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β-decay properties of neutron-rich Zr and Mo isotopes are investigated within a microscopic theoretical
approach based on the proton-neutron quasiparticle random-phase approximation. The underlying mean field is
described self-consistently from deformed Skyrme Hartree-Fock calculations with pairing correlations. Residual
separable particle-hole and particle-particle forces are also included in the formalism. The structural evolution
in these isotopic chains including both even and odd isotopes is analyzed in terms of the equilibrium deformed
shapes. Gamow-Teller strength distributions, β-decay half-lives, and β-delayed neutron-emission probabilities
are studied, stressing their relevance to describe the path of the nucleosynthesis rapid neutron capture process.
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I. INTRODUCTION

Neutron-rich nuclei in the mass region A ∼ 110–120 have
attracted considerable attention from both theoretical and
experimental sides in the last decades. They are interesting
in many respects. First, the mass region is characterized
by rapid structural changes in the ground state and low-
lying collective excited states (see, e.g., [1,2] for a general
review). Relativistic [3,4] and nonrelativistic [5–9] studies
of the nuclear structural evolution in this mass region show
that the equilibrium shape of the nucleus changes rapidly
with the number of nucleons, and shape coexistence is present
with competing spherical, axially symmetric prolate and
oblate, as well as triaxial shapes at close energies. These
features are supported by spectroscopic observations [10]
including 2+ lifetime measurements [11–13] and quadrupole
moments for rotational bands [13], as well as by laser
spectroscopy measurements on Zr [14] and Mo [15] isotopes.

In addition, this mass region is also involved in the
astrophysical rapid neutron capture process (r process). The
r process is considered to be one of the main nucleosynthesis
mechanisms leading to the production of heavy neutron-rich
nuclei and for the existence of about half of the nuclei
heavier than iron [16,17]. The r-process nucleosynthesis
involves many neutron-rich unstable isotopes, whose masses
and β-decay properties, including β-decay half-lives (T1/2)
and β-delayed neutron-emission probabilities (Pn), are crucial
quantities to understand the possible r-process paths, the
isotopic abundances, and the time scales of the process [17,18].
Although much progress is being done recently on masses
(see for example the Jyväskylä mass database [19]) and half-
lives [20,21] measurements, unfortunately most of the nuclear
properties of relevance for the r process are experimentally
unknown due to their extremely low production yields in
the laboratory. Therefore, reliable nuclear physics models
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are needed to interpret the astrophysical observations and
to model and simulate properly the r process. For example,
the agreement with the observed r-process abundances in
this mass region is manifestly improved [22,23] when using
nuclear structure models that include a shell quenching effect
at N = 82 [24,25].

The quasiparticle random-phase approximation (QRPA)
has been shown to be a suitable model to deal with medium-
mass open-shell nuclei. QRPA calculations for neutron-rich
nuclei have been performed within different approaches, such
as spherical formalisms based on Hartree-Fock-Bogoliubov
(HFB) mean field [26], on continuum spherical QRPA with
density functionals [27], and on relativistic mean field ap-
proaches [28]. However, the mass region of concern here
requires nuclear deformation as a relevant degree of freedom to
characterize the nuclear structure involved in the calculation of
the β-strength functions. The deformed QRPA formalism was
developed in Refs. [29–35], where phenomenological mean
fields based on Nilsson or Woods-Saxon potentials were used
as a starting basis. A Tamm-Dancoff approximation with Sk3
interaction was also implemented in Ref. [36].

In this work we investigate the decay properties of both even
and odd neutron-rich Zr and Mo isotopes within a deformed
proton-neutron QRPA based on a self-consistent Hartree-
Fock (HF) mean field formalism with Skyrme interactions
and pairing correlations in the BCS approximation. Residual
spin-isospin interactions are also included in the particle-hole
and particle-particle channels [37,38]. This work was started
in Ref. [39], where the β-decay properties of the even-even
isotopes 100–110Zr and 104–114Mo were studied. In the present
work we extend that study in several aspects. First, we repeat
the calculations of T1/2 and Pn for the same isotopes, but
using new or updated measurements for the Qβ and Sn

values [40]. Second, we extend the calculations to include
odd-A isotopes, as well as more exotic isotopes, namely
112–116Zr and 116–120Mo. This study is justified by a renewed
experimental interest to measure the half-lives of heavier and
more exotic nuclei in this mass region at RIKEN. This study
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will contribute with theoretical support to the understanding
of these future measurements.

The paper is organized as follows. In Sec. II we present a
review of the theoretical formalism used. Section III contains
the results obtained for the potential energy curves (PECs),
Gamow-Teller (GT) strength distributions, β-decay half-lives,
and β-delayed neutron-emission probabilities. Section IV
summarizes the main conclusions.

