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A recently introduced optimal control theory method for optical waveguide design is applied to Y-branch
waveguides and Mach–Zehnder modulators. The method simultaneously optimizes many parameters
in a chosen design scheme; computational effort scales mildly with the number of parameters considered.
Significant improvement in guiding efficiency relative to intuitively reasonable initial parameter choices
is obtained in all cases. © 1999 Optical Society of America
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1. Introduction

The design of optical waveguides is of central impor-
tance to the development of efficient devices for op-
toelectronics applications. To ensure optimal
guiding for complex waveguides ~in which the com-
plexity may arise from the details of individual guid-
ing elements or from the existence of a network of
waveguides staged in series!, it is of interest to de-
velop efficient and flexible optimization procedures
based on first principles, namely, the solution of Max-
well’s equations.1

The propagation of light through many waveguides
is well approximated by the scalar optics approxima-
tion to Maxwell’s equations, i.e., the Helmholtz equa-
tion.2 In fact, for waveguides that do not bend too
severely and for which the fractional index variation
inside versus outside the guiding region is small, the
Helmholtz equation can be replaced by a simpler sca-
lar wave equation, the paraxial equation.3 The
paraxial equation is isomorphic to the time-
dependent Schrödinger equation of quantum me-
chanics ~the role of time is played by the propagation
axis coordinate; see Section 2!.

In the quantum dynamics community, techniques
of optimal control theory ~OCT! have been utilized to
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provide an automated computational procedure for
optimizing light pulses that stimulate molecular
transformations, as governed by the time-dependent
Schrödinger equation.4 Recently we adapted this
machinery to the problem of optical waveguide de-
sign,5 exploiting the isomorphism between quantum
mechanics and scalar optics as well as the framework
of OCT developed in the quantum dynamics litera-
ture.

In Ref. 5 some simple numerical examples were
presented to illustrate the concepts developed in that
research. Specifically, we utilized the procedure to
optimize the shape of a simple bend waveguide. The
goal of the present paper is to demonstrate the utility
of our OCT method for complex waveguide struc-
tures. The examples provided in this paper demon-
strate convincingly that the procedure can be used to
optimize arbitrary geometric or refractive-index fea-
tures, and that the numerical cost of the method
scales mildly with the number of parameters being
simultaneously optimized.

We focus here on a specific wide-angle, low-loss
Y-branch structure developed recently by Langer and
co-workers.6,7 Y branches play an important role in
waveguiding devices, and the goal of making com-
pact, efficient Y-branch structures has stimulated
considerable research in recent years.8–11 Langer’s
compact low-loss Y-branch waveguide utilizes a 1 3 2
multimode interference ~MMI! device12 and a lowered
refractive index in the Y-junction region.8,10 ~The
lowering of this index is achieved by changing the
height of the ridge above the waveguide, which can be
incorporated easily into the fabrication process.! It
was found by empirical adjustment of fabrication pa-
rameters that this device was characterized by re-
20 June 1999 y Vol. 38, No. 18 y APPLIED OPTICS 3917
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duced radiation losses over a range of Y-branch
angles.6

We show in the present research that, by applying
our OCT scheme, radiation losses in Langer’s
Y-branch waveguide can be significantly reduced be-
yond the range obtained with sensibly but empiri-
cally chosen geometric and refractive-index
parameters. Further calculations on Mach–
Zehnder devices based on this Y-branch structure
lead to the same conclusion. The ability of the OCT
algorithm to simultaneously optimize multiple pa-
rameters whose performance in a complex waveguide
device is coupled is a strength of the method that we
seek to clearly demonstrate.

The outline of this paper is as follows. In Section
2 a brief overview of the theoretical background is
provided. In Section 3 the Y-branch waveguide un-
der consideration is described and the parameters to
be optimized are specified. In Section 4 numerical
results utilizing the optimal control strategy are pre-
sented. The method is further applied to the full
Mach–Zehnder modulator in Section 5. Finally, a
summary and brief suggestions for future research
are given in Section 6.

2. Theoretical Background

The paraxial equation reads3

i
]c~x, y, z!

]z
5 H21

2b0
¹T

2 1
k

2n0
@n0

2

2 n~x, y, z!2#Jc~x, y, z!. (1)

ere b0 5 kn0 with n0 a reference refractive index
~usually the index of the substrate! and k 5 2pyl, l
being the free-space index of the light. Further-
more, ¹T

2 [ ]2y]x2 1 ]2y]y2 is the transverse Lapla-
cian, and c is the slowly varying amplitude factor of
he electric field. n~x, y, z! describes the refractive-

index variation over the waveguide. The paraxial
equation has the same form as the time-dependent
Schrödinger equation13 with two spatial coordinates
~x, y! and the timelike coordinate ~z!.

