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We explore trace-anomaly driven inflation in modified gravity. It is explicitly shown that in T? teleparallel
gravity, the de Sitter inflation can occur, although quasi de Sitter inflation happens in R? gravity.
Furthermore, we investigate the influence of the trace anomaly on inflation. It is found that in f(T)
gravity, the de Sitter inflation can end because it becomes unstable due to the trace anomaly, whereas
also in higher derivative gravity, the de Sitter inflation can be realized and it will be over owing to the

trace anomaly for smaller parameter regions in comparison with those in teleparallelism. The instability
of the de Sitter inflation in T2 gravity and R? gravity (both with taking account of the trace anomaly) is
examined. In addition, we study trace-anomaly driven inflation in minimal massive bigravity, where the
contribution from the massive graviton acts as negative cosmological constant. It is demonstrated that
the de Sitter inflation can occur and continue for long enough duration.
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1. Introduction

For a long time, it is expected that vacuum quantum effects
and/or quantum gravity effects should play an important role in
the early-time cosmological evolution [1,2]. It was realized in [3]
that quantum effects due to conformally invariant fields (confor-
mal or trace-anomaly induced effective action) which is expected
to be most relevant at the early universe may lead to the early-
time de Sitter universe. This may be considered to be an exam-
ple of an eternal inflation model. Nevertheless, making deeper
analysis and adjusting the coefficient of higher (total) derivative
counter-term in the trace-anomaly, the very successful model of
trace-anomaly driven inflation (also called Starobinsky inflation
[4]) has been constructed (for its extended discussion, see [5]).
The OR term in the trace anomaly permits the long-lived inflation
with the possibility of the exit [4]. Note that in the anomaly-
induced action such a term is a higher-derivative R? term. Note
also that the trace-anomaly induced action is just an effective
gravitational action with R2-term and non-local term, so it may
be considered as natural contribution to modified gravity. Fur-
thermore, trace-anomaly driven inflation has been extended for
gravity with anti-symmetric torsion [6], dilaton-coupled gravity
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[7] where new dilaton-dependent terms appear in the conformal
anomaly and brane-world gravity [8,9] where it was called Brane
New World.

Recent cosmological data [10-13] indicate that trace-anomaly
driven inflation or its closely related R?-version may be one of the
most realistic candidates of inflationary theory. This has attracted
a number of researchers to study different aspects of R? inflation
(for a very incomplete list of related papers, see [14] and refer-
ences therein).

In this Letter, we investigate trace-anomaly driven inflation in
modified gravity of teleparallel type [15] and in massive bigrav-
ity. In particular, we study the analog of an R? inflation model [4,
14] in extended teleparallelism, namely, so-called f(T) gravity. The
main reason why f(T) gravity has vigorously been explored in the
literature is that current cosmic acceleration [16-19] as well as in-
flation [20] can occur in f(T) gravity. Hence, various accelerating
cosmology features of f(T) gravity itself have also been explored,
e.g., in Refs. [21-29]. We find that for T2 gravity, there can exist
the de Sitter solution. This is different from the fact that in usual
R? gravity a quasi de Sitter inflation can happen. Furthermore, we
examine the influence of the trace anomaly on T2 inflation and
demonstrate that since the de Sitter solution is not stable, infla-
tion can be over. In other words, by taking the trace anomaly into
consideration, the so-called graceful exit problem from inflation
can be solved as in seminal paper [4]. We also observe that in
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convenient higher derivative gravity, the de Sitter inflation can be
realized and finally it can end owing to the existence of the trace
anomaly, although for much smaller parameter regions than those
in teleparallelism. Moreover, we explore trace-anomaly driven in-
flation in other modified gravity, i.e., in minimal massive bigravity.
It has recently been presented the non-linear ghost-free massive
gravity (de Rham, Gabadadze, and Tolley (dRGT)) model [30,31]).
The dRGT model has non-dynamical background, but models with
dynamical metric have been found in Ref. [32] (for a recent very
detailed review of massive gravity, see [33]). It is shown that the
de Sitter inflation with long enough duration can occur, and that
its instability can lead to the end of the de Sitter inflationary stage.
We use units of kg =c =h =1, where c is the speed of light, and
denote the gravitational constant 87 Gy by k2 = 87 /Mp > with the
Planck mass of Mp = GI;]/Z =1.2 x 109 GeV.