II. THEORETICAL FORMALISM

In this section we show briefly the theoretical framework
used in this paper to describe the β-decay properties in Zr
and Mo neutron-rich isotopes. More details of the formalism
can be found in Refs. [37,38]. The method consists of a
self-consistent formalism based on a deformed Hartree-Fock
mean field obtained with Skyrme interactions including pairing
correlations. The single-particle energies, wave functions, and
occupation probabilities are generated from this mean field.
In this work we have chosen the Skyrme force SLy4 [41]
as a representative of the Skyrme forces. The protocol to
derive this interaction includes information on the equation
of state of pure neutron matter obtained from realistic forces
that produce better isotopic properties. SLy4 is one of the more
successful Skyrme forces and has been extensively studied in
recent years [6,7,42].

The solution of the HF equation is found by using the
formalism developed in Ref. [43], assuming time-reversal
and axial symmetry. The single-particle wave functions are
expanded in terms of the eigenstates of an axially symmetric
harmonic oscillator in cylindrical coordinates, using twelve
major shells. The method also includes pairing between like
nucleons in the BCS approximation with fixed gap param-
eters for protons and neutrons, which are determined phe-
nomenologically from the odd-even mass differences through
a symmetric five-term formula involving the experimental
binding energies [40] when available. In those cases where
experimental information for masses is still not available,
we have used the same pairing gaps as the closer isotopes
measured. The pairing gaps for protons (�p) and neutrons
(�n) obtained in this way are roughly around 1 MeV.

The PECs are analyzed as a function of the quadrupole
deformation parameter β. For that purpose, constrained HF
calculations are performed with a quadratic constraint [44].
The HF energy is minimized under the constraint of keeping
fixed the nuclear deformation. Calculations for GT strengths
are performed subsequently for the equilibrium shapes of each
nucleus, that is, for the solutions, in general deformed, for
which minima are obtained in the energy curves. Since decays
connecting different shapes are disfavored, similar shapes are
assumed for the ground state of the parent nucleus and for all
populated states in the daughter nucleus. The validity of this
assumption was discussed for example in Refs. [29,33].

To describe GT transitions, a spin-isospin residual interac-
tion is added to the mean field and treated in a deformed proton-
neutron QRPA [29–38]. This interaction contains two parts,
particle-hole (ph) and particle-particle (pp). The interaction in
the pp channel is responsible for the position and structure of
the GT resonance [33,37,38] and it can be derived consistently

from the same Skyrme interaction used to generate the mean
field, through the second derivatives of the energy density
functional with respect to the one-body densities. The ph
residual interaction is finally expressed in a separable form by
averaging the Landau-Migdal resulting force over the nuclear
volume, as explained in Refs. [37,38]. By taking separable
GT forces, the energy eigenvalue problem reduces to find
the roots of an algebraic equation. The pp component is a
neutron-proton pairing force in the Jπ = 1+ coupling channel,
which is also introduced as a separable force [34,35,38]. This
strength is usually fitted to reproduce globally the experimental
half-lives. Various attempts have been done in the past to fix
this strength [33], arriving at expressions that depend on the
model used to describe the mean field, Nilsson model in the
above reference.

In previous works [37,38,45–47] we studied the sensitivity
of the GT strength distributions to the various ingredients
contributing to the deformed QRPA calculations, namely to the
nucleon-nucleon effective force, to pairing correlations, and to
residual interactions. We found different sensitivities to them.
In this work, all of these ingredients have been fixed to the most
reasonable choices found previously. In particular we use the
coupling strengths χ

ph
GT = 0.15 MeV and κ

pp
GT = 0.03 MeV

for the ph and pp channels, respectively.
The technical details to solve the QRPA equations have

been described in Refs. [34,35,37]. Here we only mention that,
because of the use of separable residual forces, the solutions
of the QRPA equations are found by solving first a dispersion
relation, which is an algebraic equation of fourth order in the
excitation energy ω. Then, for each value of the energy, the
GT transition amplitudes in the intrinsic frame connecting
the ground state |0+〉 of an even-even nucleus to one-phonon
states in the daughter nucleus |ωK〉 (K = 0,1) are found to be

〈ωK |σKt±|0〉 = ∓M
ωK± , (1)

where t+|π〉 = |ν〉, t−|ν〉 = |π〉 and

M
ωK− =

∑
πν

(
qπνX

ωK
πν + q̃πνY

ωK
πν

)
, (2)

M
ωK+ =

∑
πν

(
q̃πνX

ωK
πν + qπνY

ωK
πν

)
, (3)

with

q̃πν = uνvπ
νπ
K , qπν = vνuπ
νπ

K , (4)

in terms of the occupation amplitudes for neutrons and protons
vν,π (u2

ν,π = 1 − v2
ν,π ) and the matrix elements of the spin

operator, 
νπ
K = 〈ν|σK |π〉, connecting proton and neutron

single-particle states, as they come out from the HF+BCS
calculation. XωK

πν and YωK
πν are the forward and backward

amplitudes of the QRPA phonon operator, respectively.
Once the intrinsic amplitudes in Eq. (1) are calculated, the

GT strength Bω(GT ±) in the laboratory system for a transition
IiKi(0+0) → If Kf (1+K) can be obtained as

Bω(GT ±) =
∑
ωK

[〈ωK=0|σ0t
±|0〉2δ(ωK=0 − ω)

+ 2〈ωK=1|σ1t
±|0〉2δ(ωK=1 − ω)], (5)
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in [g2
A/4π ] units. To obtain this expression, the initial and final

states in the laboratory frame have been expressed in terms of
the intrinsic states using the Bohr-Mottelson factorization [48].