The two-dimensional transverse refractive-index
profile can, in many cases, be reduced to an effective
one-dimensional profile by the effective index meth-
od.14,15 Thus, if neff~x, z! corresponds to the effective
index profile in the single transverse coordinate, then
the paraxial equation simplifies to

i
]c~x, z!

]z
5 H21

2b0

]2

]x2 1
k

2n0
@n0

2 2 neff
2~x, z!#Jc~x, z!.

(2)

Equation ~2! has the form of the quantum-mechanical
Schrödinger equation,13 namely,

i
]c~x, z!

]z
5 Ĥ~z!c~x, z!, (3)
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with the effective Hamiltonian operator H [ T 1
~x, z! comprised of

T̂ ;
21
2b0

]2

]x2 ; V~x, z! ;
k

2n0
@n0

2 2 neff
2~x, z!#. (4)

Equation 3 describes the evolution of the wave
unction of a particle moving along one spatial coor-
inate x as a function of the time ~equivalent to z in
he paraxial equation!, with a kinetic energy T̂ and a
otential energy V; the latter is dependent on the
osition x and the time ~distance along the propaga-
ion axis z in the paraxial equation!.16 For an initial

electric field amplitude c~x, 0! at the input to the
aveguide, solution of the paraxial equation provides

he amplitude at all distances along the propagation
xis c~x, z!. In practice the appropriate initial elec-
ric field c~x, 0! is a guided mode, usually the funda-
ental mode, of the input waveguide. Such guided
odes correspond to eigenfunctions of Ĥ~0!, which

an be computed either by expanding c in a complete
asis of orthogonal functions and solving the equiv-
lent eigenvalue–eigenvector problem13 or by a

boundary-matching method.2 Given c~x, 0!, a beam
propagation method ~BPM! such as the split operator
echnique of Feit and Fleck17,18 can be used to deter-

mine c~x, z! along the entire waveguide.
In OCT,4 we minimize a function J defined as J@p#

5 2^c~L!uÔuc~L!&, where p 5 ~p1, p2, . . . ! is the set of
arameters being optimized, L is the length of the
aveguide, and Ô is the relevant projection opera-

or.19 Following Ref. 5, we maximize the overlap of
the propagated field at the output c~x, L! with a
prescribed target field ctarget~x!, which is chosen as
the fundamental mode of the waveguide at its out-
put.20 The appropriate projection operator is thus

Ô ; uctarget&^ctargetu. (5)

The corresponding cost function takes the form

J@p# 5 2^c~L!uÔuc~L!& 5 2u^ctargetuc~L!&u2. (6)

Once the cost function has been specified, one needs
to evaluate the derivatives of J with respect to each

arameter, which are given as5

]J
]pj

5 2Re *
0

L

dzKl~z!U]H
]pj

Uc~z!L , (7)

where ^xul~z!& 5 l~x, z! is a Lagrange multiplier func-
tion introduced in the analysis. The algorithm for
the computation is comprised of the following steps:

~i! uc~z!& is propagated forward from uc~0!& under
the Hamiltonian operator Ĥ, using a BPM.

~ii! ul~L!& is evaluated as

ul~L!& 5 2iÔuc~L!&. (8)
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~iii! ul~x, z!& is obtained by propagating ul~L!& back-
ward from z 5 L to z 5 0, using

i
]ul~z!&

]z
5 Ĥ~z!ul~z!&. (9)

~iv! The gradient of J is computed using Eq. ~7!.
~v! Finally, the method of steepest descents21 is

used to locate the minimum of the function J.

he wave packet l~x, L! that is backpropagated in
tep ~iii! depends on Ô, according to Eq. ~8!. In the
ase of interest here, where we are interested in op-
imization of overlap with a chosen target state, the
arget operator is given by Eq. ~5!, and therefore the
pecific form of the Lagrange multiplier is

l~x, L! 5 2i^ctargetuc~L!&ctarget~x!, (10)

i.e., the wave packet to be backpropagated is the
target state function itself, multiplied by an appro-
priate scale factor.