The Letter is organized as follows. In Section 2, we briefly de-
scribe the formulation of teleparallelism. In Section 3, we explore
(quasi de Sitter) inflation in R? gravity in the Einstein frame. The
comparison with T2 gravity is made, where only eternal de Sitter
inflation is possible. Also, in Section 4, we investigate the trace-
anomaly driven inflation in f(T) gravity. We show that in f(T)
gravity, taking account of the trace anomaly makes the exit possi-
ble like in usual R? gravity. Furthermore, we study trace-anomaly
driven inflation in minimal massive bigravity in Section 5, where it
is demonstrated that the massive term acts as negative cosmolog-
ical constant. Finally, conclusions are given in Section 6.

2. Teleparallelism

We present the essence of teleparallelism [15]. We introduce
orthonormal tetrad components, i.e., the so-called viervein fields
eq(x*), where a =0,...,3 with the roman index a denoting
the tangent space of a manifold at a point x*. We describe
the metric with the tetrad components as gy, = r)abej’le?,, where
the Greek indices u,v (=0,...,3) show coordinates on the
manifold, and hence e can be regarded as its tangent vec-
tor. Moreover, the inverse of the viervein fields can be derived

from the equation e‘;te" = 5" By using the Weitzenbock connec-

tion I'W{, = el d,el b we deﬁne the torsion tensor as T, =
rwg, —rWe, =egd,ef — ayef,). In this case, curvature van-
ishes and only non-zero torsion exists.

To construct the torsion scalar, we further make the superpo-
tential S,”" and the contorsion tensor K*V,, given by
Spﬂ =

(KM p 485 Ty — 8, Ty),

N =

1
1<WPE—5(TWP—T”“p—Tp/”). (2.1)
Eventually, we can build the torsion scalar as
T=S,""T"»

1
= Z(T"’”Tp,w + 2TPHVTyup — AT P TV, (2.2)

The action of extended teleparallelism, namely, f(T) gravity, is
written as

F()
N :/ |— + Smatters (2.3)
with the matter action

Smatter = / d*x Lmatter(8uvs Pi)- (24)

Here, we express the determinant of the metric g,, as |e| =
det(e‘/’l) = /=g and Lmatter(guv, Pi) with @; matter fields is the

Lagrangian of matters. If f(T) =T, this theory is pure teleparal-
lelism.
It follows from the action in Eq. (2.3) that we have [16]

1 1
Eau(esa””)f’ —ehTP 15Sp P [/ + S au(T) f + Ze,‘;f

K2

= 735 Tmatterpvv (2.5)

with Tmatter p” the energy-momentum tensor of matters and the
prime denoting the derivative with respect to T. Also, the relation
of R to T is given by [15]

R=—(T+2V*TP ), (2.6)

where V# is the covariant derivative in terms of the metric ten-
sor g,. It shows that General Relativity is equivalent to T-gravity,
while f(T) gravity is not a covariant theory because only a piece
of curvature is kept in T.

3. R? inflationary model
3.1. R? gravity

The action of an R? theory is given by

1 1
S= | d**J—g— —R? 31
/ X g2/<2< + 6M2 ) 1)

where Ms is a mass scale. Substituting the relation in Eq. (2.6) into
the action in Eq. (3.1), we find

1
= /d4x«/—gﬁ|:—(T +2VHTP )

1 2
+ W(T +2VHTP ) ]

s
1
dix /=g T+——T2
/ { 6M?2
2
+ oS [TV + (V“Tpu«p)z]}’ (3.2)
3M2

where in deriving Eq. (3.2), we have done a partial integration. By
comparing the action in Eq. (3.1) with that in Eq. (3.2), we see the
difference of the action of R? gravity from that of T2 gravity.

In general, the action of F(R) gravity is represented as

F(R)
S=/d4x —85 7 (3.3)

For the action in Eq. (3.1), we have F(R) =R + [1/(6M§)]R2. With
an auxiliary field v, the action in Eq. (3.3) is rewritten to

dF
/d“xF [F(w) +((R- I/f)%}.
By varying this action with respect to v, we find (R — ¥)d*F(y)
/dyr? = 0. Provided that d?F(v)/dy? # 0, we obtain R = . Com-
bining this relation with the action in Eq. (3.4) leads to the origi-
nal action of F(R) gravity with matters in Eq. (3.3). Moreover, by
defining ¢ =dF (y)/dy, we express the action in Eq. (3.4) as

(3.4)