When the parent nucleus has an odd nucleon, the ground
state can be expressed as a one-quasiparticle (1qp) state in
which the odd nucleon occupies the single-particle orbit of
lowest energy. Then two types of transitions are possible. One
type is due to phonon excitations in which the odd nucleon
acts only as a spectator. These are three-quasiparticle (3qp)
states. In the intrinsic frame, the transition amplitudes are
in this case basically the same as in the even-even case in
Eq. (1), but with the blocked spectator excluded from the
calculation. The other type of transitions are those involving
the odd nucleon state (1qp), which are treated by taking into
account phonon correlations in the quasiparticle transitions
in first-order perturbation. The transition amplitudes for the
correlated states can be found in Ref. [35,46].

Concerning the excitation energy of the daughter nuclei to
which we refer all the GT strength distributions in this paper,
we have to distinguish again between the case of even-even and
odd-A parents. In the case of even-even systems, the excitation
energy of the 2qp states is simply given by

Eex [(Z,N)→(Z+1,N−1)] = ω − Eπ0 − Eν0 , (6)

where Eπ0 and Eν0 are the lowest quasiparticle energies for
protons and neutrons, respectively. In the case of an odd-A
nucleus we have to deal with 1qp and 3qp transitions. For
Zr and Mo isotopes we have an odd-neutron parent decaying
into an odd-proton daughter. The excitation energies for 1qp
transitions are

Eex,1qp [(Z,N+1)→(Z+1,N)] = Eπ − Eπ0 . (7)

On the other hand, in the 3qp case where the unpaired neutron
acts as a spectator, the excitation energy with respect to the
ground state of the daughter nucleus is

Eex,3qp [(Z,N+1)→(Z+1,N)] = ω + Eν,spect − Eπ0 . (8)

This implies that the lowest excitation energy of 3qp type is of
the order of twice the neutron pairing gap. Therefore, all the
strength contained in the low-excitation-energy region below
typically 2–3 MeV in the odd-A nuclei studied in this paper
corresponds to 1qp transitions.

The β-decay half-life is obtained by summing all the
allowed transition strengths to states in the daughter nucleus
with excitation energies lying below the corresponding Q
energy, Qβ ≡ Qβ− = M(A,Z) − M(A,Z + 1) − me, written
in terms of the nuclear masses M(A,Z) and the electron mass
(me), and weighted with the phase space factors f (Z,Qβ −
Eex),

T −1
1/2 = (gA/gV )2

eff

D

∑
0<Eex<Qβ

f (Z,Qβ − Eex)B(GT,Eex),

(9)

with D = 6200 s and (gA/gV )eff = 0.77(gA/gV )free, where
0.77 is a standard quenching factor. The bare results can be
recovered by scaling the results in this paper for B(GT ) and
T1/2 with the square of this quenching factor.

The Fermi integral f (Z,Qβ − Eex) is computed numeri-
cally for each value of the energy including screening and
finite size effects, as explained in Ref. [49],

f β±
(Z,W0) =

∫ W0

1
pW (W0 − W )2λ±(Z,W )dW, (10)

with

λ±(Z,W ) = 2(1 + γ )(2pR)−2(1−γ )e∓πy |�(γ + iy)|2
[�(2γ + 1)]2

, (11)

where γ =
√

1 − (αZ)2, y = αZW/p, α is the fine structure
constant, and R the nuclear radius. W is the total energy
of the β particle, W0 is the total energy available in mec

2

units, and p = √
W 2 − 1 is the momentum in mec units. This

function weights differently the strength B(GT ) depending
on the excitation energy. As a general rule f (Z,Qβ − Eex)
increases with the energy of the β particle and therefore the
strength located at low excitation energies contributes more
significantly to the half-life.

The probability for β-delayed neutron emission is given by

Pn =
∑

Sn<Eex<Qβ
f (Z,Qβ − Eex)B(GT,Eex)∑

0<Eex<Qβ
f (Z,Qβ − Eex)B(GT,Eex)

, (12)

where the sums extend to all the excitation energies in the
daughter nuclei in the indicated ranges. Sn is the one-neutron
separation energy in the daughter nucleus. In this expression
it is assumed that all the decays to energies above Sn in
the daughter nuclei lead always to delayed neutron emission,
and then γ decay from neutron unbound levels is neglected.
According to Eq. (12), Pn is mostly sensitive to the strength
located at energies around Sn, thus providing a structure probe
complementary to T1/2.

