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ABSTRACT

Supersymmetric backgrounds in M-theory often involve four-form flux in addition to pure
geometry. In such cases, the classification of supersymmetric vacua involves the notion of
generalized holonomy taking values in SL(32,R), the Clifford group for eleven-dimensional
spinors. Although previous investigations of generalized holonomy have focused on the cur-
vature Ry (€) of the generalized SL(32,R) connection 2),, we demonstrate that this local
information is incomplete, and that satisfying the higher order integrability conditions is an
essential feature of generalized holonomy. We also show that, while this result differs from
the case of ordinary Riemannian holonomy, it is nevertheless compatible with the Ambrose-

Singer holonomy theorem.
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1 Introduction

The connection between holonomy and supersymmetry is a close and important one. The
notion of a supersymmetric background is simply one where some fraction of the supersym-
metry variations vanish. In particular, for bosonic field configurations, we are invariably led

to the vanishing of the gravitino transformation

where D, is the supercovariant derivative. The number of preserved supersymmetries is
then equal to the number of linearly independent solutions of the Killing spinor equation
(CI). Thus the goal of enumerating supersymmetric vacua is essentially one of classifying
all solutions to the above Killing spinor equation.

A necessary condition for the existence of Killing spinors is obtained from the integrability

of the Killing spinor equation ([.TI)
MMNE = [DM, DN]E =0. (12)

However, it ought to be evident that this simply measures the effect of parallel transporta-
tion of a spinor around an infinitesimal loop along the M and N directions of the base
manifold. By the Ambrose-Singer theorem [I], this is in general related to the Lie algebra
of some holonomy group Hol(D) acting on the spinors. For the case of a Riemannian con-
nection, so that D), is identified with V,,, the gravitational covariant derivative, the first
order integrability condition directly yields the conventional Riemannian holonomy group
Hol(V) € SO(n) where SO(n) is the Riemannian structure group for an n-dimensional ori-
entable Fuclidean manifold with a metric. In this case, the analysis is quite familiar, and
holonomy groups have been classified by Berger in [2] for the Euclidean case, and partially
extended to the Lorentzian case by Bryant in [3].

In practice, in order to obtain Killing spinors, one often starts with the integrability
condition (CZ) and not directly with the Killing spinor equation ([L1I), as the integrabil-
ity condition is only algebraic in €. For the case of a Riemannian connection, use of the
Ambrose-Singer theorem demonstrates that the integrability condition ([C2) is also a suf-
ficient condition for the existence of Killing spinors. However, it has been observed that
this is no longer the case for more general connections. This is perhaps most evident in

the squashed 7-sphere compactification of M-theory [, B], where left-squashing preserves
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N = 1 supersymmetry in four dimensions while right-squashing leaves no unbroken super-
symmetries at all. Yet, at the same time, first order integrability of the form ([CZ) cannot
distinguish between the two cases; only by going to second order integrability can the issue
of the existence or non-existence of Killing spinors be resolved [6].

This question of whether the algebra generated by the curvature |[expressed in the first
order integrability condition ([C2)] agrees or does not agree with the algebra of the holonomy
group has until now been mostly ignored in the study of generalized holonomy [7, 8, @9]. At
present we will focus on generalized holonomy in eleven-dimensional supergravity. In this
case, the bosonic fields are the metric gy, ny and 3-form potential with 4-form field strength

F4). The fermionic superpartner is simply the gravitino, with transformation
Dy = O + 20 = Vi — 2= (DN 9% — 863 T79F) Fy por. (1.3)

Here €2, is considered to be a generalized connection, consisting of the conventional Rie-
mannian connection as well as the flux-induced term and taking values in the space of forms
A*(RY19) (which is identical to the Clifford algebra of the Dirac matrices). Actually it is
only the even part of the Clifford group that is relevant; as a result the generalized structure
group is SL(32,R) [§], which is considerably larger than the Riemannian structure group
SO(1,10).