! For the action representing an R? term as S = [ d*x./=gR?, the trace of the
energy-momentum tensor is defined by g"”(2/.,/—g)(8S/8g""), and this gives OR.
Then, effectively the R% term in Eq. (3.1) comes from OR in the trace anomaly.
Furthermore, the coefficient of the OR term is not fixed in the trace anomaly and
the trace anomaly produces one more non-local term in the effective gravitational
action. Nevertheless, thanks to the above relation between R? and OR, R? inflation
is qualitatively very similar to trace-anomaly driven inflation.
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S= /d4xd—_g<ﬁ—li — T(z?)), (3.5)

T = (wwf F(2))). (3.6)
Through the conformal transformation g, — &uv = nguv with

02 =9, we acquire [34]

(R 1.,
:/d“xv—g(m - Eg" 3u¢>3u¢—V(¢)>, (3.7)
Vo) = OR—F 35)

where we have introduced a scalar field ¢ = (/3/2/k)In?¢, and
the hat means quantities in the Einstein frame. For R? inflation
model with the action (3.3), we find [34]

3M2
Vi)=25 (l—eXp( V2/3k¢))’.

We suppose the four-dimensional flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) space-time whose metric is given by

—a(t)? Z (dxi)z.

i=1,2,3

(3.9)

ds? = dt? (3.10)

In this background, we choose the tetrad components as ej, =
(1,a(t),a(t),a(t)). Thus, we find T = —6H2 with H = a/a, where
the dot denotes the time derivative.

The values of quantities in terms of the curvature perturbations
in R? inflation model are summarized as follows [11]. For ¢ > ¢¢
with ¢ (t = tf) = ¢, where t; is the end of inflation, slow-roll pa-
rameters € and 1 and the number of e-folds N, from the end of
inflation at t =t to the era when the curvature perturbation with
the comoving wave number k = kywwmap crossed the horizon are de-
scribed by [11,35]

6:1< 1 dV(¢)> 3
—2\vg) dp ) T an¥

1 d?V(¢$) 1

Vi) de2 N,

tf

N, = / Hdt = Zexp(,/z/am).

t

)

(3.11)

Furthermore, for the super-horizon modes k < aH, the scalar spec-
tral index of primordial curvature perturbations ng and the tensor-
to-scalar ratio r are expressed as [36,37]

dIn A% (k 2
ns — =7R() =—6e+2n~——,
dlnk k=kwmap Na
r=16e = 2. (3.12)
N3

where A%Q is the amplitude of scalar modes of the primordial
curvature perturbations at k = 0.002 Mpc~!. The PLANCK results
are ns = 0.9603 + 0.0073 (68% errors) and r < 0.11 (95% up-
per limit) [12]. For instance, if N, =50, we find ny; = 0.96 and
r=48x1073(«0.11).

3.2. Inflation in T2 gravity
From the action in Eq. (3.1), we see the reason why T2 infla-

tion does not work in f(T) gravity. Our starting action with only
gravity part and without matter is given by

/d4x|e| ( +—2T2)
6M

fd4x|e|i[(r+zvﬂrp,w)+—r2] (3.13)

6M?2
where in deriving the second equality, we have taken into account
the fact that VAT” ,, is a total derivative.

In comparison of the action in Eq. (3.2) for R? gravity with that
in Eq. (3.13) for T2 gravity, we understand that the form of these
actions are different from each other. Hence, it is expected that the
cosmological evolutions in these two theories would be different.
Indeed, for R? gravity, the de Sitter inflation cannot occur, whereas
for T2 gravity, the de Sitter inflation can be realized, as is investi-
gated below.

It is known that there does not exist the conformal transfor-
mation from an f(T) gravity theory to a scalar field theory in
pure teleparallelism, different from the case in F(R) gravity [25].
Thus, in f(T) gravity, through the conformal transformation, it is
impossible to move to the Einstein frame, i.e., the corresponding
action consists of pure teleparallel term T/(2k2) plus the kinetic
and potential terms of a scalar field, and examine the properties
of inflation in the Einstein frame, as explained in the preceding
subsection.

To compare cosmological consequences for the action in
Eq. (3.13) in teleparallelism with those for an R? inflation model
in convenient gravity, we examine solutions for the action in
Eq. (3.13) at the inflationary stage. In the flat FLRW background,
the gravitational field equations can be written in the equivalent
forms of those in general relativity:

3 1.