III. RESULTS AND DISCUSSION

In this section we start by showing the results obtained
for the potential energy curves in the most unstable isotopes
not considered in Ref. [39]. Then, we calculate the energy
distribution of the GT strength corresponding to the local
minima in the potential energy curves. After showing the
predictions of various models for the Qβ and Sn values for
the most unstable isotopes where no data are available, we
calculate T1/2 and Pn, and discuss the results.

A. Potential energy curves

PECs obtained from constrained HF+BCS calculations for
even-even isotopes 100–110Zr and 104–114Mo were discussed
in Ref. [39]. In that reference, it was shown that both Zr
and Mo isotopes exhibit two well developed oblate and
prolate minima, which are separated by barriers ranging
from 3 MeV up to 5 MeV. In the case of Zr isotopes, the
ground states are located in the prolate sector at positive
values of β ≈ 0.4. There are also oblate minima at some-
what higher energies located at β ≈ −0.2. In the isotopes
108–110Zr a spherical local minimum is also developed. For
Mo isotopes we observed practically degenerate oblate and
prolate shapes in the light 104,106Mo isotopes, oblate ground
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states in heavier isotopes with quadrupole deformations at
β ≈ −0.2 with prolate excited states at energies lower than
1 MeV (β ≈ 0.4), and spherical configurations at very low
energies in heavier isotopes, resulting in an emergent triple
oblate-spherical-prolate shape coexistence scenario. These
results are in qualitative agreement with similar ones obtained
in this mass region from different theoretical approaches
including macroscopic-microscopic methods based on liq-
uid drop models with shell corrections [50,51], relativistic
mean fields [52], as well as nonrelativistic calculations with
Skyrme [5] and Gogny [53] interactions. Thus, a consistent
theoretical description emerges, which is supported by the
still scarce experimental information available [11–15].

In this work, we complete the picture with the inclusion
of the PECs in 112,114,116Zr and 116,118,120Mo isotopes. We
show in Fig. 1 the energies relative to that of the ground
state plotted as a function of the quadrupole deformation β.
The general trend observed is the gradual disappearance of
both prolate and oblate minima collapsing into a spherical
solution in the heavier isotopes as the magic number N = 82 is
approached.

To further illustrate the role of deformation in the isotopic
evolution, we show in Fig. 2 the quadrupole deformation
β of the various energy minima as a function of the mass
number A, for Zr and Mo isotopic chains. The deformation
corresponding to the ground state for each isotope is encircled.
We can see that in most cases we have two minima, in the
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FIG. 1. Potential energy curves for even-even 112,114,116Zr and
116,118,120Mo isotopes obtained from constrained HF+BCS calcula-
tions with the Skyrme force SLy4.
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FIG. 2. (Color online) Isotopic evolution of the quadrupole de-
formation parameter β of the energy minima obtained from the
Skyrme interaction SLy4 for Zr and Mo isotopes.

prolate and oblate sectors, which are very close in energy.
It is also interesting to compare the spin and parity (Jπ )
of the different shapes with the experimental assignments.
We can see in Fig. 2 those values for the odd-A isotopes.
In the case of Zr isotopes, the experimental Jπ are 3/2+
and 5/2−# for 101Zr and 103Zr, respectively. The symbol #
indicates here and in what follows that the values are estimated
from trends in neighboring nuclides. They correspond nicely
with the spins and parities obtained with SLy4 for the lowest
one quasiparticle prolate states. In the case of Mo isotopes,
105Mo is a (5/2−) state well described by the prolate SLy4
ground state. 107Mo is a (5/2+) state with a (1/2+) excited
state at 65 keV. They appear as prolate (1/2+) and oblate
(5/2+) states in the calculations at very close energies. In
heavier isotopes some discrepancies are found between the
spin-parity of the calculated ground states and the experimental
assignments obtained from systematics. Nevertheless, the spin
and parity of 109Mo (5/2+#) corresponds to the prolate shape
in the calculations, whereas in 111Mo the spin and parity of the
isomer state (7/2−) agrees with the oblate configuration.

B. Electromagnetic properties

Although the main focus of this work is the decay
properties of neutron-rich Zr and Mo isotopes, it is also
worth discussing their electromagnetic properties within the
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rotational formalism of Bohr and Mottelson [48]. Then, we
discuss the isotopic structural evolution in these chains by
studying electric quadrupole moments Q0,π , moments of
inertia I, excitation energies of the 2+ excited states E2+ ,
B(E2) reduced transition probabilities, and magnetic dipole
moments μI , in the case of even-even isotopes. In the case of
odd-A isotopes we concentrate the study on magnetic dipole
moments and B(M1) reduced transition probabilities.