The idea behind generalized holonomy is simply to consider the holonomy of the gener-
alized connection €2,,. Since €2); takes values in the generalized structure group, we see that
the generalized holonomy group is a subgroup of SL(32, R). Furthermore, as shown in [§], for
a background preserving n supersymmetries, the generalized holonomy must be contained in
SL(32 —n,R) x nR3*7". As a result, the issue of classifying supersymmetric vacua may be
mapped into one of classifying the generalized holonomy groups as subgroups of SL(32,R).
Expressions for the generalized curvature of a background preserving n supersymmetries
were given in [I0] (including the conjectured preonic case [I1], with n = 31) by relating the
notions of Killing and preonic spinors, and an investigation of basic supersymmetric config-
urations of M-theory was performed in [I2], where a large variety of generalized holonomy
groups were obtained. However, one of the striking results of the analysis of [12] was the fact
that identical generalized holonomies may yield different amounts of supersymmetries. This
shows that knowledge of the holonomy group is insufficient to fully classify the background,

and that knowledge of the decomposition of the 32-component spinor under Hol(D) is also



needed.

At a more technical level, it was also seen in [I2] that in many cases the complete Lie
algebra of Hol(D) was not obtained from first order integrability (C2), so that in particular
the algebra had to be closed by hand. This issue is rather suggestive that the generalized
curvature at a local point carries incomplete information of the generalized holonomy group,
in apparent violation of the Ambrose-Singer theorem (but in agreement with the issue of left-
versus right-squashing of ST mentioned above). However a careful reading of the Ambrose-
Singer theorem indicates that Hol,(D) at a point p is spanned by elements of the generalized
curvature (L) not just at point p, but at all points ¢ connected to p by parallel transport
(see e.g. [T3], p. 388 or [I4], p. 33). Thus there is in fact no contradiction. Furthermore, this
is rather suggestive that satisfying higher order integrability (representing motion from p to
q) is in fact a necessary condition for identifying the proper generalized holonomy group,
and that it is the Riemannian case that is the exception.

These issues have led us to the present work, where we explore the interplay of higher
order integrability and generalized holonomy. We begin by revisiting the generalized holon-
omy of the Mb-brane and M2-brane solutions of supergravity, and show that higher order
integrability yields precisely the ‘missing’ generators that were needed to close the algebra.
Other than this, however, the generalized holonomy groups SO(5) x 6R*®) for the M5-brane
and SO(8) x 12R?*®:) for the M2-brane identified in [T2] are unchanged. Following this, we
turn to the squashed S7 [4, B], where the situation is considerably different.

The importance of higher order integrability was of course previously recognized in [6]
for the case of the squashed S7. Here, we reinterpret the result of [6] in the language of
generalized holonomy, and confirm the statement of [I5] that while first order integrability
yields the incorrect result Hol" (D) = G, < SO(7) C SO(8), higher order integrability
corrects this to Hol(D) = SO4(7) C SO(8), where the two distinct possibilities SO_(7) and
SO, (7) arise from left- and right-squashing, respectively. Since the spinor decomposes as
either 8 — 7+ 1 or 8 — 8 in the two cases, this explains the resulting N =1 or N =0
supersymmetry in four dimensions [15].

In the following section, we provide a brief review of higher order integrability and then
proceed to reexamine the generalized holonomy of the M5-brane and M2-brane solutions of
supergravity. For both cases, we find that the higher order conditions close the holonomy

algebra but otherwise do not affect the results of [I2]. In section 3 we turn to the squashed



S7 example and show that for this case higher order integrability is essential in obtaining
the correct holonomy group from the curvature. Some of the details of this example are

relegated to an Appendix.

2 Generalized curvature and higher order integrability

We start by defining the generalized curvature and n-th order integrability conditions. For

a generalized covariant derivative of the form (3
Dy =0y + iQM, (2.1)
first order integrability (C2) yields
My = [Dy(), Dn(Q)] = 1(0m Qv — O + 5 [Qur, Qv]) = TRun(Q), (2.2)

where Ry (§2) is the curvature of the generalized connection €2; in particular, Ry n(2) =
Rynpol't@ + -+ Tt is a familiar result that, when contracted with T, the first order
integrability condition 'R yn(Q)e = 0 yields an expression compatible with the bosonic

equations of motion [I6], [[0], which for eleven-dimensional supergravity read

Run = 35 (FupqrFn"%" — SaunFP" Fpors) , (2.3)

d * F(4) + %F(4) A F(4) = 0. (2.4)

