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Electron-phonon interaction in bulk Pb: Beyond the Fermi surface
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The electron-phonon interaction in bulk Pb and the influence of spin-orbit coupling (SOC) on the pairing
strength are investigated within the density-functional theory and linear-response approach in the mixed-basis
pseudopotential representation. We find that the SOC-induced modifications of both electronic bands and lattice
vibrations result in striking changes in the phonon-induced scattering of excited electrons (holes). The strength
of the momentum-averaged electron-phonon interaction λ(E) ranges from 0 to 2.5 while the contribution to λ(E)
from particular electronic states can even exceed 4. It is found that the coupling strength is exceedingly strong
for phonon-induced transitions between electronic states of p and d symmetry. The electron-phonon coupling in
Pb also shows a band dependence which, in particular, results in two different sets of electron-phonon coupling
parameters on the two sheets of the Fermi surface.
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I. INTRODUCTION

The electron-phonon (e-ph) interaction in bulk metals and
at metal surfaces is one of fundamental many-body processes
which can be tested both experimentally and theoretically.1–6

In particular, the e-ph coupling affects the lifetime and the
dispersion of excited electrons (or holes).2,7,8 The lifetime
or the linewidth (inverse lifetime) is an essential quantity,
describing the decay of electron (hole) excitations7,9 which
are important in many processes such as photochemical and
catalytical reactions.10,11

Lead as a strong-coupling superconductor has been a
focus of various theoretical studies of electron-phonon
coupling properties,6,12–21 and a very detailed information
concerning the e-ph interaction at the Fermi level (EF)
is now available.13,14,16–19,21 Recent ab initio local-density
calculations21 have shown that the strength of electron-
phonon interaction, λ(EF), is strongly influenced by spin-orbit
coupling (SOC). The calculations including SOC revealed
that relativistic corrections increase λ(EF) by 44% from
1.08 up to 1.56, solving the long-standing contradiction
between too small values of λ(EF) obtained in previous
first-principles calculations16,18,19 and the experimental e-
ph coupling parameter,14 λ(EF) = 1.55. The origin of the
SOC-induced enhancement lies both in a softening of the
phonon spectrum and in an increase in the e-ph coupling
matrix elements.21 Theoretical evaluations18 have also shown
the band and momentum anisotropy of the electron-phonon
interaction on the Fermi surface of Pb that has been connected
with the different orbital character of the bands crossing the
Fermi level.

Here we analyze the electron-phonon interaction as well
as the SOC effect on the e-ph coupling strength in electronic
states situated away from the Fermi energy. On the one hand,
this allows us to calculate the electron-phonon coupling pa-
rameter averaged over electron momentum, λ(E), at E �= EF

and to estimate the effect of variations in the electronic density
of states, N (E), on λ(E). This relationship has been probed
experimentally by doping of Pb with Tl and Bi to change
the valence electron content.14 From tunneling measurements
various superconducting properties of the respective alloys
were determined as a function of doping. On the other
hand, one can evaluate the influence of spin-orbit coupling
on the pairing strength of particular electron (hole) states
in the phonon-induced scattering processes and calculate
the electron-phonon contribution to the lifetime (linewidth)
of excited electrons. The present study addresses the e-ph
coupling properties of electron and hole states in the energy
interval from −4 eV to + 10 eV with respect to EF performing
both scalar relativistic calculations and calculations including
SOC within density-functional theory.

The paper is organized as follows. In Sec. II a short outline
of the calculation method is given. Section III contains the
results for the electron-phonon coupling. Finally, in Sec. IV
the conclusions are drawn.

