
Dedicated to Professor Apolodor Aristotel Răduţă’s 70th Anniversary
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We investigate the Gamow-Teller (GT) strength distributions in the double-β
decaying nuclei 128Te and 130Te, as well as in their respective partners 128Xe and
130Xe. Theoretical calculations based on a deformed quasiparticle random phase ap-
proximation built on Skyrme selfconsistent mean fields are compared with measured
GT− strength distributions extracted from high energy resolution charge-exchange re-
actions 128Te(3He, t)128I and 130Te(3He, t)130I. Combining these results with calcu-
lated GT+ strength distributions in the Xe isotopes, the nuclear matrix elements for the
two-neutrino double-β decay processes are evaluated and compared to experiment.
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1. INTRODUCTION

The Gamow-Teller (GT) nuclear response is an essential piece of information
to understand key issues related to nuclear physics [1], astrophysics [2], and particle
physics [3]. In the case of unstable nuclei this information can be extracted from β
decay, where there is a severe restriction due to the limitation in the available energy.
In the case of stable or close to stability nuclei, the GT strength is experimentally
accessible from charge-exchange reactions of the isospin-lowering (p,n) and isospin-
raising (n,p) type, at intermediate incident energies and forward angles [4] without
the energy limitations that characterize β decays.

In particular, the GT strength distributions in double-β (ββ) decay partners de-
termine the nuclear matrix elements for these processes, which are essential nuclear
physics ingredients to understand the rates of the ββ processes. In this respect it is
worth mentioning the valuable contributions made by A. A. Raduta and collaborators
in this field (see Ref. [5] as an example of that work). The study of the GT strength
distributions is a large experimental program being pursued in the last years and
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aimed to explore the GT properties of ββ decay partners at low excitation energies
by means of high resolution charge-exchange reactions [1, 6].

The present work is motivated by the recent high resolution (35 keV) charge-
exchange experiment 128,130Te(3He, t)128,130Xe [6], which improves significantly
the quality of the results compared with previous charge-exchange (p,n) experi-
ments [7] performed at a much lower resolution. In view of this new experimental
information that has become available, we reconsider in this work the theoretical de-
scription of these nuclei and the role that deformation might play to understand the
observed features. Similar studies have been carried out in the past for the ββ decay
partners 76Ge and 76Se [8].

In particular, we explore here the ability of the deformed proton-neutron quasi-
particle random phase approximation (pnQRPA) approach to describe at once all the
information available at present that includes i) the global properties of the GT res-
ponse, such as the total GT strength as well as the location and strength of the GT
resonances, ii) the GT strength distributions in the low-lying excitation region that
contain much more accurate information, and iii) the two-neutrino ββ (2νββ) decay
matrix elements.

The paper is organized as follows. In section 2, we present a brief summary of
the theoretical approach used to describe the GT properties. Section 3 contains the
results obtained for the GT strength distributions, as well as the results for the 2νββ
decay. The summary and conclusions are given in section 4.

2. THEORETICAL FORMALISM

The theoretical approach used to describe the GT strength distributions has
been developed elsewhere (see for example [9, 10]). Here we only sketch the basic
ideas of the formalism. We start from a selfconsistent deformed Hartree-Fock cal-
culation with effective Skyrme interactions (we use in this work the parametrization
SLy4 [11]), assuming axial and time-reversal symmetries [12]. The single-particle
wave functions are expanded in terms of the eigenstates of an axially symmetric har-
monic oscillator in cylindrical coordinates using twelve major shells. Pairing correla-
tions between like nucleons are included in BCS approximation taking fixed pairing
gap parameters for protons and neutrons, which are determined phenomenologically
from the odd-even mass differences of neighboring nuclei through a symmetric five-
term formula involving experimental binding energies [13]. The occupation proba-
bilities of the single-particle levels are computed at the end of each HF iteration and
are then used to calculate the one-body density and mean field of the next iteration, so
that one gets new single-particle wave functions, energies and occupation numbers at
each iteration. Therefore, the selfconsistent determination of the binding energy and
deformation includes pairing correlations from the beginning. After convergence,
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the pnQRPA equations are solved on the deformed ground state basis to get the GT
strength distributions and to compute the 2νββ decay matrix element.

To describe GT excitations in pnQRPA we add to the quasiparticle mean field a
separable spin-isospin residual interaction in particle-hole (ph) and particle-particle
(pp) channels. The advantage of using separable forces is that the pnQRPA energy
eigenvalue problem is reduced to find the roots of an algebraic equation. The ph part
is responsible for the position and structure of the GT resonance [9, 14, 15]. Its cou-
pling constant can be obtained in a consistent way from the same Skyrme interaction
used to generate the mean field. The pp part is basically a proton-neutron pairing
force whose coupling strength is usually fitted to the half-lives phenomenology [15].
The coupling strengths of the residual forces used in this work are taken from our
previous works [16, 17]. The technical details to solve the pnQRPA equations have
been described in Refs. [9, 10, 15]. Here we only mention that, because of the use of
separable residual forces, the solutions of the pnQRPA equations are found by solv-
ing first a dispersion relation. Then, for each value of the energy, the GT transition
amplitudes in the intrinsic frame connecting the ground state |0〉 to one phonon states
in the daughter nucleus |ωK〉, are found to be〈