Higher order integrability expressions may be obtained by taking generalized covariant

derivatives of (). Here we make the definition precise by taking the chain of expressions

MAMN = [DA,MMN] :iDA(Q)'R,MN(Q), (25)
MABMN = [DA,MBMN] :iDA(Q)DB(Q)RMN(Q) (26)

It ought to be evident that the higher order integrability conditions correspond to measuring
the generalized curvature R,y (Q2) parallel transported away from the original base point
p. In this sense, the information obtained from higher order integrability is precisely that
required by the Ambrose-Singer theorem in making the connection between Hol,(D) and the

curvature of the generalized connection.



Note that we take Q,; in (ZI)) to include the Levi-Civita connection on the base in
addition to the generalized connection on the Clifford bundle. In this sense, we actually

work with a generalized connection in 7 M x Cliff(M). Writing
Dar = O + 10 = Vi + 100, (2.7)

where

Qar = — 5 (T VPR — 86N TP Fypog (2.8)

in the case of eleven-dimensional supergravity, the integrability expressions (Z2), (2H) and

([Z8) are equivalent to

Myn = iRun(Q) = iRMNABFAB + %V[MQN} + %Q[MQN},
Mayn = Da(Q)Myn = VaMyyn + i[ﬁAu Mun),
Mapun = Da(Q)Mpyn = VaMpyn + i[ﬁm Mpun),

We occasionally find these expressions useful for direct computation.

2.1 Generalized holonomy of the Mb5-brane

As examples of how higher order integrability may affect determination of the generalized
holonomy group, we first revisit the case of the M5- and M2-brane solutions of supergravity.
The generalized holonomy of these solutions, as well as several others, was originally inves-
tigated in [I2]. For vacua with non-vanishing flux, including the brane solutions, it was seen
that the Lie algebra generators obtained from first order integrability, (Z2), are insufficient
for closure of the algebra. In particular, additional generators must be obtained by further
commutators. In [I2], this was done by closing the algebra by hand. In the present context,
however, additional commutators are readily available from the higher order integrability
expressions, (Z3).

It turns out that, for the M5-brane, working up the third order integrability is sufficient to
close the algebra. To see this, we recall the M5-brane solution is given in isotropic coordinates

as

ds?) = Hy Pda? + H2Pdy?,
Fijri = €ijkimOm Hs, (2.10)
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where Hs(7/) is harmonic in the six-dimensional transverse space spanned by the {y’}, and
€ijkim = E1 is a density. Computation of the supercovariant derivative (L3)) in this back-

ground yields a generalized connection of the form [12]
Q=K Q=—10InHD® + 10Ty, (2.11)

when acting on spinors. Here we have highlighted the Lie algebra structure by introducing

a set of generators

Ti; = T Py, K,=T,P;, K, =Py, K; =Py (2.12)

Atj

where T = 5,e”klmf‘”klm and P = 5(1 +I'®) is the half-BPS projector, and the overlined

indices refer to local frame indices. The component expressions for Q;’f and (2! * are
O =209 mHs, Q= 86,0 In Hs. (2.13)

Even before addressing integrability, we see that 3, includes the generator I'® in addition
to Tij and K,;. However, the connection itself is not physical, and we see below that the
terms proportional to I'® drop out in generalized curvatures (and hence do not contribute
to generalized holonomy).

The first order integrability of the generalized connection, given by (£2), was computed

n [I2]. The result was

M, =R, = 0,
My =R, = Hy'?[18,0;In Hy — 20,10 H;d; In H) + 1 5ZJ(8111H5)}KM-,
M;; = 1R, [2(0,0y; In Hs — 20, In H50;; In Hy)dyy, — 2(01n Hy)?004 | T (2.14)

At this point, it was noted that the generators T and K,; do not form a closed algebra, as
both K, and K,;; are missing. Thus the algebra of the holonomy group, with generators
[Z12), was obtained only after closing the algebra by hand. In fact we now see that the
higher order integrability relations, expressed as (Z9), give rise to a sequence of additional
commutators which are precisely the ones necessary to ensure closure of the algebra.