In Fig. 3 we present these results for the even Zr and
Mo isotopes. We show results for both prolate and oblate
shapes because they have very close energies. The ground
state shapes predicted in the calculation are connected with
solid lines. They correspond to prolate shapes in the Zr
isotopes and to prolate shapes in 104,106Mo isotopes and
oblate shapes in 108–116Mo isotopes. The intrinsic electric
quadrupole moments are calculated microscopically from the
SLy4 Skyrme interaction used in this work. The moments of
inertia I are calculated in a cranking approach as described
in [54] and the rotational energies of the states I of the ground

state band K = 0 are given in terms of I by

EI
rot = 1

2I [I (I + 1)]. (13)

The reduced transition probability corresponding to a E2
transition within a band K is given by

B(E2,IiK → If K) = 5

16π
〈Ii2K0|If K〉2e2Q2

0,π . (14)

For the transition from the ground state 0+ to the 2+ rotational
state this expression reduces to

B(E2,0+ → 2+) = 5

16π
e2Q2

0,π . (15)

The magnetic dipole moment of a rotational state is given by

μI = gRI + (gK − gR)
K2

I + 1

×{1 + δK,1/2(−1)I+1/2(2I + 1)b}, (16)

in terms of the rotational (gR) and single-particle (gK )
gyromagnetic ratios, and the magnetic decoupling parameter
b [48]. For K = 0 even-even isotopes μI is simply given by
μI = gRI .

In the case of odd-A isotopes we calculate magnetic dipole
moments and M1 reduced transition probabilities connecting
states within a rotational band,

B(M1,Ii K → If K) = 3

4π
〈Ii1K0|If K〉2(gK − gR)2K2

×{1 + δK,1/2(−1)I>+1/2b}2μ2
N

(17)

In Fig. 4 we show the results corresponding to μI=K and
B(M1) for transition probabilities connecting the ground states
Ii = K with the first excited states in the rotational band If =
Ii + 1.

Data are taken from Refs. [55–57]. The intrinsic quadrupole
moments have been plotted with the two possible signs because
they are extracted from B(E2) values [55]. The agreement with
the still scarce experimental information is very reasonable,
favoring the description of the lighter Zr and Mo isotopes as
prolate in agreement with the calculations. Only the data on
Q0,π and B(E2) in 108Mo seem to be at variance with the
calculation that predicts an oblate shape for the ground state,
whereas the data seem to favor a prolate shape, thus shifting the
expected transition from prolate to oblate to a heavier isotope.

C. Gamow-Teller strength distributions

In the next figures, we show the results obtained for the
energy distributions of the GT strength corresponding to
the oblate-prolate-spherical equilibrium shapes for which we
obtained relevant minima in the PECs. The results are obtained
from QRPA with the force SLy4 with pairing correlations
and with residual interactions with the parameters written in
Sec. II. The GT strength in (g2

A/4π ) units is plotted versus the
excitation energy of the daughter nucleus, and a quenching
factor 0.77 has been included.
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Figures 5 and 6 contain the results for Zr and Mo isotopes,
respectively. We show the energy distributions of the individual
GT strengths together with continuous distributions obtained
by folding the strength with 1 MeV width Breit-Wigner
functions. The main characteristic of these distributions is the
existence of a GT resonance located at increasing excitation
energy as the number of neutrons N increases. The total GT
strength also increases with N , as it is expected to fulfill the
Ikeda sum rule. It is worth noticing that both oblate and prolate
shapes produce quite similar GT strength distributions on a
global scale. Nevertheless, the small differences among the
various shapes at the low energy tails (below the Qβ) of the
GT strength distributions that can be appreciated because of
the logarithmic scale, lead to sizable effects in the β-decay
half-lives. In the next figures, Fig. 7 for Zr isotopes and Fig. 8
for Mo isotopes, we can see the accumulated GT strength in
the energy region below the corresponding Qβ energy of each
isotope, which is the relevant energy range for the calculation
of the half-lives. The vertical solid (dashed) arrows show the
Qβ (Sn) energies, taken from experiment [40].

In these figures one can appreciate the sensitivity of these
distributions to deformation and how measurements of the
GT strength distribution from β decay can be a powerful
tool to get information about this deformation, as it was
carried out in Refs. [58,59]. The accumulated strength from
the oblate shapes is in most cases larger than the corresponding
prolate profiles. The spherical distributions have distinct
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FIG. 5. QRPA-SLy4 Gamow-Teller strength distributions for Zr
isotopes as a function of the excitation energy in the daughter nucleus.
The calculations correspond to the various equilibrium configurations
found in the PECs.

characteristics showing always as a strong peak at relative
low energies. The profiles from different shapes could be
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FIG. 6. Same as in Fig. 5, but for Mo isotopes.

easily distinguished experimentally from each other. This is
especially true in the case of the lighter isotopes 100–104Zr and
104–108Mo, where the differences are enhanced. These isotopes
are in principle easier to measure since they are closer to
stability.
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FIG. 7. (Color online) QRPA-SLy4 accumulated GT strengths in
Zr isotopes calculated for the various equilibrium shapes. Qβ and Sn

energies are shown by solid and dashed vertical arrows, respectively.