ωK |σKt±|0
〉
=∓MωK

± , (1)

where

MωK
− =

∑
πν

(qπνX
ωK
πν + q̃πνY

ωK
πν ) , (2)

MωK
+ =

∑
πν

(q̃πνX
ωK
πν + qπνY

ωK
πν ) , (3)

with
q̃πν = uνvπΣ

νπ
K , qπν = vνuπΣ

νπ
K , Σνπ

K = 〈ν |σK |π〉 , (4)
in terms of the occupation amplitudes for neutrons and protons vν,π (u2ν,π = 1−v2ν,π)
and the matrix elements of the spin operator connecting proton and neutron single-
particle states, as they come out from the HF+BCS calculation. XωK

πν and Y ωK
πν are

the forward and backward amplitudes of the pnQRPA phonon operator, respectively.
Once the intrinsic amplitudes in Eq. (1) are calculated, the GT strength B(GT)

in the laboratory frame for a transition IiKi(0
+0) → IfKf (1

+K) can be obtained
as

Bω(GT±) =
∑
ωK

[〈
ωK=0

∣∣σ0t±∣∣0〉2 δ(ωK=0−ω)

+2
〈
ωK=1

∣∣σ1t±∣∣0〉2 δ(ωK=1−ω)
]
, (5)

in [g2A/4π] units. To obtain this expression we have used the initial and final states
in the laboratory frame expressed in terms of the intrinsic states using the Bohr and
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Mottelson factorization [18]. Finally, a quenching factor gA,eff = 0.7 gA,free is in-
cluded in the calculations to take into account in an effective way all the correla-
tions [19] that are not properly considered in the present approach.

The role of the residual interactions and BCS pairing correlations on the GT
strengths has been already studied in Ref. [9, 10]. The role of deformation was also
studied there, where it was shown that the GT strength distributions corresponding
to deformed nuclei are much more fragmented than the corresponding to spherical
ones, because of the broken degeneracy of the spherical shells. It was also shown
that the ordering of the deformed energy levels, which depends on the magnitude
of the quadrupole deformation as well as on the oblate or prolate character, may
lead to sizable differences between the GT strength distributions corresponding to
different shapes. These features have been exploited to use the β-decay properties
as an alternative method to learn about the nuclear deformation in highly unstable
isotopes [20].

The nuclear ββ decay is a rare second order weak interaction process that takes
place when the transition to the intermediate nucleus is energetically forbidden or
strongly suppressed. Two decay modes are expected, the two neutrino mode, involv-
ing the emission of two electrons and two neutrinos, and the neutrinoless mode with
no neutrino leaving the nucleus. Whereas the first type is perfectly compatible with
the Standard Model, the second one violates lepton number conservation and implies
the existence of a massive Majorana neutrino. The Gamow-Teller part that drives the
2νββ decay provides insight for theoretical models that are required to reproduce
the available experimental information on the 2νββ half-lives before predicting the
corresponding 0νββ ones.

The 2νββ decay is described in second order perturbation of the weak inter-
action as two successive Gamow-Teller transitions via virtual intermediate 1+ states.
The basic expressions for the 2νββ decay within a deformed pnQRPA formalism can
be found in [17, 21]. Here we only write the half-life of the 2νββ decay[

T 2νββ
1/2

(
0+i,gs → 0+f,gs

)]−1
= (gA)

4 G2νββ
∣∣∣M2νββ

GT

∣∣∣2 , (6)

in terms of the phase-space integral G2νββ and the nuclear matrix element M2νββ
GT

that contains all the information of the nuclear structure involved in the process,

M2νββ
GT =

∑
K=0,±1

∑
mi,mf

(−1)K
〈0f |σ−Kt−|ωK,mf

〉〈ωK,mf
|ωK,mi〉〈ωK,mi |σKt−|0i〉

(ω
mf

K +ωmi
K )/2

(7)

In this equation ωmi
K (ω

mf

K ) are the pnQRPA excitation energies of the intermediate
1+ states |ωK,mi〉(|ωK,mf

〉) with respect to the initial (final) correlated ground state.
The indices mi, mf label the 1+ states of the intermediate nucleus. The overlaps are
needed to take into account the non-orthogonality of the intermediate states obtained
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from different initial |0i〉 and final |0f 〉 ground states. Their expressions can be found
in Ref. [21].