For the M5-brane, the second order integrability conditions, defined by (2H), take on the

form

M,uz/)\ MM,/)\Kpu M,uz/i = lek j}ka M;u] - Myk Kz/k + lMVleuklv

pvi wij pig

Mi/u/ - 07 Miu] Muk Kl/k + 1MVleukl> Mijk M]kT‘lma (215)

i1 an i
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where the component factors M,y are functions of H5 and its derivatives. For example,

Mf, = 35 H (0,0 Hs0;0, In Hy — 38, In Hs(9Hz)?)n,1,0%),
M SH Y0 In H50'0y In Hs — 6;1;0" In H50'0yy In Hs1,- (2.16)

The other factors arising in ([ZIH) are similar. However, we will not need their explicit
forms. We simply note that one additional generator K ;; arises at second order. However,
the algebra is not closed until third order integrability (8] is taken into account, since
one additional commutator is necessary to provide the K, generator. In the case of the
Mb5-brane, no additional information is gained beyond the third order integrability level. In

fact, the identification of the proper generalized holonomy group
Holys = SO(5) 4 x 6R*®) (2.17)

is unchanged from the presentation of [I2]. All that has arisen from higher order integrability
of the Mb-brane is closure of the algebra on the same set of generators that were present at

first order.

2.2 Generalized holonomy of the M2-brane

The analysis of the M2-brane is similar to that of the M5-brane. The supergravity solution

takes the form

ds® = Hy " da? + Hy*dj?,

Ful/pi = EuupaiH2_1> (218)

where €,,, = £1 and H,(¥') is a harmonic function in the transverse space. Following [T2],

we introduce a set of generators

T,; = TPy, K =T3Py, Kuiji = Ui Ps™ (2.19)

fiigk

where P;f = 1(14+T®) with I'® = ¢,,,[777. In this case, the generalized connection takes

the form
Q= QK Q= 20,In H,T'® + 10T, (2.20)
where
Ol = —1H 20, Hyet,  QIF = 46,0 In Hy. (2.21)
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First order integrability yields the generalized curvature

M, =3Ruw = 0,

My=1R, = LH;[6(8,0;In Hy + 20, n Hyd; In Hy) — (91n Hy)?5;5] K.

3 nis

Ry = [~4(00,In Hy — 20, In Hy0p In Hy)dy, — (0 1n Ho)?610Y | T, (2.22)

which is similar in structure to that of the M5-brane (2I4)). The ‘missing’ generator K,y
of (Z19) is obtained by the commutation of Tij with K uk- This arises in second order inte-
grability via either D;R,; or D,R;;. The general structure of the second order integrability

expressions are as follows:

— APt . C— lagik
My = M} Ky, M, = 5M

vklm
Nz Kuklma

g

j}k + MlefZKVk7 M,uij = Myk Kuk + %M

g

M, =0, My = MUE Ky, + SMUE™ K + SMEL T, Mij, = SMI Ty, (2.23)

g g

In this case, working to second order in integrability is sufficient to guarantee closure of the

holonomy algebra. The group generated by [ZI9) was identified in [I2] to be
Holys = SO(8)4 x 12R?®:), (2.24)

It ought to be noted that the generalized connection €2,; contains complete information
about the generalized holonomy of the spacetime, as the complete set of integrability con-
ditions (ZX9) may be obtained through commutators and derivatives of ;. In this sense,
the algebra of the holonomy group can never be larger than the algebra obtained through
the generators in €2, itself. However it can certainly be smaller. This is apparent for the
M5-brane, where the I'®) generator is absent in the generalized curvature Ry (Q) and its
derivatives and also for the M2-brane, where I'® is absent. For these examples, and in fact
for all vacua considered in [I2, 7], the generators appearing in Q,; and those appearing
in Ryn(€2) are nearly identical. As a result, the generalized holonomy group may be cor-
rectly identified at first order in integrability, and the higher order conditions only serve to
complete the set of generators needed for closure of the algebra.