SH?=peit.  —— (2H +3H?) = perr. (3.14)
K K

where pefr and pegr are the effective energy density and pressure

of the universe, respectively, given by

1 1
Peff = ﬁzv Deff = —m(‘lj +1), (3.15)
with

I=-T— f+2Tf =6H?— f —12H?f’, (3.16)
J=(01-f -2Tf")H=(1- f' +12H*f")H. (317)

We should note that pegr and pegr in Eq. (3.15) satisfy the standard
continuity equation identically

Peft + 3H (et + Pefr) =0 (3.18)

For the action in Eq. (3.13), we have f(T)=T +[1/(6M2)IT2. It
follows from Eq. (3.14) that we have 0= f —2Tf’, whose solutions
are given by

Ms tant)
—— (= constant).
V3

Hence, we have a de Sitter solution at the inflationary stage, and
eventually from the first equation in (3.14) and Eq. (3.19) we obtain

Hinr =0, (3.19)

Ms
a(t) = acexp(Hipft) = ac exp(—t), (3.20)

7
where a¢ is a constant. It is not known whether the de Sitter so-
lution could be attractor or not, and therefore it is not clear if
the inflation could be eternal or not is not. However, by including
quantum effects such as the trace anomaly, the de Sitter solution
is unstable against even small perturbations around this de Sitter
solution, so that the de Sitter inflation can be over, as is seen in
Section 4.2.
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On the other hand, it is known that for F(R) gravity, at the
de Sitter point, which is a solution for the case without matter,
we have F'(R)R — 2F(R) =0. If F(R) = R +[1/(6M2)]R?, we find
R = 0. Moreover, we mention the case of an R? inflation model
in the ordinary curvature gravity. In this case, the pure de Sit-
ter inflation does not occur unlike in teleparallelism demonstrated
above. Qualitatively, for |H/(M2H)| « 1 and | — H?/(M2H?)| « 1,
we have H = H; — (M2/6)(t —t;) and a = a;[H; (¢ —t;) — (M2/12)(t —
t))2], where H; and q; are the values of the Hubble parameter and
scale factor at the initial time t = t; of inflation, respectively. As
a result, what is observed here is that the qualitative behavior of
eternal inflation in T2 gravity for teleparallelism is different from
inflation in R? gravity.

4. Trace anomaly

In this section, we examine the cosmological influences of the
trace anomaly on the energy density of the universe in modified
gravity theories.

4.1. Effects of the trace anomaly

First of all, we should note that quantum effects of conformally-
invariant fields on classical gravitational background are just the
same as in T-gravity (i.e., pure teleparallelism) due to its equiva-
lence to general relativity (GR). Furthermore, conformal invariance
in teleparallelism is proved to be the same as in usual gravity. This
requires non-minimal coupling with curvature [26].

We now include the massless quantum effects by taking into
account the trace anomaly Ta, which has the following well-
known form [38]:

- 2 - -
TA=b<}"+§DR>+b/Q+bNDR, (41)

with b, b, and b” constants?, where F is the square of the 4D
Weyl tensor, and G is the Gauss-Bonnet invariant, which are given
by

1
F= §R2 — 2R R™Y + Rynpo RHVPY

G=R%—4R,,,R™ + R pps RHVP°. (4.2)
I nvp

When we consider N scalars, Nq,2 spinors, N1 vector fields, Nj

(=0 or 1) gravitons and Nyp higher-derivative conformal scalars,

b and b’ are given by

_ N +6Ny/2 +12N1 + 611N — 8Nyp

N 120(47m)2

B/ _ N + llN]/z + 62N1 + 1411N; — ZSNHD
360(47)2

T

’

(4.3)

We should note that b > 0 and b’ < 0 for the usual matter, ex-
cept the higher-derivative conformal scalars. Notice that b” can be
shifted by the finite renormalization of the local counterterm R?,
so b” can be an arbitrary coefficient. In the FLRW universe, we find

R=12H*+6H, F=0, G=24(H"+H*H). (4.4)

Egs. (3.15), (3.16), and (3.17) tell that the trace Tt of the
energy-momentum tensor in the torsion scalar is given by

2 Note that the prime in b’ and b” is not the derivative with respect to T but just
a superscription as a notation.

2
TT:_IOT+3pT:_ﬁ(I+3j)

2 . .

=——(6H*+3H — f —3Hf’
K

— 12H%f' +36H2H "), (4.5)

where pr and pr are the energy density and pressure coming from
the torsion scalar, respectively. Then by including the contribution
from the trace anomaly, the equations in (3.14) are modified and
we obtain

2 . .
0=—=(—f —3Hf —12H*f' +36H?H ")
K

2. -\ [ d? d .

