luPαβþRαβ∧luMαβ;

(134)

and finally, suitably rearranging the noncovariant quantities
in (134) into covariant ones defined in analogy to (42), we
arrive at

luU¼TlusþΣα
matt⊥ ∧Łuϑ

α−Σmatt
α Łuuα−F⊥∧luP

þF∧luM−Tα⊥∧ŁuPαþTα∧ŁuMα−Rαβ
⊥ ∧ŁuPαβ

þRαβ∧ŁuMαβþΓαβ
⊥ ½DðτðtotÞαβ −ταβÞþϑ½α∧Σmatt

β�ðtotÞ�⊥:
(135)

Assuming that the analogous of (19) holds for generalized
matter, that is

DτðtotÞαβ þ ϑ½α∧Σmatt
β�ðtotÞ ¼ 0; (136)

from (130) with (131) and (135) follows

dϵ̂u ¼ dτ∧½luÛ − T̂luŝ − F⊥∧jþ Rαβ
⊥ ∧ταβ⊥

þ Γαβ
⊥ ðDταβÞ⊥�; (137)

giving rise, when compared with the differential of (132), to
the second law of thermodynamics with exactly the same
form as (112). Regarding the first law (130) with
(131)–(133), taking (71) as before and using the notation
(82), it takes the form

luU − d q ¼ −ðŁuϑ
α∧Σundef

α Þ⊥ þ Rαβ
⊥ ∧ταβ⊥ þ E∧j

− pluη̄þ E∧luPþ B∧luM − Tα⊥∧ŁuPα

þ Tα∧ŁuMα − Rαβ
⊥ ∧ŁuPαβ þ Rαβ∧ŁuMαβ;

(138)

which only differs from (116) in the additional work
contributions corresponding to the gravitational general-
izations of polarization and magnetization.

X. FINAL REMARKS

A. Gravity and conservation of total energy

Let us examine the role played by gravity in the
conservation of energy. In our approach, the first law of
thermodynamics can take alternatively the forms (98) or
(101), being concerned with the matter energy current
either in its form ϵmatt or ϵu. Differentiation of such matter
energy currents generates work expressions, the latter ones
acting physically by transforming themselves into different
forms of energy. So, mechanic work can produce electric
effects, etc. However, these subsequent transformations are
not explicitly shown by the thermodynamic equation (101).
Neither the sum of the matter and electromagnetic energy
currents is conserved separately, since the addition of (56)
and (57) yields

dðϵmatt þ ϵemÞ ¼ −Łuϑ
α∧ðΣmatt

α þ Σem
α Þ − Rαβ

⊥ ∧ταβ ≠ 0:

(139)

Conservation of energy in an absolute sense, with all
possible transformations of different forms of energy into
each other taken into account, requires one to include also
the gravitational energy. Indeed, from (49) with (50) we get

dðϵmatt þ ϵem þ ϵgrÞ ¼ 0: (140)

This conservation equation, concerned with all forms of
energy simultaneously, completes the first law of thermo-
dynamics (101), which concentrates on the behavior of
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only the matter energy current ϵu. The total energy flux ϵ⊥
in (140) includes heat flux, Poynting flux in a strict sense
and other Poynting-like contributions. The integrated form
(48) of (140) can be seen as a sort of generalized
Bernouilli’s principle.

B. Thermal radiation

The formalism is not necessarily restricted to gauge
theoretically derived forms of energy. It is flexible enough
to deal with other thermodynamic approaches, as is the case
for thermal radiation, the latter being described not in terms
of electromagnetic fields but as a foton gas [21] [22]. A
body in thermal equilibrium is modelized as a cavity filled
with a gas of thermal photons in continuous inflow and
outflow. The number of photons, the internal energy and
the entropy contained in the cavity, the pressure of thermal
radiation on the walls and the chemical potential are all
functions of the temperature, being respectively given by

N ¼ αT3η̄; (141)

U ¼ βT4η̄; (142)

Ts ¼ 4

3
U; (143)

pη̄ ¼ 1

3
U; (144)

μ ¼ 0: (145)

The quantities (141)–(145) automatically satisfy the
relation

luU ¼ Tlus − pluη̄; (146)

which constitutes a particular case of the thermodynamic
equations found above. Indeed, Eq. (110) with vanishing P,
M and ταβ reduces to

luU ¼ Tlusþ Σα
matt⊥ ∧Łuϑ

α − Σmatt
α Łuuα: (147)

By handling the photon gas as matter, and taking for it an
energy-momentum (72) with ~Σundef