A different situation may arise, however, if for some reason (such as accidental symme-
tries) a greatly reduced set of generators appear in Ry (€2). In such cases, examination of
first order integrability may result in the misidentification of the actual generalized holonomy
group. What happens here is that the algebra of the curvature Ry (£2) at a single point p

forms a subalgebra of the holonomy algebra. It is then necessary to explore the curvature at
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all points ¢ connected by parallel transport to p in order to determine the actual holonomy
algebra itself. Although this never occurs for Riemannian connections, we demonstrate be-
low that this incompleteness of first order integrability does arise in the case of generalized

holonomy.

3 Higher order integrability and the squashed S’

For an example of the need to resort to higher order integrability to characterize the gen-
eralized holonomy group Hol(D), we turn to Freund-Rubin compactifications of eleven-
dimensional supergravity. With vanishing gravitino, the Freund-Rubin ansatz for the 4-form
field strength [I§]

Flpe = 3meppe, 1=0,1,2,3, (3.1)

with m constant and all other components vanishing, leads to spontaneous compactifications
of the product form AdS,; x X7. Here X7 is a compact, Einstein, Euclidean 7-manifold.

Decomposing the eleven-dimensional Dirac matrices ['y; as
=1, ®1,7%&0,), w=0,1,23, m=1,...,7, (3.2)

where v, and I';,, are four- and seven-dimensional Dirac matrices, respectively, and assuming
the usual direct-product split e(x*) @n(y™) for eleven-dimensional spinors, the Killing spinor

equation ([CI]) splits as

Due = (0u + 2w, vag +myu75) € =0, (3.3)
Dpn = (Op + 2wn™Ta — imly,) n = 0. (3.4)

Since AdS, admits the maximum number of Killing spinors (four in this case), the number N
of supersymmetries preserved in the compactification coincides with the number of Killing
spinors of the internal manifold X7, that is, with the number of solutions to the Killing
spinor equation (B). Therefore we only need to concern ourselves with the Killing spinors
on X7,

An orientation reversal of X” or, alternatively, a sign reversal of Fiy), provides another
solution to the equations of motion (23), (Z4]) and, hence, another acceptable Freund-Rubin

vacuum [B, [T9]. For definiteness, we shall call left-orientation the solution corresponding to



the choice of sign of Fy) in (B]), that leads to the Killing spinor equation (B4, and right-

orientation the solution corresponding to the opposite choice of sign of F{4):
(right) Fivpe = =3m€pps, 1=0,1,2,3, (3.5)
leading to the Killing spinor equation
(right)  Dpn = (Om + jwm™Ta + tmly) n = 0. (3.6)

From either (B4) or (BH), we see that the generalized connection D,, takes values in
the algebra spanned by {I'w, .} and therefore the generalized structure group is SO(8).
Notice, however, that both Killing spinor equations ([B4l) and (B) share the same first order
integrability condition [4} [19]

Mynn = [Dma Dn]n = ilR’mnn = lCmnn = iCmn“bFabn =0, (3’7>

4

where C,,,,% is the Weyl tensor of X7 (thus demonstrating that, in this case the generalized
curvature tensor is simply the Weyl tensor). Thus first order integrability is unable to
distinguish between left and right orientations on the sphere. Then it might be possible that
spinors 7 solving the integrability condition (B7) will only satisfy the Killing spinor equation
for one orientation, that is, satisfy (B4l but not (B8) (or the other way around). In fact, the
skew-whiffing theorem [5l, 9] for Freund-Rubin compactifications proves that this will, in
general, be the case: it states that at most one orientation can give N > 0, with the exception
of the round S7, for which both orientations give maximal supersymmetry, N = 8. Since the
preserved supersymmetry N is given by the number of singlets in the decomposition of the 8,
of SO(8) (the generalized structure group) under the generalized holonomy group Hol(D),
it is then clear that, in general, each orientation must have either a different generalized
holonomy, or the same generalized holonomy but a different decomposition of the 8;.