~(Sb+b" || 5 +3H— )(12H? + 6H
(50+5") (G +21 ) 02w o
+24b'(H* + H2H). (4.6)
Especially if we consider the de Sitter space, where H is a constant,

H = H,, Eq. (4.6) reduces to an algebraic equation:

2 s
o:_K_z(_f—leff/)+24b HE. (4.7)

When we do not include the contribution from the trace anomaly,
that is, b’ =0 in (4.7),

fen = —2T + 12H2, (4.8)

satisfies Eq. (4.7) (note that T = —6H§), which is equivalent to the
Einstein theory with a cosmological term. Particularly when

f(T)=T+pT", (4.9)

where 8 and n are constants, from Eq. (4.7
lowing relations are satisfied:

) we find that the fol-

H?=0, andfor 1+ (@n—1)8(—6H2)""

C

+2H2b'k? =0.
(4.10)

For instance, when n =2, if the following relation is met:
9'3 —b >0, (411)
K2
there appears a solution corresponding to the de Sitter space, and
the de Sitter (i.e., exponential) inflation can be realized. The condi-
tion (4.11) is always satisfied as long as B8 > 0, because b’ < 0 for
the ordinary matter.

On the other hand, in curvature gravity, the trace T¢ of
the energy-momentum tensor in the scalar curvature becomes
Te = (1/k)[=2(f'(R)R — f) +9f’(R)H +12f/(RYH? + 3f'(R) +
6f (R)H — R] with R = 6(2H? + H), where the prime shows the
derivative with respect to R, and the trace anomaly is expressed as
Ta=—12bH? +24b"(—H% + H2H + H*) — 2(2b + 3b")(H + 7HH +
4H2? + 12H?H) [39]. We take F(R) = R + AR™ with 8 and i con-
stants for the action in Eq. (3.3). In this case, the de Sitter solution
H = H,, where H, is a constant, can be obtained if the following
relation is satisfied: 0 = (=7 + 2)3(12H2)" + 12H2 + 24k 2b'HZ.
For nn = 2, this relation can be met only if I:IE =0 andfor b’ =
—1/(2«?H?). In comparison with the case of teleparallelism, for
curvature gravity, there exist only smaller regions of the model
parameters to realize the de Sitter inflation.
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4.2. Instability of the de Sitter solution
By following the procedure proposed in Ref. [5], we study the
instability of the de Sitter solution leading to the end of inflation.

For f(T) =T +[1/(6M2)]T?, the gravitational field equation (4.6)
including the contribution of the trace anomaly reads
H4 1

0= % [2H2 -36
K (61\/15) ( 9

- (gb +b”>K2(H +7HH + 12H?H + 4H?)

H

+4b'k? (H* + HZH)]. (412)
We explore the small perturbation from the de Sitter solution
as

H=Hixr(1-3(), §<1, (4.13)

with Hjys the constant Hubble parameter at the inflationary stage
for the case that the small perturbation vanishes (§(t) = 0). Here,
we only study the case that § > 0, i.e,, H < Hjys because for § <0,
H becomes larger in time and eventually diverges. By substitut-
ing this expression into Eq. (4.12) and taking only the leading (i.e.,
linear) order terms of 8, we acquire

2. -, 2. -
(§b+b >K2Hinf5 +7<,b +b’> HZ

1
—[1—36(W>H§nf ( b+b”>fc Hi,
S

+4b'k? Hmf] Hingd

+4Hmf[ —36(#) mf+4b’;<2Hmf} 0. (4.14)
S

We take the form of § as § = exp(xt), where x is a constant. If

X > 0, since the amplitude of § grows as the cosmic time passes,

the de Sitter solution becomes unstable, so that the universe can

exit from the inflationary stage. By plugging the expression § =

exp(xt) with Eq. (4.14), we have the cubic equation in terms of x

X + THinx?
_ 1-36[1/(6M3)IHZ, — 12[(2/3)b + b"1c? HE  + 4b'k > H ¢
[(2/3)b +b" k2 X
2 2 b 22
N 4Hine{1 — 36[1/(6A~/15)]~Hmf+4b//< HZ ) _o. (415)
[(2/3)b +b" k>

Provi_cled that at the initial stage of inflation, H varies slowly so
that H <« HH. In this case, by neglecting the x> term in Eq. (4.15)
and solving it approximately, we find

