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Chapter 1

Introduction

1.1 Colossal magnetoresistance and applications

Magnetoresistance is a property of magnetic materials which is being crucial for a
rapid development of new technologies. For instance, magnetic sensors are based
on this property. A few years ago, in 1994, very large -colossal- magnetoresistance
(CMR) was reported in hole-doped manganese oxide perovskites. Other com-
pounds such as double perovskites, manganese oxide pyrochlores and europium
hexaborides, among others, have presented the same striking property. The ini-
tial interest in the potential applications of colossal magnetoresistance was soon
prompted by the complexity of the materials. Their properties have been stud-
ied for years, both theoretical and experimentally, but a complete understanding
remains elusive.

Magnetoresistance MR is defined as the change in the electrical resistance pro-
duced by the application of an external magnetic field. It is usually given as a
percentage. It is

MR = 100 × ρ(H) − ρ(H = 0)

ρ(H = 0)
, (1.1)

where ρ is the resistivity. With this definition, the magnetoresistance has a max-
imum value of 100%. For these materials, the magnetoresistance is negative,
namely, the application of a magnetic field causes a dramatic decrease of the
resistivity. Some authors normalise the magnetoresistance with ρ(H) and find
values of thousands. This is the origin of the thousand-fold magnetoresistance
reported by Jin et al [1] for manganese oxide perovskites. Usually, the magnitude
of the magnetic fields necessary to get this large magnetoresistance range in the
order of several Teslas.

1
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Figure 1.1: It is known from the fifties that manganites present a correlation
between the ferromagnetic state and metallicity. Recently, in 1994, manganites
were rediscovered as they showed a very large magnetoresistance: when a mag-
netic field is applied, the peak on the resistivity moves toward higher temperatures
and dramatically decreases its height. For actual data see Fig. 1.2.

The term colossal was coined to make a distinction with the already giant mag-
netoresistance (GMR) found earlier in magnetic/non-magnetic metallic super-
lattices [2, 3]. In particular Jin et al. [1] reported maximum values of around
−100, 000% for thin films of calcium doped manganese oxide near 77K with ap-
plied magnetic fields of 6T . They also remarked that their results had a very
strong dependence on the method used to grow the films. Previously, magnetore-
sistance had been observed in other manganese oxide perovskites [4, 5] but the
values reported were not so high.

This work is mainly devoted to manganese oxides with perovskite structure (from
here on, manganites). These materials were studied in the fifties for the first time
when Jonker and van Santem [6] reported the correlation between ferromagnetism
and metallic resistivity in the hole-doped region (see Fig. 1.1). This correlation
was explained by Zener [7, 8] who proposed that ferromagnetism arises from an
indirect coupling among the manganese ion spins (core spins) via the carriers,
the so-called double-exchange model (DE). In this model, Hund’s coupling JH is
considered very large (in fact, JH → ∞). Hund’s coupling forces the spin of the
carriers to be parallel to the core spins. The minimisation of the kinetic energy
leads to ferromagnetic alignment of the core spins. DE will be explained in Sec.
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1.3. DE model [9, 10, 11] and manganites [12, 13] were studied for years until a
big explosion of interest occurred in the nineties when colossal magnetoresistance
(CMR) appeared in scene. Manganites have the formula A1−xBxMnO3 where A
is a trivalent rare earth and B is a divalent alkaline. The doping parameter x is
equal to the density of carriers. A description of these materials will be made in
the next section.

Magnetoresistance can be an intrinsic or an extrinsic property. Intrinsic magne-
toresistance is maximum close to the ferro-paramagnetic transition and appears
due to the intrinsic interactions in the materials. The general form of the mag-
netisation and the resistivity of CMR materials is sketched in Fig. 1.1. As shown
there, the magnetic transition is accompanied by a change in the behaviour of the
resistivity with temperature: the system is metallic below the magnetic critical
temperature Tc (namely, dρ/dT > 0, T being the temperature) and insulator
(activated) in the paramagnetic region (dρ/dT < 0). 1 Tc ranges from the 15
K for EuB6 to more than 500 K for double perovskites. In particular, man-
ganites cover a wide range of Tc: 100-400 K. Approaching Tc from below, the
resistivity increases dramatically -sometimes by orders of magnitude. The height
of the resistivity peak greatly diminishes when an external magnetic field is ap-
plied leading to CMR. There is a scaling relation between magnetoresistance and
magnetisation which holds close to Tc where the magnetisation is small

∆ρ

ρ
= C

(
m

ms

)2

(1.2)

where C is the scaling constant, m is the magnetisation and ms is the satura-
tion magnetisation. For manganites, experimental values for C are in the range
0.5 − 5 (see, for instance, Urushibara et al [14]) while it can be as large as 15
for pyrochlores [15] and 75 for europium hexaborides [16]. The relation was first
calculated by Kubo and Ohata [11] using the Drude formula with the quasipar-
ticle lifetime estimated from the thermal spin fluctuations. Furukawa [17] used
dynamical mean field theory techniques to explain the dependence of C on the
density of carriers n reported by Urushibara et al. More recently, Majumdar and
Littlewood [18] studied this relation for low-density ferromagnets. They found
that C is proportional to n−2/3 and showed that the relation is fulfilled by a large
variety of systems (manganese pyrochlores and magnetically doped semiconduc-
tors) with the remarkable exception of manganites. 2 This relation was estimated
by taking into account just the magnetic fluctuations occurring near the magnetic

1Some of these materials do not present the metal insulator transition but are metals in all
the range of temperatures. Some examples will be shown below. In these cases the magnetore-
sistance is not so spectacular.