II. CALCULATION DETAILS

The strength of the electron-phonon interaction for an
electron (hole) state of a given momentum k and band index i

is described by a dimensionless coupling constant1 λki :

λki = 2
∫ ωmax

0

α2Fki(ω)

ω
dω, (1)

where ωmax is the maximum phonon frequency. The corre-
sponding state dependent Eliashberg function α2Fki(ω), which
gives the effectiveness of a phonon with energy h̄ω to scatter
electrons, is given by

α2Fki(ω) =
∑
q,ν,f

δ(εk+qf − εki)
∣∣gqν

k+qf,ki

∣∣2
δ(ω − ωqν). (2)
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Here εki and εk+qf are the energies of the initial and final elec-
tronic states, respectively, and the so-called quasielastic ap-
proximation is used: δ(εki − εk+qf ∓ ωq,ν) ≈ δ(εki − εk+qf ).
The e-ph matrix element g

qν

k+qf,ki indicates the probability of
scattering from the state (ki) to a final state (k + qf ) by a
phonon (qν) with frequency ωqν .

When λki is averaged over electron momentum at a fixed
energy εki = E one obtains the energy resolved e-ph coupling
constant22 λ(E):

λ(E) = 2
∫ ωmax

0

α2F (E; ω)

ω
dω, (3)

where the corresponding energy resolved Eliashberg spectral
function is given by

α2F (E; ω) = 1

N (E)

∑
ki

α2Fki(ω)δ(εki − E)

= 1

N (E)

∑
qν

δ(ω − ωqν)
∑
k,i,f

∣∣gqν

k+qf,ki

∣∣2

× δ(εki − E)δ(εk+qf − E). (4)

Here N (E) = ∑
ki δ(εki − E) is the density of electronic states

at energy E.
Both scalar relativistic calculations and calculations in-

cluding SOC were performed within density-functional theory
and local-density approximation for the exchange-correlation
energy.23 Electron-phonon coupling properties were calcu-
lated using the linear-response technique24,25 as implemented
in the mixed-basis pseudopotential method,26,27 which em-
ploys a combination of local functions and plane waves for the
representation of valence states.28 We included 5d semicore
states in the construction of norm-conserving scalar and fully
relativistic pseudopotentials.29 To treat the deep d potentials
one d-type local function at each atomic site of Pb is added
to accelerate the convergence and to reduce the size of the
plane-wave basis set for which a cutoff of 20 Ry is found
to be enough. Further details of the spin-orbit coupling im-
plementation within the mixed-basis pseudopotential method
can be found in the previous paper.21 The Brillouin zone (BZ)
integrations in Eq. (4) were performed by sampling a dense
32 × 32 × 32 k-point mesh30 corresponding to 2992 points in
the irreducible wedge of the BZ. The δ functions were replaced
by the Gaussian functions with the width of 0.2 eV.

III. RESULTS AND DISCUSSION

We have calculated the electron-phonon coupling parameter
λki as a function of momentum for three p-like electronic
bands along high-symmetry directions: Z, �, and 	. The
bands are marked by B7, B8, and B9 in Fig. 1. The radii
of circles in the figure are proportional to the corresponding
value of λki . The largest couplings are found for electronic
states in the B9 band at εki � 6.5 meV where phonon-induced
transitions between p- and d-like bands (the latter are shown
in Fig. 1 by thick lines) become actively involved in the
scattering processes. The strength of e-ph coupling for the
electronic states in band B8 (at these energies) is markedly
smaller because, in this case, the scattering to d-like states
is less effective and a larger contribution to λki comes from

FIG. 1. Electronic band structure of bulk Pb. The solid and dashed
dispersion lines correspond to calculations with and without SOC,
respectively. Electronic states of d symmetry are displayed by thick
lines. The radii of circles are proportional to the strength of the e-ph
interaction λki (including SOC) shown for electronic states along the
Z, �, and 	 symmetry directions. Arrows indicate those electronic
transitions which predominantly contribute to λki of the electronic
state at 
 (ε = 8.73 eV).

B8 → B9 transitions. The coupling between p-like electronic
bands is found to be considerably weaker as compared to the
e-ph matrix elements for p-d pairs.