To illustrate this feature, consider compactifications on the squashed S [A, H]. This
choice for X7 has the topology of the sphere, but the metric is distorted away from that
of the round S7; it is instead the coset space SO(5) x SU(2)/SU(2) x SU(2) endowed with
its Einstein metric [5, B]. The compactification on the left-squashed S” preserves N = 1
supersymmetry whereas that on the right-squashed S” has N = 0; put another way, the
integrability condition (B7) has one non-trivial solution, corresponding in turn to a solution

to the Killing spinor equation (B4l (making the left-squashed S7 preserve N = 1), but not to
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a solution to (B6), which in fact has no solutions (yielding N = 0 for the right-squashed S7).
On the other hand, an analysis of the Weyl tensor of the squashed S” shows that there are
only 14 linear combinations C,,, of gamma matrices in (B1), corresponding to the generators
of Gy [, 19]. Though appealing, G, cannot be, however, the generalized holonomy since the
8, of SO(8) would decompose as 83 — 8 — 7 + 1 under SO(8) D SO(7) D G regardless of
the orientation, giving N = 1 for both left- and right-squashed solutions. We thus conclude
that in this case the first order integrability condition ([BI) is insufficient to determine the
generalized holonomy.

The resolution to this puzzle is naturally given by higher order integrability. In the case of
the squashed S, it turns out that the second order integrability condition () is sufficient.

For a general Freund-Rubin internal space X7 this condition reads [6]
Mlmnn = %[Dla Cmn]n = i (vlcmnabrab + 27;7nc’mnlara) n= 0 ) (38)

the — sign corresponding to the left solution, and the + to the right. For the squashed
S7. we find that only 21 of the My, are linearly independent combinations of the Dirac
matrices. The details are provided in the Appendix. Following the notation of [, 9], we
split the index m as m = (0,4,%), with i = 1,2,3, 7 = 4,5,6 = 1,2, 3; then, with a suitable

normalization, the linearly independent generators may be chosen to be

Coi = To; + %lerkla Cij =Ty + 1%, Cy=—T4; — %Fﬁ + %@'jéklrki - %ijr%v (3.9)

My; =Ty F 2V5imey %, M, =Ty F 2V5imly, M = 6T, £ 2/5imly, (3.10)

the — sign in front of m corresponding to the left solution and the + to the right. Notice that
there are 8 linearly independent generators in C;; of (B3), since §MC ;= Cpi +Cys + Cay = 0.
The 14 generators Co;, Cij, Cj; span G [, M9], and are the same as those obtained from
the first integrability condition (B), while the 7 additional generators M;;, M;, M were
not contained in ([B). Taken together, they generate the 21 dimensional algebra of SO(7),

regardless of the orientation, provided
m° = — (3.11)

in agreement with the Einstein equation for the squashed S7 [19].
The embedding of SO(7) into SO(8) is, however, different for each orientation. We
use SO(7)_ to denote the embedding corresponding to the left solution and SO(7). the
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right. While the spinor 7 transforms as an 8, of the generalized structure group SO(8),
the decomposition of the 8; is different under left- and right-squashing. With our Dirac
conventions, it turns out that 8; — 7 + 1 under SO(8) D SO(7)_, giving N = 1 for the
left-squashed S7, while 8; — 8 under SO(8) D SO(7)., giving N = 0 for the right-squashed
ST,

Since SO(7) is the subgroup of SO(8) that yields the correct branching rules of the 8,
of SO(8), we conclude that second order integrability is sufficient in this case to identify
all generators of the Lie algebra of Hol(D,,). Hence the generalized holonomy group of the
Freund-Rubin compactification on the squashed S7 is precisely SO(7). In this case, it is
the embedding of SO(7) in SO(8) (with corresponding spinor decomposition 8 — 7+ 1 or
8; — 8) that determines the number of preserved supersymmetries. This indicates that,
for generalized holonomy, knowledge of the holonomy group and the embedding are both
necessary in order to understand the number of preserved supersymmetries. While this was
already observed in [I2, §] for non-compact groups, here we see that this is also true when
the generalized holonomy group is compact.

The analysis of the squashed S7, along with the brane solutions of the previous section,
highlights several features of generalized holonomy. For the squashed S7, the generalized
holonomy algebra is in fact larger than that generated locally by the Weyl curvature at a
point p. In this case, the algebra arising from lowest order integrability is already closed,
but is only a subalgebra of the correct holonomy algebra. It is then mandatory to examine
the second order integrability expression ([B8) in order to identify the generalized holonomy
group. On the other hand, for the M2- and Mb-branes, lowest order integrability, while
lacking a complete set of generators, nevertheless closes on the correct holonomy algebra,
and no really new information is gained at higher order.