3. Details

Figure 1 depicts the wide-angle low-loss waveguide
proposed by Langer et al.6 Important ingredients
are the 1 3 2 MMI device ~region II! and the modified
ndex in the triangular area of region III. The MMI
evice splits the incoming light beam into two parts,
nd the internal index mismatch between the trian-
ular region and the rest of the waveguide helps to
ocus the two beams of light into their respective
rms. The goal of our application of OCT is to si-
ultaneously optimize the geometry ~length and
idth! of the MMI section of the waveguide and the

efractive index of the triangle junction region to min-
mize radiation loss down the guide arms. To dem-
nstrate the flexibility of the algorithm, in some of
ur calculations we also allow the arms of the
aveguide to bend ~see below!, rather than be per-

ectly straight as depicted in Fig. 1.
The angle that the symmetric Y branch makes with

he waveguide axis ~i.e., half the Y-branch angle! is

Fig. 1. Typical Y-branch waveguide.
efined as a 5 tan ~x1yz1!, with x1 [ S 1 Wy2 and
1 [ ~a4 2 a2!, as indicated in Fig. 1.
The point a2 is kept fixed in the calculation and the

MMI length is varied by changing a1. This makes
the length of region I variable. However, because
the ground-state eigenmode remains unchanged over
the propagation distance of region I, the length of
region I is not relevant. It acts only as a buffer zone,
absorbing increments and decrements of region II
and thus allowing the total waveguide length to be
held constant for a given Y-branch angle.

mW is the width of the MMI section. Lout~z! and
Rout~z! define the outline of the waveguide from the
left and the right, respectively, and, from region III
onward, Lin~z! and Rin~z! define the outline of the
guide on the inside. Thus in region I,

Lout 5 xmid 2 Wy2,

Rout 5 xmid 1 Wy2,

hereas in region II,

Lout 5 xmid 2 mWy2 5 LMMI,

Rout 5 xmid 1 mWy2 5 RMMI.

From region III on, the boundaries of the guide are
expressed in general as

Lout 5 LMMI 2
x3

z1
~z 2 a2! 1 (

j
bj sin@ jp~z 2 a2!yz1#,

Rout 5 RMMI 1
x3

z1
~z 2 a2! 2 (

j
bj sin@ jp~z 2 a2!yz1#,

Lin 5 RMMI 2
x2

z1
~z 2 a2! 1 (

j
bj sin@ jp~z 2 a2!yz1#,

Rin 5 LMMI 1
x2

z1
~z 2 a2! 2 (

j
bj sin@ jp~z 2 a2!yz1#,

with x2 [ S 1 mWy2 and x3 [ S 1 W 2 mWy2. In
this parameterization, bj’s are Fourier coefficients
used to describe a bend in the arms of the waveguide
~straight arms are obtained when bj 5 0!.

As noted in Eq. ~4!, the effective potential function
s written as

V~x, z! 5
k

2n0
@n0

2 2 n~x, z!2#,

where we dropped the subscript eff from neff~x, z! for
notational convenience. n2 can be expressed as a
function of the set of parameters p, which include the
wedge index ~nW!, the MMI length ~mL!, the MMI
width ~mW!, and the Fourier coefficients. Because

]H
]pj

;
]V
]pj

; 2
k

2n0

]n2

]pj
,

one needs expressions for ]n2y]pj to evaluate the in-
tegral in Eq. ~7!; these are obtained easily for the
unctional forms employed here.
20 June 1999 y Vol. 38, No. 18 y APPLIED OPTICS 3919



p
m
m
a

a
s

T
n

M
0

Table 1. Fixed Structural and Refractive-Index Parameters

3

4. Results for the Y Branch

Structural and refractive-index parameters that were
fixed ~not subjected to variation! are listed in Table 1.
As noted above, the width and length of the MMI de-
vice, the refractive index in the triangular wedge in
region III, and, in some calculations, Fourier coeffi-
cients prescribing a bend in the arms of the waveguide
were allowed to vary. Initial ~guess! values were cho-
sen based on the following considerations. A value of
3.558 for the wedge index was used for the reduced
value of the index in the wedge area ~equal to the index
in the cladding!, as suggested in Refs. 8 and 10. All
Fourier coefficients were set to zero. A width of 4 mm
for the MMI was selected. For an incident waveguide
width of 2 mm, this corresponds to a 1 3 2 converter.
To determine a reasonable guess value for the length of
the MMI section, we performed BPM calculations for
the Y-branch angle a 5 2°, fixing all variable param-
eters at the guess values just noted except for the MMI
length, which was allowed to vary. Results for the
overlap of the output field with the desired target state
as a function of the MMI length are shown in Fig. 2,
from which it is clear that a length of 100 mm is ap-
proximately optimal ~gives best guiding!.