Experimental information on GT strength distributions in
these isotopes is only available in the energy range below
1 MeV for the isotopes 106,108Mo [60], 110Mo [61], and
100,102,104Zr [62]. Unfortunately, the energy region is still
very narrow and represents only a small fraction of the GT
strength relevant for the half-life determination. Clearly, more
experimental information is needed to get insight into the
nuclear structure of these isotopes.

Knowledge of the energy distribution of the GT strength
is of paramount importance to understand and constrain the
underlying nuclear structure responsible for the nuclear GT
response. Half-lives are integral quantities of this strength
weighted with appropriate phase factors [(see Eq. (9)], but
reproducing theoretically the half-lives does not warrant the
correct description of the GT strength distribution. The latter
are indeed needed to determine the decay rates in astrophysical
scenarios. This is because the phase factors are sensitive
functions of the electron distribution in the medium that
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can block the available space for the β particle [63]. Thus,
the stellar phase factors are different from those in the
laboratory under terrestrial conditions, and so are the half-lives.
Therefore, to describe properly the half-lives under extreme
conditions of density and the temperature one needs to account
not only for genuine thermal effects due to the population of
excited states in the decaying nuclei, but also for a reliable
description of the GT strength distributions [64,65].

It is also worth noting that the GT strength distribution in
odd-A isotopes is typically displaced to higher energies (about
2–3 MeV) with respect to the even-even case. This can be
clearly seen in the position of the GT resonance in Figs. 5 and 6
or in the lower excitation energy at which we found significant
strength in Figs. 7 and 8. The shift corresponds roughly to the
breaking of a neutron pair and therefore it amounts to about
twice the neutron pairing gap, as can be seen in Eqs. (6)–(8).
Similarly, one observes that this energy shift is the step in
the odd-even staggering of Qβ ans Sn in Fig. 9. Taking into
account both effects (the displacement of the strength and the
increase of Qβ in odd-A nuclei), the final half-lives cancel
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FIG. 9. (Color online) Experimental Qβ and Sn energies com-
pared to the predictions of various mass models.

them to a large extent, giving rise to a smooth behavior in A,
as we shall see in the next subsection.

D. Half-lives and β-delayed neutron-emission probabilities

The calculation of the half-lives in Eq. (9) involves
knowledge of the GT strength distribution and of the Qβ

values. The calculation of the probability for β-delayed
neutron emission Pn in Eq. (12) involves also knowledge
of the Sn energies. We use experimental values for Qβ and
Sn, which are taken from Ref. [40], when available. But in
those cases where experimental masses are not measured, one
has to rely on theoretical predictions for them. There are a
large number of mass formulas in the market obtained from
different approaches. The study in Ref. [39] showed us that,
among them, the Duflo and Zuker (DZ-28) mass model [66],
and the masses calculated from SLy4 with a zero-range pairing
force and the Lipkin-Nogami method obtained from the code
HFBTHO [67], produce good agreement with the measured Qβ

and Sn energies.
In the upper panels of Fig. 9 we can see the experimental

Qβ values (black dots) [40] for Zr (a) and Mo (b) isotopes.
This information is only available for the isotopes 100–112Zr
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FIG. 10. (Color online) Measured β-decay half-lives for Zr iso-
topes compared to theoretical QRPA-SLy4 results calculated from
different shape configurations. Solid symbols (I) correspond to
half-lives obtained with experimental Qβ values. Open symbols
correspond to results obtained with experimental (from systematics),
SLy4, and DZ-28 Qβ values (II). In region (III) only results with
theoretical Qβ values are plotted.

and 104–117Mo, although the values beyond 105Zr and 109Mo
are evaluated from systematics. These values are compared
with the predictions of the two mass models mentioned above.
In the lower panels we have the neutron separation energies
Sn corresponding to the daughter isotopes of Zr and Mo, Nb
(c), and Tc (d), respectively. In this case the energies beyond
109Nb and 113Tc are not directly measured, but are deduced
from systematics. In what follows the results for T1/2 and Pn

will be calculated by using experimental Qβ and Sn values
when available, and values from SLy4 and DZ-28 in other
cases.

In Figs. 10 and 11 we compare the measured β-decay
half-lives with the theoretical results obtained with the prolate,
oblate, and spherical equilibrium shapes, for Zr and Mo
isotopes, respectively. Three regions can be distinguished in
these figures: a first region (I) with solid symbols for prolate,
oblate, and spherical shapes, where experimental Qβ values
are used, 100–105Zr and 104–111Mo; a second region (II) with
open symbols that correspond to 106–112Zr and 112–117Mo,
where we use Qβ values extracted from systematics, from
SLy4, and from DZ-28; and a third region (III), 113–116Zr and
118–120Mo, where only calculated Qβ values are used.