Of course, in all cases, complete information is contained in the generalized connection
Q) itself. However, examination of {2, directly can be misleading, as it may contain gauge
degrees of freedom, which are unphysical. This is most clearly seen in the case of the round
S7. where Q,, = wﬁff‘ ab — 2tmlI’,, is certainly non-vanishing, while the generalized curvature
Rin, given by the Weyl tensor, is completely trivial.

For generalized holonomy to be truly useful, we believe it ought to go beyond simply a
classification scheme, and must yield methods for constructing new supersymmetric back-

grounds. In much the same way that the rich structure of Riemannian holonomy teaches us
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a great deal about the geometry of Killing spinors on Riemannian manifolds, we anticipate
that the formal analysis of generalized holonomy via connections on Clifford bundles may
one day lead to a similar expansion of knowledge of supergravity structures and manifolds
with fluxes. While much remains to be done, as we have only highlighted a few examples,
we hope that a more complete understanding of higher order integrability for the curvature
of generalized connections will soon lead to a better appreciation of the geometry behind

generalized holonomy.
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A Second order integrability for the squashed S’

In this Appendix we present the details of the derivation of the linearly independent gener-
ators (B9) and (BI0) of the generalized holonomy group Hol(D,,) = SO(7) of the squashed
ST, associated to the second order integrability condition [BX]). For convenience, we rewrite

[BX) with a modified normalization
Mgy =5 (ﬁvacbcderde - m/CbcadFd) ’ (A1>

where we have defined
m' = 2v/5im, (A.2)

and have chosen the — sign in front of m’ for definiteness.
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To obtain M., we have computed both the Weyl tensor Cieq (given in [19]) and its

covariant derivative V,Ch.q.. We obtain, for the non-vanishing generators:

My; = 4Tg; — eyl —2m'T; , (A.3)
My = 4Tg; + ul™ +2m'T; | (A.4)
My; = 2e3T% +T; — T, (A.5)
My; = —eul% 4+ Ty — 303 + m'elF (A.6)
My = =305+ 30, —2m'e " (A7)
Mug; = enjl% + 20 + 6,;0"T,; + T + 2m/6y,0 (A.8)
My = —enik " + Ty + 305 — m/ehjkfl; : (A.9)
Mpij; = 0nilo; — 0nTo; + A€ T — €nij0°'Typ — €Ty, + 2m/ (0,15 — 6iL;) . (A.10)

My = 26mT0j + 6i5T0n + 0niToi + (26j100ni — Senmidis — €imlni) T — 34" T

(20,05 — 0,505 + 0 T3) (A.11)
My = 36nLy; — 30mTg; 4 3eni"Ty; — 3en; Ty 4+ 2m/ (eniiLo + 0n i — 6pLy) ,  (A12)
My, = —6T;; + 2m/ep " (A.13)
Myg; = 3T = 364;6" Ty — m/ (200,00 + €njul™) (A.14)
M = 66;"Ty 4 2m/ (05,1 — 0nil';) | (A.15)
Mi; = 36,05 — 30,00 — 30nie;ul™ — 3¢,,'T,;

+m/(—eni; Do — 200,15 + 04T — opl'y) (A.16)
Mz = 604;T0; — 684iL0; — 6" Ty, + 4m/ (8,1 — 0pl';) - (A.17)

Not all the generators included in (A3)—([ATD) are linearly independent, however. After all,
they are built up from Dirac matrices {I'gp, 'y}, that is, from generators of SO(8), so at most
28 can be linearly independent.