BPM calculations were performed on the guess pa-
rameters identified in the previous paragraph for a
range of angles a.22 Then the OCT procedure was
used to optimize MMI width, length, and wedge index
value simultaneously. ~Fourier coefficients were
added to the variational parameter list in subsequent
calculations, described below.! It is worthwhile to

Fig. 2. Plot of 2u^ctargetuc~z 5 L!&u2 versus MMI length for a 5 2.
he fixed values of the other parameters are MMI width, 4 mm, and
~wedge!, 3.558.

Parameter Value

n~cladd! [ n2 3.558
n~guide! [ n1 3.568
n~ref! [ n0 3.558
Waveguide width ~W! 2 mm
Waveguide separation ~S! 4 mm
920 APPLIED OPTICS y Vol. 38, No. 18 y 20 June 1999
summarize the optimization procedure. Given an
initial set of variational parameters p, the gradient of
the cost function J~p! ~slope in all directions of pa-
rameter space! is obtained from exactly two BPM
propagations: The initial electric field amplitude is
propagated forward down the beam, and the target
electric field amplitude is propagated backward along
the beam. The ability to provide the derivative of
the cost function along an arbitrarily large number of
parameter axes from only two BPM propagations is
the essential strength of the OCT method developed
in Ref. 5 and utilized here. Given the gradient of J,
a small step can be taken along the negative of the
direction in parameter space prescribed by the gra-
dient vector, i.e. pj3 pj 2 e]Jy]pj, where e is a small

ositive number. This takes us closer to the mini-
um of J; the procedure is repeated until the mini-
um is located. We term this the optimal control

nd steepest descent ~OCSD! protocol.
Comparison of the quality of the beam propagation

chieved with and without OCT optimization is
hown in Figs. 3–7. As is easily appreciated from

Fig. 4. Plot of the intensities of the wave function at z 5 L ~un-
optimized case! and the target wave function @MMI width, 4 mm;

MI length, 100 mm; n~wedge!, 3.558; a 5 1#, u^ctargetuc~z 5 L!&u2 5
.28.
Fig. 3. 2u^ctargetuc~z 5 L!&u2 versus branch angle a for the unop-
timized ~upper curve! and optimized case ~lower curve!.
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Table 2. Optimized Parameters
these figures, OCT optimization leads to significant
improvement in the performance of the waveguide at
all branching angles considered. The optimized pa-
rameters corresponding to each angle are presented
in Table 2.

To further demonstrate the flexibility of the OCSD
protocol and the ease with which it can accommodate

Fig. 5. Plot of the intensities of the wave function at z 5 L
optimized case! and the target wave function @MMI width, 3.81

mm; MMI length, 98.4 mm; n~wedge!, 3.5662; a 5 1#, u^ctargetuc~z 5
L!&u2 5 0.97.

Fig. 6. Contour plots of the waveguide and the beam ~unopti-
ized case! @MMI width, 4 mm; MMI length, 100 mm; n~wedge!,

3.558; a 5 1#, u^ctargetuc~z 5 L!&u2 5 0.28.

Fig. 7. Contour plots of the waveguide and the beam ~optimized
ase! @MMI width, 3.81 mm; MMI length, 98.4 mm; n~wedge!,
.5662; a 5 1#, u^ctargetuc~z 5 L!&u2 5 0.97.
a large number of parameters to be simultaneously
optimized, we also added to the set of variational
parameters two Fourier coefficients, namely, b1 and

3, thus raising the total number of variational pa-
rameters in the calculation to five.24 Figure 8 shows
the influence of the optimized coefficients ~namely,

1 5 20.15 and b3 5 0.16! on the shape of the
waveguide. Although the improvement in the over-
lap integral is not significant here ~for a 5 1! com-
pared with the optimized case with three parameters
presented above, these results show that shaping of
the Y branch can be incorporated into the optimiza-
tion procedure. As a representative case, we used
the coefficients b1 and b3, but larger numbers of co-
efficients can be handled easily.

5. Extension to Mach–Zehnder Modulators

To further demonstrate the utility of the OCSD pro-
tocol for designing complex waveguide structures, we
also applied it to Mach–Zehnder structures based on
the Langer wide-angle Y-branch design. A typical
Mach–Zehnder device with a MMI section is shown in
Fig. 9. It is more complicated geometrically than a
single Y junction. In particular, there are more re-
gions where radiation loss can occur, namely, at the
four bends of the waveguide. As the device becomes
more complex, it becomes harder to guess the optimal
structure because overall performance depends on
the coupled effects of many structural and index pa-
rameters. At the same time, optimization of the set
of parameters that determine the waveguide becomes

Fig. 8. Contour plots of the waveguide and the beam ~optimized
case! with two Fourier coefficients @MMI width, 3.75 mm; MMI
length, 91.3 mm; n~wedge!, 3.561; b1 5 20.15, b3 5 0.16; a 5 1#.

a
MMI

Width
MMI

Length n~Wedge!
J

~Optimized!
J

~Unoptimized!