1[(7Q—12H2;
=3l (T ) 7] o
where
o 1= 3601/ GMDIHE, + 4b'c HE (417)
7[(2/3)b +b"k2
7Q — 12H?
Dz(%ﬁ) - 16Q. (4.18)
1n

Since b > 0, b’ <0, and b” is an arbitrary constant, Q can be nega-
tive. If @ <0, we find D > 0, and x with the ‘+’ sign in Eq. (4.16)

becomes positive. Consequently, when x > 0, § = exp(xt) in-
creases in time, and thus it follows from Eq. (4.13) that H de-
creases, that is, the de Sitter solution becomes unstable.

For F(R) = R + BR? (ie., fi =2), we examine the small pertur-
bation around the de Sitter solution with Eq. (4.13). Substituting
this into the gravitational field equations and only remaining the
linear term in &, we obtain

2[~18B + (2b + 3b")k? | Hind
+2[~72B +7(2b + 3b")k?|H2 8
—6[(1+72BH2) — 4(2b — b+ 3b")k 2 HE | Hingd
—24(1 +4b'k? HE ) HE S +12(1 + 2Dk 2 HE ) H e = 0.

(4.19)

inf —

We consider the form § = exp(tt) with T a constant. If T > 0,
the de Sitter solution becomes unstable, because the amplitude
of § increasing in time without the upper bound. It follows
from the investigations in the last part of Section 4.1 that_for
n=2 and lenf # 0, if the de Sitter solution exists, we have b’ =
—1/(2«*H32 ). With this relation, we see that the first term in the
third line of Eq. (4.19) is represented as 24Hi2nf6, and the last term
in Eq. (4.19) is zero. By plugging § = exp(tt) with Eq. (4.19), we
find

2[—188 + (2b + 3b")k? | Hiner?
+2[~728 +7(2b + 3b")k?|HE T
— 6[72BHE — 4(2b +3b")k*HE, —
+24H2,=0.

1]HinT
(4.20)

With the procedure used in teleparallelism shown above, we con-
sider the case that the change of H is slow enough for the t3 term
to be negligible in compared with the 72 term. As a result, we ac-
quire the approximate solution

324D

4.21
W (4.21)
with

W = —72f +7(2b + 3b")«? (4.22)
Z=[-W+3(2b+3b")k?]HE -1, (4.23)
D=92% - 48WHZ,. (4.24)

If we choose the ‘-’ sign in Eq. (4.21), for W <0 and Z > 0, we
find T > 0. When t > 0, the amplitude of the perturbation diverges
in time, and thus the de Sitter solution becomes unstable. This
means the de Sitter inflation can end. Thus, we demonstrated that
trace-anomaly driven inflation in T2 or R? gravity has different
behavior towards its exit.

5. Trace-anomaly driven inflation in minimal massive bigravity

To check the universality of trace-anomaly driven inflation, we
consider it in another version of modified gravity, so-called mas-
sive ghost-free bigravity, which has been very popular recently
[33].

For the bimetric gravity, some cosmological solutions describing
the accelerating universe have been investigated in several papers
[40-46]. Particularly, together with Ref. [42], the ghost-free, bigrav-
ity theory with cosmological solutions describing the accelerating
universe has been examined in Ref. [43]. In the work, there has
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been presented an extensive and more detailed cosmological anal-
ysis of the model at the background level showing the existence of
a late-time accelerated expansion without resorting to a cosmolog-
ical constant. In this section, we include the trace anomaly to the
bigravity models and show the existence of the solution describ-
ing de Sitter space-time, which may correspond to inflation in the
early universe, so-called anomaly-driven inflation.

We now investigate the minimal ghost-free bigravity model
whose action is given by [30,32]

Sbi :Mﬁ/d4x\/—deth(g) +M%/d4x\/—detfR(f)
+2m*M%; | d*xy/—detg(3 —tr\/g~1 f +det,/g~1f)

+/d4X£matter(g,uv:q)i)~ (5.1)
Here M. is defined by
1 1 1
—=—+—. (5.2)
2 2 2
Mg Mg My

In (5.1), R® and RY) are the scalar curvatures for g, and f,
respectively. The tensor \/g=!1f is defined by the square root of
gﬂpfpw namely, (v/ g_lf)ﬂp(\/ g1, = g“pfpw

Then by the variation over g, we get

1
0= Mﬁ(igwR@ - REES) +m21vt§ff{gw(3 —try/g71f)