α ¼ 0 as

Σmatt
α ¼ uαϵmatt − dτ∧pη̄α; (148)

replacement of (148) in (147) yields

luU ¼ Tlus − pluη̄þ ϵmatt⊥ ∧uαTα⊥; (149)

from where, for vanishing torsion, (146) follows.
On the other hand, for thermal radiation, the second law

(112) reduces [21] to that of reversible processes

lus − dq
T

¼ 0; (150)

and since the number of photons (141) inside the cavity is
in general not constant, we propose for this quantity the
continuity equation

luN þ dj
N
¼ σ

N
; (151)

where we introduce j
N
as the photon flux and σ

N
as the rate

of photon creation or destruction. Now, from (141)–(143),
replacing the values

α ¼ 16πk3Bζð3Þ
c3h3

; β ¼ 8π5k4B
15c3h3

; (152)

with ζ as the Riemann zeta function, such that
ζð3Þ ≈ 1.202, and being kB the Boltzmann constant, we
get the relation

s ¼ 4

3

U
T
¼ 4β

3α
N ≈ 3.6kBN ; (153)

so that (150) with (153) yields

dq ¼ Tlus ≈ 3.6kBTluN : (154)

With (151), Eq. (154) transforms into

dq ≈ 3.6kBTðσN
− dj

N
Þ: (155)

According to (155), the divergence of the heat flux q of
thermal radiation is proportional to the divergence of the
photon flux j

N
continuously emitted and absorbed by a

body, and it also depends on possible additional contribu-
tions σ

N
due to photon production or destruction.

XI. CONCLUSIONS

We propose an approach to thermodynamics compatible
with gauge theories of gravity and beyond. Indeed, the
formalism developed in the present paper is explicitly
covariant under local Lorentz transformations unless for
the symmetry breaking terms present in (112) and (137)
(which vanish for ταβ ¼ 0). Moreover, local translational
symmetry as much as localUð1Þ symmetry are also present
in our equations as hidden symmetries, due to the particular
realization of the Poincaré ⊗ Uð1Þ gauge group used to
derive the field equations and Noether identities which
constituted our starting point [1,16,17]. In particular, the
thermodynamic equations, concerned with the exchange
between different forms of energy, are both Poincaré and
Uð1Þ gauge invariant.
The laws of thermodynamics deduced by us concentrate

on the conservation of the matter energy current ϵmatt (or,
equivalently, ϵu), but in addition we complete the scheme
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giving account of the conservation of total energy,
as discussed in Sec. X. In this way we synthesize the
total energy balance in classical physics of material
media.

APPENDIX A: ETA BASIS AND ITS FOLIATION

1. Four-dimensional formulas

The eta basis consists of the Hodge duals of exterior
products of tetrads. One defines

η≔�1 ¼ 1

4!
ηαβγδϑ

α∧ϑβ∧ϑγ∧ϑδ; (A1)

ηα≔�ϑα ¼ 1

3!
ηαβγδϑ

β∧ϑγ∧ϑδ; (A2)

ηαβ≔�ðϑα∧ϑβÞ ¼ 1

2!
ηαβγδϑ

γ∧ϑδ; (A3)

ηαβγ≔�ðϑα∧ϑβ∧ϑγÞ ¼ ηαβγδϑ
δ; (A4)

with

ηαβγδ≔�ðϑα∧ϑβ∧ϑγ∧ϑδÞ; (A5)

as the Levi-Civita antisymmetric object, and where (A1) is
the four-dimensional volume element. With tetrads ϑα

chosen to be a basis of the cotangent space, an arbitrary
p-form α takes the form

α ¼ 1

p!
ϑα1∧ � � �∧ϑαpðeαp⌋…eα1⌋αÞ: (A6)

Its Hodge dual is expressed in terms of the eta basis
(A1)–(A5) as

�α ¼ 1

p!
ηα1…αpðeαp⌋…eα1⌋αÞ: (A7)

Comparison of the variations of (A6) with those of (A7)
yields the relation

δ�α ¼ �δα − �ðδϑα∧eα⌋αÞ þ δϑα∧ðeα⌋�αÞ; (A8)

analogous to the three-dimensional identities (96) and (97)
used in the main text.