0.5 2.60 110.3 3.5657 20.95 20.42
1.0 3.81 98.4 3.5662 20.97 20.28
1.5 3.31 83.1 3.5695 20.95 20.30
2.0 4.70 131.0 3.5574 20.86 20.74
2.5 3.97 104.2 3.5495 20.85 20.57
3.0 3.46 94.6 3.5430 20.78 20.25
3.5 3.15 98.8 3.5341 20.67 20.08
4.0 2.95 90.0 3.5280 20.47 20.03
20 June 1999 y Vol. 38, No. 18 y APPLIED OPTICS 3921
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more critical because small losses associated with
each segment of a multistage device accumulate over
many segments.

OCSD calculations for a five-parameter model of
the Mach–Zehnder device shown in Fig. 9 were car-
ried out. The initial conditions were determined as
for the Y-junction case, but the length of the MMI
plitter was taken as 55 mm, not 100 mm, to lessen the

computational time. The initial values of the MMI
width and the wedge index are 4 mm and 3.558, re-
pectively. The Fourier coefficients were initialized
o zero corresponding to a straight waveguide. The
ength of the parallel arms Lp was fixed at 200 mm.
imilarly, the separated arm-to-arm distance h in
ig. 9 was held fixed at a value of 10 mm.
For the Mach–Zehnder device, the target wave

function is the same as the input mode wave function.
The intensity plots of the output wave function and
the target wave function for the unoptimized and the
optimized cases for angle a 5 1 are shown in Figs. 10
and 11. Here again, the output wave function and
the target wave function are nearly indistinguishable

Fig. 9. Typical Mach–Zehnder waveguide.

Fig. 10. Plot of the intensities of the wave function at z 5 L
~unoptimized case! and the target wave function for the Mach–
Zehnder device @MMI width, 4 mm; MMI length, 55 mm; n~wedge!,
3.558; b2 5 0.0, b3 5 0.0; a 5 1#, u^ctargetuc~z 5 L!&u2 5 0.26.
922 APPLIED OPTICS y Vol. 38, No. 18 y 20 June 1999
after the optimization. The corresponding contour
plots are shown in Figs. 12 and 13. The values of the
optimized parameters are a MMI width of 3.7 mm,
MMI length of 66.2 mm, wedge index of 3.568, b2 5
0.138, and b3 5 20.137. The longer MMI section
and the shape of the Y branches are clear in Fig. 13.

6. Conclusions

In this research we have shown that ideas of OCT
developed in the field of quantum dynamics4 and
recently adapted to optical waveguide design5 can
be applied successfully to realistic branching
waveguides. In particular, the OCT method, im-
plemented within the framework of the paraxial
equation, can treat arbitrary structural and
refractive-index variations. Scaling of computa-
tional effort with number of parameters is mild; it
should be possible to simultaneously optimize dozens
of parameters on current work stations.

The improvement obtained by application of OCT
relative to the performance of waveguides based on
reasonable initial guess values for their variable

Fig. 11. Plot of the intensities of the wave function at z 5 L ~op-
timized case! and the target wave function for the Mach–Zehnder
device @MMI width, 3.7 mm; MMI length, 66.2 mm; n~wedge!, 3.568;
b2 5 0.138, b3 5 20.137; a 5 1#, u^ctargetuc~z 5 L!&u2 5 0.96.

Fig. 12. Contour plots of the waveguide and the beam ~unopti-
mized case! for the Mach–Zehnder device @MMI width, 4 mm; MMI
length, 55 mm; n~wedge!, 3.558; b2 5 0.0, b3 5 0.0; a 5 1#,
u^ctargetuc~z 5 L!&u2 5 0.26.
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structural and index parameters can be significant.
We found substantial improvement in guiding for
both wide-angle Y branches and corresponding
Mach–Zehnder devices.

Outstanding theoretical problems include the ex-
tension of OCT to treat nonparaxial wave propaga-
tion. Interesting applications to complex structures,
e.g., Mach–Zehnder devices with a perturbed index in
one arm ~to generate destructive interference in the
ecombining beams!25,26 and staged, multicomponent

waveguides, lie ahead.

We thank NATO for the financial support ~grant
CRG 941284! that made possible this collaboration.
R. D. Coalson also acknowledges partial support from
the National Science Foundation grant CHE-9529674.
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