The influence of spin-orbit coupling on the strength of
the e-ph interaction is shown in Fig. 2 for energy bands B7

and B8 along the � and 	 symmetry directions. At the 


point the bands are degenerate at ε = 7.58 eV in the case
of the semirelativistic calculation, but split by the SOC into
two states at 5.3 and 8.73 eV, respectively. The SOC-induced
shift of the B7 band (Fig. 2, B7) to smaller energies leads
to the disappearance of the peak in λki around the 
 point
where the e-ph coupling strength decreases from 3.35 (without
SOC) to 1.74 (with SOC). It is found that the peak is caused
by transitions from the p-like B7 band to d-like electronic
bands whose contribution to λki turns out to be exceedingly
strong. Beyond the energy region where the p-d transitions
are possible the e-ph coupling parameter for electronic states
varies by a small amount around an averaged value of λki ≈ 1.8
(with SOC) slightly decreasing on approaching the Fermi level.
Similarly, the phonon-mediated coupling of electronic states
in the upper energy band (Fig. 2, B8) is, in general, stronger at
εki � 6.5 eV due to the transitions to d-like electronic states,
especially to those which are partly or entirely of dx2−y2 or
d3z−r2 symmetry (arrows in Fig. 1). The contribution of the p-d
transitions to the strength of the e-ph interaction is indicated
by hatched areas in Fig. 2.

The values of λkF for some electronic states at EF are shown
in Table I. In Fig. 1 the states are marked as I7, II7, III7, I8, and
II8. At the Fermi energy, the strength of the e-ph interaction
in band B7 is found to be 14–17% (with SOC) smaller than
the value averaged over all possible e-ph scattering events
on the Fermi surface,21 λ(EF) = 1.56. The contribution to
λ(EF) of the upper energy band, B8, is larger, e.g., 1.79 for the
electronic state II8 in the � symmetry direction. On average,
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FIG. 2. Electron-phonon coupling parameter λki as a function of
momentum for two p-like electron (hole) bands along the � and
	 symmetry directions. The bands are marked by B7 and B8 in
Fig. 1. The full and open circles correspond to the calculations with
and without SOC, respectively. The contribution to the e-ph coupling
coming from the scattering with electronic states of d type is indicated
by hatched areas for band B8 (both with and without SOC) and band
B7 (without SOC).

the strength of e-ph interaction in band B8 is ∼1.3 times
higher than for B7. That leads to two different sets of λki

for the two Fermi-surface sheets. As discussed before,18 the
sheet derived from band B7 has an octahedral shape, while
the other possesses a tubularlike structure (from band B8).
The strength of the electron-phonon interaction in the tubular-
like sheet is about 1.6–1.8, but it is only about 1.3–1.5 for the
octahedral sheet. It should be noted that the difference between
the two sets is not so large as that found in another two-band
superconductor, MgB2, where the coupling in one electronic
band crossing EF is three times larger than in the other.31 In
Pb, the band dependence of the e-ph interaction can be related
to a slightly different orbital character of the electronic bands.
While the lower band, B7, has a mixed s-p character, the
upper one, B8, is more p-d like. Similar data for bulk Pb were
reported in Ref. 18 where semirelativistic theoretical estimates
also showed the band anisotropy of the e-ph interaction on

TABLE I. Electron-phonon coupling parameters for electronic
bands B7 and B8 at the Fermi level (see Fig. 1).

λkF I8 II8 I7 II7 III7

Without SOC 1.15 1.33 0.79 0.84 0.82
With SOC 1.58 1.79 1.34 1.30 1.50

the Fermi surface. It was suggested18 that the more localized
electronic states are more coupled to the lattice and, thereby,
produce a higher value of λ. As is evident from Table I, the
spin-orbit interaction enhances the e-ph coupling in electronic
states on the Fermi surface. However, the SOC effect on the
strength of the e-ph interaction is clearly band dependent. The
SOC influence is particularly strong for band B7 where λkF

increases ∼1.55–1.8 times (depending on the crystal direction)
with SOC corrections included.