1 _ 1 _
+5fup( g_]f) 1pv+§fup( g_lf) ]p'u}

+ Tmatter pv- (5.3)

On the other hand, through the variation over f;,, we obtain
1
2 o))
0= Mf(szmf) — RW>
1
212 — _ 1Y
mihiy faen(7=1 )| =3 (1),
1
Sl + e e ) o

By multiplying the covariant derivative Vg with respect to the
metric g by Eq. (5.3) and using the Bianchi identity 0 =
Vg(%gﬂ,,R(g) — Rffg) and the conservation law Vj Tmager uv = 0,
we have

(5.4)

0=—gu Vg (try/g7'f)

+ %Vg{fﬂp(\/ gilf)_lpv + fvp( gilf)_lppv}.

Similarly by using the covariant derivative fo with respect to the

metric f, from (5.4), we get

(5.5)

OZV}L[ det(fflg){—%( g71f)—1vogalt

e e e fa ]

The identities (5.5) and (5.6) impose constraints on the solutions.

We take the FLRW universes for the metric g, and use the
conformal time t. Furthermore, we suppose the form of the metric
fuv as follows

(5.6)

3

3
dsz= ) guvdx*dx’ =a@®)? (‘dfz + Z(d"i)z)
i=1

w,v=0
3 3 ]
ds2= Y fuydetde’ = —c®?d? +b@? Y (dx)’.  (5.7)
n,v=0 i=1

We assume a, b, and c are positive. In this case, from the (t,t)
component of (5.3) we find

0= —3M§H2 — 3m2Mgff((12 - ab) + azpmatten (5.8)

and (i, j) components yield
0= Mﬁ (2H + H?) + m*M%;(3a® — 2ab — ac) + a* pmatter-  (5.9)

Here pmatter and pmatter are the energy density and pressure of
matter fields, respectively. On the other hand, the (t,t) component
of (5.4) leads to

3
a
0=—3M}K?> 4+ m*MZc> (1 - b—3>, (5.10)
and from (i, j) components we find
27 2 22 (T
0= M} (2K +3K* — 2LK) +m* Mg 2z ) (5.11)

with K = B/b and L =¢/c. Both Egs. (5.5) and (5.6) yield the iden-
tical equation:
ca -
cH=bK or P b. (5.12)
If a # 0, we obtain ¢ = ab/a. On the other hand, if @ =0, we find
b =0, that is, a and b are constant and c can be arbitrary.
We suppose the de Sitter space-time for the metric g, or a
and provided that b and c have the following forms:

1 1 1
a=—, =—, c=—, (5.13)
Hot Kot Lot
with constants Hg, Ko, Lo. Then (5.12) gives
Ko = Lo, (5.14)
and therefore Egs. (5.8) and (5.9) have the following forms:
Lo
0=—3M;Hj — 3m21v1§ff(1 — H—O) + Pmatter, (5.15)
Lo
0=3MzH§ + 3m21\/1§ff(1 - H_o> + Prmatter- (5.16)
Egs. (5.10) and (5.11) give an identical equation:
272 252 Lg
0:—3MfL0+m Meff<1 —m) (517)
0

Without matter, that is, when pmatter = Pmatter = 0, EqQ. (5.15) or
Eq. (5.16) conflicts with (5.17). In fact, if Hyp does not vanish,
Eq. (5.15) or Eq. (5.16) with pPmatter = Pmatter = O tells Lo > Ho,
which conflicts with (5.17).

We include the contribution from the trace anomaly in
Eq. (4.1).2 In the FLRW universe, we find

3 Note that as the trace anomaly gives non-local and R2-term contributions to
the effective gravitational action, the ghost-free feature of massive bigravity may be
lost.
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6, ., - 24H%H
R:a—z(H +H), F=0 gG= s (5.18)
Then Egs. (5.15) and Eq. (5.16) give
L -
0=12M2H3 + 12m2M§ff<1 - H_(;> +24b'H, (5.19)
which can be solved with respect to Lg:
M2H?  2b'H?
Lo=Ho+ —2-2 0 5.20
szgff szgff 520

Then substituting of Ly in the above expression into (5.17), we ob-
tain

0= F(Hg)
2152 g4 o\ 2
= —3M?H%<1 i L )
- 202 202
meMgy  m=Mgg
M2H2 25/H4 3
+m2M§ff{1— <1+ £+ = 2") } (5.21)
meMgy  m=Mgy

If Eq. (5.21) has a real and positive solution with respect to H(z) and
Lo in (5.20) is positive for the obtained Hg, the de Sitter space-
time can be generated by the trace anomaly. When Hg —-0, F (Hé)
behaves as F(H%) ~ —3(M? + Mé)H(z) < 0. On the other hand,
_ 8(b)3H{?