In the first region (I) of both figures, the half-lives from
prolate shapes are always larger than those from oblate shapes,
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FIG. 11. (Color online) Same as in Fig. 10, but for Mo isotopes.

and both of them are larger than the half-lives from spherical
nuclei. This feature can be easily understood from Figs. 7
and 8, where we can see how the GT strength contained in
the energy region below Qβ is much lower in the prolate case
than in the oblate and spherical cases. Comparison with the
experiment in this region indicates that the trend observed in
Zr isotopes is nicely reproduced by the prolate shapes with
a tendency to overestimate the half-lives. In this region an
oblate component that produces smaller half-lives would help
in the agreement with experiment. In the case of the lighter Mo
isotopes in region (I) the prolate shapes overestimate clearly
the measured half-lives, while the oblate shapes underestimate
them. A shape coexistence in lighter Mo isotopes would
produce in this case a better agreement with experiment. In
the middle region (II) we can see that the spread of the results
due to the nuclear deformation is comparable with the spread
due to the uncertainty in the Qβ value. Nevertheless, we can
still perceive the tendency of the prolate (spherical) shapes
to overestimate (underestimate) the half-lives with results
from oblate shapes somewhat in between. One should also
keep in mind that the experimental half-lives for 111,112Zr
and for 116–117Mo are not properly measured values but are
extracted from systematics. In the third region (III) of heavier
isotopes we obtain spherical or close-to-sphericity shapes.
The predicted half-lives corresponding to these shapes are
relatively large and almost flat. This tendency seems to be
at variance with the tendency shown by the experimental
half-lives extracted from systematics that continue decreasing.
Measurements in this region will be crucial to determine
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whether isotopes in this mass region become spherical as we
approach the magic neutron number.

In the next two figures we simplify the comparison of
various calculations for the half-lives by showing only the
most relevant ones. Thus, in Figs. 12 and 13 we compare
the measured β-decay half-lives with the calculations cor-
responding only to the ground states of the isotopes. For
Zr isotopes in Fig. 12 we plot half-lives for prolate shapes
for 100–112Zr and for spherical shapes for 113–116Zr. Similarly,
for Mo isotopes in Fig. 13 we plot half-lives for prolate
shapes for 104–107Mo, for oblate shapes for 108–117Mo, and
for spherical shapes for 118–120Mo. Similar to the previous
figures, one can also distinguish three regions according to
the Qβ values used. In Fig. 12 for Zr isotopes we see again
how the prolate ground state shapes describe well the pattern
of the half-lives. Nevertheless the agreement can be improved
by reducing somewhat the half-lives of the lighter isotopes
with an oblate component predicted by the calculations. In
the middle region, the experimental pattern is reasonably well
reproduced by the calculations, but the SLy4 masses reproduce
better the measured half-lives. Finally for the heavier isotopes
the predicted half-lives corresponding to spherical nuclei are
almost flat. In Fig. 13 for Mo isotopes, a shape coexistence
of the prolate ground state shape with the excited oblate
shape in the lighter Mo isotopes would produce a better
agreement with experiment. In the middle region, the oblate
shapes reproduce quite satisfactorily the measurements and no
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FIG. 13. (Color online) Same as in Fig. 12, but for Mo isotopes.

big differences are found between the half-lives obtained by
using SLy4 or experimental Qβ values. As in the case of Zr
isotopes, the heavier spherical Mo isotopes predict relatively
large half-lives that seem to deviate from the decrease exhibited
by the experimental values from systematics.

Our results for the half-lives and GT strength distributions
in Zr isotopes agree well with the calculations by Yoshida [68],
where similar results are presented for even-even Zr isotopes
within a self-consistent QRPA with Skyrme interactions, using
only the strengths of the pairing interaction as extra parame-
ters and a constant strength for the residual T = 0 pairing
interaction, which is fitted to reproduce the half-life of 100Zr.
Our results agree also qualitatively with those in Ref. [69] for
T1/2 and Pn in Zr and Mo isotopes, where QRPA calculations
are performed using deformed Woods-Saxon potentials and
realistic CD-Bonn residual forces. First-forbidden transitions
were also considered in [69], although it was found on the
basis of the branching ratio for the forbidden decays that in
this mass region their effect can be neglected.