As is known the electron-phonon interaction changes the
dispersion and influences the lifetime of electronic states.
The effect can be expressed in terms of the complex e-ph
self-energy �, where the real part allows us to evaluate the
shift in electronic energies while the lifetime describing the
decay of excited electrons or holes can be obtained from
the imaginary part. The latter can be written in terms of the
Eliashberg function as32

Im�ki(ε) = −π

∫ ωmax

0
dωα2Fki(ω)

× [2n(ω) + f (εω+ki) + f (εω−ki)] (5)

FIG. 3. Real and imaginary parts of the electron-phonon self-
energy � for electronic state II8 (see Fig. 1, 
K symmetry
direction). The solid (dashed) lines correspond to calculations with
(without) SOC. The imaginary part is shifted vertically to match the
experimental data (full circles) taken from Ref. 17.
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FIG. 4. Calculated electron-phonon contribution to the linewidth
as a function of energy for excited electrons and holes in the B7,
B8, and B9 bands (see Fig. 1) at k’s along the � and 	 symmetry
directions (T = 0 K).

while the real part is conveniently calculated using the
Kramers-Kronig transformation

Re�ki(ε) = 1

π
P

∫ ∞

−∞
dξ

Im�ki(ξ )

ξ − ε
. (6)

Here, f and n are the Fermi and Bose distribution functions,
respectively. Figure 3 shows the real and imaginary parts of
e-ph self-energy � for the II8 electronic state of band B8,
which lies at the Fermi-level crossing along the � direction
(on the 
K line). To demonstrate the influence of spin-orbit
interaction on the electron-phonon coupling data both with and
without SOC are presented. Also shown are the experimental
values obtained on a Pb(110) surface at T = 8 K for a state of
band B8 at the Fermi energy, which was actually measured
slightly off the high-symmetry � direction toward 
X.17

Apart from the difference in maximum height, the agreement
between experimental and theoretical data is gratifying, in
particular, with respect to the position of the Re � maximum.
In the limit T → 0, the slope of Re �(ε) at ε = EF determines
the e-ph coupling strength λkF . The value obtained in the
present calculation, λkF = 1.79, is slightly larger than the one
deduced from experiment λkF = 1.55.17 This is a reasonable
agreement in view of the fact that we are comparing two
distinct states, and that a precise experimental determination
of the slope is usually complicated by the finite instrumental
resolution33 that tends to smear out the band renormalization,
in particular near EF.

Figure 4 shows the calculated electron-phonon contribution
to the linewidth, 
e-ph = −2Im�ki(εki), of excited electrons
(holes) in the p-like B7, B8, and B9 bands at momenta along
the � and 	 symmetry directions. The data were obtained
for T = 0 K. Evidently, the values of 
e-ph are not large
and usually alter between 15 and 35 meV. Larger values of

e-ph are obtained for excited electrons with εki � 7 eV in
the B8 and B9 bands at k’s around the BZ center where
the contribution of transitions from p- to d-like electronic
bands becomes dominant. Very recently, the contribution of
electron-electron inelastic-scattering processes to the decay
of electron excitations, 
e-e, was studied for bulk Pb by

FIG. 5. Electron-phonon coupling parameter λ(E) averaged over
electron momentum (the upper panel), electronic density of states
N (E) (the middle panel), and λ(E)/N (E) (the lower panel) as
functions of energy. The open circles denote semirelativistic calcu-
lations while the full ones represent calculations including spin-orbit
interaction.