VIR > 0. We should note

when HZ — +oo, we find F(H3) ~

b’ < 0 in general. Hence we find Eq. (5.21) has surely a real and
positive solution with respect to H%. We also see that the value of
H% gives a positive value of Ly for (5.20). The function F(H%) can
be rewritten as a function F(Lo/Hg) of Lo/Hg by using (5.20),

F(Lo/Ho) = F(H})

2 3
_ a2z Lo +m?M2: {1 — Lo (5.22)
= o H, M= Mege Ho . .

Thus we find F(0) = mZMgff > 0 and when Lg/Hg — 4o,
F(Lo/Hg) ~ —szgff(,’;—%ﬁ < 0. Therefore F(Lg/Hg) vanishes for
finite and positive Lo/Hp, which corresponds to H(z) satisfying
F(H3) = 0. Accordingly for H} which obeys F(H3) =0, L is surely
positive, and therefore the de Sitter space-time can be generated
by the trace anomaly. We should note that the space-time de-
scribed by f;,, is also the de Sitter space whose length parameter
is given by 1/Lo. In (5.22), the first term is positive and hence the
second term must be positive. This means Ly < Hp, that is, the
expansion in the space-time described by f,, is slow, compared
with the expansion in the space-time described by g,.

In case of the standard Einstein gravity, instead of (5.19), we
obtain

0= 12M2H3 + 24b'Hy, (5.23)
whose solution is given by
M2
Hi=-—£. (5.24)
2b’

In (5.19), the contribution from the mass term 12m2M§ff(1 — b—%)
acts as a negative cosmological constant but the contribution
makes Hé or curvature larger than that in the Einstein gravity in
(5.24).

When the space-time is not the de Sitter space-time, Eq. (5.19)
is modified to be

0=6Mj(H* + H) + 12m*MZ(12a* — 9ab — 3ac)

+24B’H2H 2b" d 24 6( 24 i)
a? 3a2dt\  dt\a? '

We now investigate if the de Sitter solution can be stable or not.
Eq. (5.25) might be compared with Newton’s equation of motion,

2 . . .
0=F — m‘;Tg‘ in the classical mechanics. As a consequence, we

can find the stability depends on the sign of b” and the strength
of the stability on the magnitude of b” [4,9]. Even if the de Sit-
ter solution is unstable, if we choose b” large enough [4,5], which
may correspond to the large mass in the classical mechanics, the
de Sitter solution might be long-lived. Then, it represents realistic
trace-anomaly driven inflation in massive bigravity.

(5.25)

6. Conclusions

In the present Letter, we have studied trace-anomaly driven in-
flation in T? teleparallel gravity. In particular, it has clearly been
demonstrated that the de Sitter inflation can be realized in T?
gravity, while realistic quasi de Sitter inflation occurs in R? gravity.

In addition, we have examined the effects of the trace anomaly
on inflation in T2 gravity. As a result, we have shown that the
de Sitter inflation can occur and finally the universe can exit from
it due to the de Sitter space instability solution coming from the
trace anomaly. On the other hand, in convenient gravity, if the
trace anomaly is taken into account, in R? gravity the realistic de
Sitter inflation can happen. However, compared with the case in
teleparallelism, the parameter regions leading to the de Sitter so-
lution are more narrow. In this case, there are two sources for the
exit from inflation: from the classical R2-term and the similar term
coming from the trace anomaly.

Moreover, trace-anomaly driven inflation has been explored in
minimal massive ghost-free bigravity. It has been observed that the
de Sitter inflation can occur and continue for long enough time,
and that eventually its instability induced by the trace anomaly can
lead to the end of it. Thus, in this massive bigravity, trace-anomaly
driven inflation with long enough duration can be realized. Fi-
nally, we remark that for massive bigravity, the contribution of
the graviton mass plays a role of negative cosmological constant.
It is interesting that one can use the universality of trace-anomaly
driven inflation or its RZ-cousin for the unified description of infla-
tion and late-time acceleration as it has been proposed in Ref. [47].
Such a scenario may be realized in F(R) bigravity [45].
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