In the next figures (Figs. 14–17), we show the same type
of information as in Figs. 10–13, but for the β-delayed
neutron-emission probabilities Pn, expressed as a percentage.
Experimental Pn values [20] are only upper limits except for
the cases 110,111Mo. In all cases the calculations underestimate
the existing measurements. This means that in the range of
isotopes where these measurements exist, the relative GT
strength contained in the energy region below (above) Sn

is overestimated (underestimated) theoretically. The general
isotopic trend observed is an increase of Pn with A, obviously
related to the decrease of Sn as we approach the neutron drip
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FIG. 16. (Color online) Same as in Fig. 12, but for Pn values.
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line. The behavior of Pn for spherical shapes is somewhat
special. It appears clearly below the deformed cases up to
A ∼ 112 (A ∼ 116) in Zr (Mo) isotopes, and then suddenly it
increases up to practically Pn = 100% in the heavier isotopes.
The origin of this behavior can be traced back to the profile
of the accumulated strength distributions in spherical nuclei,
which shows a sharp increase in Figs. 5 and 6, at variance with
the smooth distribution of the deformed cases denoting the
high fragmentation of the strength. It is also worth mentioning
the extreme sensitivity of Pn to Sn in the case of spherical
nuclei. Since most of the strength in spherical nuclei is very
localized in energy, Pn can change drastically if this strength
is located a little bit above or a little bit below Sn. Thus, we
can see for example how Pn in 112Zr changes from 0.3% to
100% when we use Sn from DZ-28 (dotted lines) or from SLy4
(dashed lines). The Sn values for 112Nb change from 2.92 MeV
with SLy4 to 3.31 MeV for DZ-28 [Fig. 9(c)], values that
are respectively below and above the energy where the GT
strength peaks in 112Zr (Fig. 7). Similarly, the sharp change
in Pn between spherical 112Zr and 113Zr isotopes is related to
the relative position of the strength with respect to Sn, which
appears below Sn in 112Zr and above it in 113Zr (see Fig. 7).

Similar general comments are valid for Mo isotopes. In
this case particular behaviors in the spherical case can be
understood as well by means of the interplay between Sn values
and the energies where the GT strength is peaked. This is the
case of 118Mo, where the low Pn value found for DZ-28 is
correlated to the high value of Sn in Fig. 9(d). This is also the
case of 119Mo, where the low Pn value for SLy4 is due to the
large value of Sn. We can also mention the strange behavior of
116Mo in the prolate cases that decrease suddenly up to values
similar to the spherical ones. This is related to the fact that the
prolate deformation in this isotope has collapsed almost to a
spherical shape, as can be seen in Fig. 2.

Finally, we can see in Figs. 16 and 17 the percentage Pn val-
ues, but showing only the most relevant information that con-
siders only the ground state shapes, as has been done in Figs. 12
and 13. The general behavior discussed above can be seen more
clearly in these simplified plots with increasing values for
heavier isotopes that saturate to a 100% value when the spher-
ical shape becomes the ground state in the heavier isotopes,
with the particularity in the case of 119Mo discussed above.

IV. CONCLUSIONS

A microscopic nuclear approach based on a deformed
QRPA calculation on top of a self-consistent mean field
obtained with the SLy4 Skyrme interaction has been used to
study the decay properties of neutron-rich Zr and Mo isotopes.
The nuclear model and interaction have been successfully
tested in the past providing good agreement with the available
experimental information on bulk properties all along the
nuclear chart. Decay properties in other mass regions have been

well reproduced as well. In this work we have studied even and
odd isotopes, encompassing the whole isotopic chains 100–116Zr
and 104–120Mo. The structural evolution in these isotopes has
been studied from their PECs. We have found competing oblate
and prolate shapes in the lighter isotopes and spherical shapes
becoming ground states in the heavier. Then, Gamow-Teller
strength distributions, β-decay half-lives, and β-delayed neu-
tron emission probabilities corresponding to the equilibrium
shapes of the respective isotopes have been computed.

The isotopic evolution of the GT strength distributions
exhibit some typical features, such as the GT resonances that
increase in energy and strength as the number of neutrons
increase. Effects of deformation are hard to see on a global
scale, but they become apparent in the low excitation energy
below Qβ energies, a region that determines the half-lives.
Half-lives have been calculated with experimental values of
Qβ when available and with values extracted from mass
models otherwise. The spread of the results due to the nuclear
shape and to the lack of knowledge of Qβ is comparable.
Thus, it is very important to continue measuring the masses of
exotic nuclei to avoid these type of uncertainties. The half-lives
are in general well described in the lighter and medium
isotopes by using the ground state shapes, although they would
improve a bit with some admixtures of the isomeric shapes. In
this region, the half-lives obtained with spherical shapes are
clearly below the experiment and the results from deformed
shapes. For heavier isotopes where the half-lives have not been
measured yet, the calculations predict a rather flat behavior
corresponding to spherical ground states. Pn values are not well
reproduced. The calculations underestimate them although
only upper limits are measured in most cases. Nevertheless,
the general trend observed is followed when using deformed
shapes, whereas spherical shapes produce extremely low Pn

values. The scenario changes suddenly in the heavier isotopes,
where spherical shapes produce Pn values of 100%.

Thus, experimental information on the energy distribution
of the GT strength is a valuable piece of knowledge about
nuclear structure in this mass region. This is within the present
perspectives in the case of the lighter isotopes considered in
this work. Similarly, measuring the half-lives of the heavier
isotopes will be highly beneficial to model reliably the r
process and to constrain theoretical nuclear models. This
possibility is also open within present capabilities at RIKEN.
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