2. Foliated eta basis

Let us now make use of (29) and (35) to calculate

ϑα ¼ dτuα þ ϑα; (A9)

ϑα∧ϑβ ¼ dτðuαϑβ − uβϑαÞ þ ϑα∧ϑβ; (A10)

etc. Taking then the Hodge duals of (A9), (A10) etc., we
find the foliated version of (A1)–(A5), that is,

η ¼ dτ∧η̄; (A11)

ηα ¼ −dτ∧η̄α − uαη̄; (A12)

ηαβ ¼ dτ∧η̄αβ − ðuαη̄β − uβη̄αÞ; (A13)

ηαβγ ¼ −dτϵαβγ − ðuαη̄βγ þ uγη̄αβ þ uβη̄γαÞ; (A14)

ηαβγδ ¼ −ðuαϵβγδ − uδϵαβγ þ uγϵδαβ − uβϵγδαÞ; (A15)

where

η̄≔ðu⌋ηÞ ¼ 1

3!
ϵαβγϑ

α∧ϑβ∧ϑγ ¼ #1; (A16)

η̄α≔ − ðu⌋ηαÞ ¼ 1

2!
ϵαβγϑ

β∧ϑγ ¼ #ϑα; (A17)

η̄αβ≔ðu⌋ηαβÞ ¼ ϵαβγϑ
γ ¼ #ðϑα∧ϑβÞ; (A18)

ϵαβγ≔ − ðu⌋ηαβγÞ ¼ uμημαβγ ¼ #ðϑα∧ϑβ∧ϑγÞ; (A19)

being (A16) the three-dimensional volume element, such
that η̄ ¼ uαηα. Making use of (42)–(45), (A16) and (A17),
one can prove that the Lie derivative of this volume can be
decomposed as

luη̄ ¼ Łuϑ
α∧η̄α: (A20)

On the other hand, the contractions between tetrads and eta
basis in four dimensions (see for instance [6]), when
foliated reduce to

ϑμ∧η̄α ¼ hμαη̄; (A21)

ϑμ∧η̄αβ ¼ −hμαη̄β þ hμβη̄α; (A22)

ϑμϵαβγ ¼ hμαη̄βγ þ hμγη̄αβ þ hμβη̄γα; (A23)

0 ¼ −hμαϵβγδ þ hμδϵαβγ − hμγϵδαβ þ hμβϵγδα: (A24)

Taking (41) into account, we also find
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eα⌋η̄ ¼ η̄α; (A25)

eα⌋η̄β ¼ η̄βα; (A26)

eα⌋η̄βγ ¼ ϵβγα: (A27)

In view of definition (A19), the contraction of all objects
(A17)–(A19) with uα vanishes. From (A17) then follows
that 0 ¼ uαη̄α ¼ #ðuαϑαÞ, thus implying uαϑα ¼ 0.

APPENDIX B: PLAUSIBILITY ARGUMENT

Let us argue here against the seemingly ad hoc character
of Eq. (107), namely,

∂U
∂ϑα ¼ Σα

matt⊥ ;
∂U
∂uα ¼ −Σmatt

α ; (B1)

showing that, in fact, the internal energy 3-form U inherits
properties of the original matter Lagrangian, in particular of
Lmatt⊥ . First we notice that, according to (102), U is the
transversal part of the internal energy current ϵu defined in
(100) as proportional to ϵmatt. On the other hand, from the
fundamental matter energy-momentum 3-form (51) with
(21) follows

ϵmatt ¼ Łuψ
∂L
∂dψ − ∂L

∂dψ Łuψ − Lmatt⊥ ; (B2)

so that, at least for Dirac matter, we get U ¼ −Lmatt⊥ þ
additional terms.
According to this relation, Eq. (B1) should resemble the

analogous derivatives of Lmatt⊥ . In order to calculate them,
we make use of the following result proved in [1]. When
considering the foliated Lagrangian density form
L ¼ dτ∧L⊥, depending on the longitudinal and transversal
parts of any dynamical variable Q ¼ dτ∧Q⊥ þQ,
Eq. (D14) of [1] establishes that

∂L
∂Q ¼ ð−1Þpdτ∧∂L⊥

∂Q þ ∂L⊥
∂Q⊥

; (B3)

with p standing for the degree of the p-form Q. In view of
(B3), the matter energy-momentum 3-form defined in (16)
decomposes as

Σmatt
α ≔

∂Lmatt

∂ϑα ¼ −dτ∧∂Lmatt⊥
∂ϑα þ ∂Lmatt⊥

∂uα ; (B4)

implying

∂Lmatt⊥
∂ϑα ¼ −Σα

matt⊥ ;
∂Lmatt⊥
∂uα ¼ Σmatt

α ; (B5)

which reproduce the form of (B1), providedU ¼ −Lmatt⊥ as
suggested above.
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