3. RESULTS

We show in Fig. 1 the energy curves for the Te and Xe isotopes as a func-
tion of the quadrupole deformation β2 obtained from constrained HF+BCS calcula-
tions with the Skyrme force SLy4. We obtain almost spherical configurations in the
ground states of 128Te and 130Te, but with energies practically degenerate between
quadrupole deformations β2 = −0.05 and β2 = 0.1. On the other hand, in the case
of 128Xe and 130Xe we get two energy minima corresponding to prolate and oblate
shapes, differing by less than 1 MeV, with an energy barrier of about 2 MeV. The
ground states correspond to the prolate shapes with deformations around β2 = 0.15.
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Fig. 1 – Energy-deformation curves for 128Te and 130Te (left) and for 128Xe and 130Xe (right) obtained
from HF+BCS calculations with SLy4.

In Fig. 2 we show the measured GT strength distributions of 128Te and 130Te as
a function of the excitation energy of the daughter nucleus, extracted from the charge-
exchange reactions 128,130Te(p,n)128,130I [7]. The observed strength is compared
with our pnQRPA calculations. Similarly, Fig. 3 contains the same information, but
for the distributions extracted from the recent high resolution 128,130Te(3He, t)128,130I
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Fig. 2 – Calculated B(GT−) distributions for 128Te and 130Te (upper panels) and their running sums
(lower panels) compared with measured distributions from (p,n) charge-exchange reactions [7].
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Fig. 3 – Same as in Fig. 2, but for the experimental strengths measured at low excitation energy from
high resolution (3He,t) reactions [6].

[6] reactions at low excitation energy. The upper plots in both figures contain the
GT strength distributions, whereas in the lower plots we show the accumulated GT
strength.

The gross features of the distributions, such as the position of the GT reso-
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Fig. 4 – Calculated B(GT+) distributions for 128Xe and 130Xe (upper panels) and their running sums
(lower panels) for two shapes of the nuclei.
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Fig. 5 – Double-β decay matrix elements running sums as a function of the excitation energy in the
intermediate nucleus. The shaded area indicates the experimental range extracted from the measured
half-life using bare and quenched gA factors.

nances and the total strength, are well reproduced by the calculations, as it is apparent
from Fig. 2. On the other hand, the more detailed structure observed at low excita-
tion energy in Fig. 3, in particular the large fragmentation, is not so well reproduced.
Nevertheless, the theoretical strength is concentrated around 1 MeV (1.5 MeV) in
128Te (130Te) in agreement with the experiment and the total strength measured up to
3 MeV is well reproduced in both cases.

We show in Fig. 4 similar theoretical results for the GT+ strength distributions
of 128,130Xe. We compare the distributions obtained with prolate and oblate deforma-

RJP 58(Nos. 9-10), 1242–1250 (2013) (c) 2013-2013



8 Gamow-Teller strength distributions in the 2β decay partners 128,130Te and 128,130Xe 1249

tions in the whole energy range up to 25 MeV, as well as a more detailed comparison
of the low-lying strength in the magnified insets. Unfortunately, we do not have in
this case experimental information from (n,p) type reactions to compare.

Now, we evaluate the 2νββ matrix elements for the decay of 128Te and 130Te
and compare them with the experimental information extracted from the measured
half-life of the process. The various measurements reported for the 2νββ decay
in 128Te and 130Te have been analyzed in Ref. [22], where recommended values
T 2νββ
1/2 (128Te) = (1.9± 0.4)× 1024 yr and T 2νββ

1/2 (130Te) = (6.8± 1.1)× 1020 yr
were adopted. Using phase-space factors from Ref. [3] we get the experimental nu-
clear matrix elements M2νββ

GT (128Te) = 0.049 MeV−1 and M2νββ
GT (130Te) = 0.034

MeV−1 when the bare gA = 1.269 is used, and M2νββ
GT (128Te) = 0.079 MeV−1 and

M2νββ
GT (130Te) = 0.055 MeV−1 when quenched factors are used. Our calculations

for the running sums of the 2νββ decay nuclear matrix elements as a function of
the excitation energy of the intermediate nucleus can be found in Fig. 5. The pro-
late shapes that correspond to the ground states have been used for the Xe isotopes.
Reasonable agreement is found in the case of 128Te, while the present calculations
overestimate by a factor of two the nuclear matrix element in 130Te.

4. CONCLUSIONS

We have studied the GT strength distributions in the daughter nuclei 128I and
130I, reached from both (128Te, 128Xe) and (130Te, 130Xe) ββ decay partners. Cal-
culations from a deformed pnQRPA approach with ph and pp residual interactions
based on a selfconsistent Skyrme Hartree-Fock mean field with pairing correlations
are compared with data from (p,n) and from high resolution (3He, t) charge-exchange
reactions.

The deformed pnQRPA approach used in this work is able to reproduce the bulk
features of the GT− strength distributions, including the total strength measured in
the whole energy range and in the low-lying energy range, but is not able to account
properly for the large fragmentation observed experimentally. The nuclear matrix
elements of the 2νββ process are also calculated and compared to experiment with
reasonable agreement.

Experimental information on the GT+ branch from (n,p) type charge-exchange
reactions with high resolution will be certainly welcome to constrain the nuclear
structure models and to establish empirically the contribution from low-lying excited
states to the ββ decay nuclear matrix elements.
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