In fact, only 21 linearly independent generators are contained in (A3)—-([ATId), as we
will now show. Some redundant generators are straightforward to detect, since the Bianchi

identities for the Weyl tensor, V(,Cyqe = 0 and Clyeqia = 0 place the restrictions
M[abc] =0. (Alg)

Further manipulations show that only the generators ([AT1l) and ([A.16) are relevant, the

rest being linear combinations of them. The generators (AA), (A4), (A9), (AT3), (ATH)
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and (A1) are obtained from ([(ATTl):

Myy; = éékl(Mklj’ + M+ M) (A.19)

0ij éE[Z\kl(‘lem M i) — 2 0" My (A.20)
M,y; = _%E[i\kl(Mkb 4M|J P — %EijkélmMzmk ) (A.21)
M;y, = _E[i\kl(Mk\j]i - M|j}ki) ’ (A.22)
Min'j = sz‘i} - Mijfz ) (A-23)
Mﬁij = é(Mmg Mh]z + M Mjh%) - %5kl(5hiMkl§ - 5thkl%) ) (A-24)

while (A3), (AH), (A1), (AF), (AI0), (AT2) and [ATI4) are linear combinations of ([(AIG):

Moo; = 15kl( kjl Mj‘ki) ) (A-25)
Moy = —gen" (My; +3Myq) + 56" (M, + 3Mjy) (A.26)
Moﬁ; = thl(Mléli + QMA‘klA) - €jkl(MicziL + Qthi) ) (A.27)
Muo; = —gen™ (2My; +5M;,5) + ge," My (A.28)
Mhij = %5“ (5hi(Micl] 2M]kl) 5hj(M1%li - 2M%ki))

+§(Mm5 - Mﬁﬁ) + szﬁ - Mj’z’f} 3€h Ew (Mg, + 4AM ) (A.29)
Mz = My; — My (A.30)
Mﬁoj = kl(Mkz] + Mj‘ki) - EjklMﬁki ) (A.31)

Moreover, both [AT1]) and (A-16) contain redundant generators. The following combi-
nations obtained from ((ATTl):

Cij = _ie[ilkl(Mkmi = 9M j14) — 556630 My (A.33)
M;; = IMJOZ = %E[ﬂkl(Mk\j]i - M|j}ki) (A.34)

(the expressions of which in terms of Dirac matrices are the first two equations in (B3)

and the first equation in (BI0), respectively) are linearly independent. Thus ([ATTl) [and so

(Ad), (AG), (A3), (AI3), (ATIH) and (AID)] can be uniquely written in terms of them:

M,

hi§ 25hiC0j + 5ijC0h + 5hjCOi + <2€jkl5hi - %Ehkldij - %eikléhj)ckl

—35hi€jk1Mkl — 3€hikMkj . (A35)
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Similarly, the following combinations contained in (A T6):

5= 5" Mg — 56" (M + M) | (A.36)
M = 56" (Mg — 2Myy) (A.37)
M = —§ M, (A.38)

(which can be written in terms of Dirac matrices as in the final equation of () and the last

two equations of (BI0), respectively) are linearly independent. Hence ([A16) [and so (A3),

(A5, (A1), (AY), (AI10), (A1) and (AI4)] can be uniquely written in terms of them:

M;,; 60ni€;"'Coi — 265*(Cyj, — 2C11)

—|—6(5th,' + 35ihMj — 35,’th — EhijM . (A39)

In summary, the linearly independent generators associated to the second order integra-
bility condition (B8) are the 21 linearly independent generators (B9) and (BI0), namely

{Cois Cij, Ci5, My, M, M} (notice that C;; contains 8 generators, since it is traceless), which

close into an algebra whenever m? takes the value required by the equations of motion,

m? = 2%. Since the only condition for the generators to close the algebra is placed on m?,

they will close regardless of the orientation (i.e., of the sign of m). In fact, they generate
the 21-dimensional algebra of SO(7), for both orientations.
Note that, by further choosing linear combinations of (B4), the 14 generators {Cy;, Ci;,

Cl.j} of G, may be re-expressed in symmetric form

Fli _F22> Fli _F33>
Foi + Fj,;, Fo% + F;k, (i,j, k= 123,231, 312)
Loi + Fﬁg, Toi — ij, (z’,j, k = 123,231, 312). (A.40)

The 7 additional generators {M;;, M;, M} of (BI0) extending ([A40) to SO(7) may also be

simplified in appropriate linear combinations. One possible set of generators is given by:

I, +ily,
FO% + ZF,,
D Fils (i k = 123,231,312). (A.41)
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