means of first-principles calculations for excited electrons
and holes with energies up to 8 eV.34 Both band-structure
effects as well as the influence of spin-orbit interaction
have been analyzed. The values of 
e-e for the p states at
εki � 8 eV vary from 0 (at EF) to 1400 meV showing a
parabolic distribution with energy.34 Thus the phonon-induced
contribution to the linewidth of electron excitations is usually
an order of magnitude smaller than the contribution of the
electron-electron inelastic scattering. The only exception is
the vicinity of the Fermi energy (|εki − EF| � 2 eV) where

e-ph is of the same order of magnitude and even exceeds 
e-e

at εki → EF.
Next we have determined the momentum-averaged cou-

pling constant λ(E) at various energies both below and above
EF (−4.4 eV � E � 10 eV). Figure 5 shows the strength of
the e-ph coupling as well as the density of electronic states,
N (E), calculated both with and without SOC. The major
factors which determine λ(E) are the number of electronic
states available for scattering processes (phase space) and the
e-ph matrix elements. From the ratio λ(E)/N(E) shown in the
lower panel of Fig. 5, it is obvious that in the range −1 eV �
E � 6 eV, λ(E) is essentially dominated by variations in the
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phase space, while matrix elements are approximately energy
independent. This trend was also inferred from electron-
tunneling measurements on Pb doped by Tl (hole doping)
and Bi (electron doping).14 For E < −1 eV, one observes a
drop of the ratio λ(E)/N(E) indicating a reduction of the
e-ph matrix elements. In addition, the strong peak in λ(E) at
6 eV � E � 8 eV, has no counterpart in N (E), but reflects
a strong increase in the related phonon-mediated electronic
transitions, which involve primarily p-d transitions with rather
large matrix elements.

The influence of SOC on the e-ph interaction is rather
intricate. As it was shown in the previous paper21 there are
many factors which interfere. The inclusion of SOC induces
a softening of practically all phonon branches.21,35 The shift
to lower frequencies promotes an increase of λ. The SOC
also makes changes in the electronic band structure of Pb
(see, for example, Fig. 1 and Refs. 21, 36, and 37). On
the one hand, the density of electronic states changes (see,
Fig. 5, the middle panel). The largest variations in N (E) are
related to the SOC-induced splitting of electronic bands at
some high-symmetry points. Such splitting leads to changes
of more than 20% (at ∼ −2, −1.5, 2, and 5.5 eV corresponding
to the K , W , X, and L symmetry points, respectively).
However, at the Fermi energy the modifications are minor:
N (E) increases only by 6%. On the other hand, the structure of
p-like electronic bands changes considerably. That modifies
the phonon-induced electronic transitions and, thereby, can
affect deeply e-ph matrix elements. For example, at E =
+2 eV λ increases by 14% in spite of the fact that N (E)
becomes smaller.

IV. SUMMARY

A first-principles study of the influence of spin-orbit inter-
action on the electron-phonon coupling in electron and hole

states of bulk Pb has been presented. It is found that the strength
of the e-ph interaction averaged over electron momentum λ(E)
ranges from 0 to 2.5 while for particular electronic states λki

can even exceed 4. In a region around the Fermi energy, the
variations of λ(E) are controlled by the available phase space
for scattering processes. At higher energies, the appearance
of electronic states with d symmetry promotes very strong
e-ph coupling between p and d states which results in an
enhancement of the corresponding momentum averaged value
of λ(E). The electron-phonon coupling also shows a band
dependence. In particular, the band anisotropy results in two
different sets of λkF related to a slightly different orbital
character of the two electronic bands crossing EF. On the
average, the strength of the e-ph interaction in the tubularlike
sheet is ∼1.3 times higher than in the octahedral one.

The influence of spin-orbit interaction on phonon-mediated
electronic transitions is largely determined by the SOC-
induced variation of the e-ph coupling matrix elements. The
modifications in the phase space available for scattering is
only of minor importance. The SOC effect is also found to be
band dependent. In particular, on the Fermi surface, the largest
relativistic corrections are found for electronic states on the
octahedral sheet. The large differences between calculations
with and without SOC indicate that spin-orbit interaction must
be taken into account for a proper quantitative determination
of both state dependent and momentum averaged electron-
phonon coupling quantities of bulk Pb.
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