2More recently, europium hexaboride EuB6, which is also a low carrier density ferromagnetic
semimetal, has appeared not to fulfil the prediction by Majumdar and Littlewood. Süllow et al

[16] claim that this is because it is not the suppression of magnetic fluctuations but the overlap
of polarons which is driving CMR in this system.
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transition and within the Born approximation. The negative conclusion for man-
ganites is a further evidence of the interactions, other than magnetic, which are
driving the metal-insulator transition in these materials as will be shown below.

Magnetoresistance can also be caused by extrinsic properties. It arises in poly-
crystalline samples and artificially created barriers. In these cases, low magnetic
fields (∼ 100 Oe ) can produce a decrease of the resistance in a wide range of
temperatures below Tc. Some figures illustrating this are shown in Chapter 4
where magnetism and transport in a surface are studied. Low field magnetore-
sistance arises due to the barriers that interfaces produce to transport through
them [20, 21]. In particular, the clue is in the spin-dependent transport. All the
materials showing large extrinsic magnetoresistance are strongly spin polarised.
This means that their carriers are mainly of up or down character. The spin
polarisation is defined as P = (n↑ − n↓)/(n↑ + n↓), n↑,↓ where n↑,↓ are the densi-
ties of up and down spin carriers at the Fermi energy. If P = 1 the carriers are
fully polarised. This is the case of manganites [22], double perovskites [23] and
chromium dioxide [24]. These materials are called half-metals because they are
metallic for one spin orientation of the carriers while insulator for the other. In
Fig. 1.3 the band structure for a partially polarised system (Ni) and a half-metal
(manganite) are shown for comparison. In the latter, the majority and minority
spin bands are very well separated and the Fermi energy lies within the lowest
one. This picture is valid for low T because as T increases, magnetisation de-
creases and the minority spin band has some weight at the Fermi energy. This
will be calculated in Chapter 5. Tunnel junctions are designed to take advantage
of this property. Tunnel junctions are composed of two ferromagnetic metals sep-
arated by a very thin insulator layer (Fig. 1.4). One of the ferromagnetic layers
have a fix magnetic orientation while the other can be changed with an external
magnetic field. There are two possible configurations: the antiparallel and the
parallel. The carriers can only tunnel from one side to the other in the parallel
configuration. Tunneling is prohibited in the antiparallel configuration because
the minority band is unreachable. This is a spin valve which can be used as a
logic gate with two positions: 0 and 1. In general, tunneling magnetoresistance
TMR is defined as

TMR =
RAP − RP

RAP
(1.3)

where RAP andRP are the resistivity through the insulator barrier for anti-parallel
and parallel magnetisations of the two ferromagnets respectively. Jullière [25]
formulated a model for spin tunneling only based on the effective spin polarisation
at the Fermi energy. In terms of the spin polarisation the expression for the TMR
is

TMR =
2P 2

1 + P 2
. (1.4)

Tunnel junctions are being studied nowadays using manganites as the ferromag-
netic layers (see, for instance, [26, 27, 28, 29, 30]).
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Figure 1.2: Magnetisation, resistivity and magnetoresistance for different applied
magnetic fields in a La0.75Ca0.25MnO3. Reproduced from Schiffer et al [19]. The
large magnetoresistance at low T is explained as produced by intergrain effects in
the polycrystalline samples (see Chap. 4). The inset of the middle panel shows
a fit of the low T resistivity (T < 150K) by ρ(T ) = ρo + ρ2.5T

2.5 (solid line) and
by ρ(T ) = ρo + ρ4.5T

4.5 (dashed line). The behaviour of the resistivity at low T
will be largely explained in Chapter 5.
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Figure 1.3: Schematic representation of the density of states for a ferromagnetic
metal (Ni) and half-metallic material (La2/3Sr1/3MnO3). The main property that
makes manganites so interesting for applications is the fact that majority and
minority spins are well separated in energy. Therefore, only one spin-channel
conducts, namely, manganites are half metallic. Reproduced from Hwang et al
[21].

(a) (b)

Figure 1.4: This is the scheme for a spin valve. The outside layers are ferromag-
nets while the thin layer in between is an insulator. In the case of spin polarisation
P = 1, the antiparallel configuration (a) resistivity is high (if spin flip scattering
is not happening in the interfaces) because there are not available up states in the
layer of the right to be occupied by the up states on the left. In (b) the parallel
configuration is shown.
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i iin out

Figure 1.5: A schematic representation of a read head that passes over recording
media containing magnetised regions. The read head consists of a soft magnetic
material with large magnetoresistance properties which easily responds to the
fields that emanate from the media by rotating upwards or downwards. Conse-
quently, there is a change in the resistance that can be sensed by the current i.
Reproduced from Prinz [3].

Read heads for magnetic recording devices are one of the most straightforward
applications of the magnetoresistance. One of such devices is sketched in Fig.
1.5. A material with a large magnetoresistance is a very good magnetic sensor.
The magnetic fields emanating from the magnetic media change the magnetisa-
tion of the read head and its resistivity changes correspondingly. The larger the
magnetoresistance, the smaller the change in magnetisation that is required for
the transport through the read head to change sensitively. GMR multilayer struc-
tures have already enabled the construction of better “read” heads for magnetic
hard disk drives [31] which have allowed storage densities to be increased. The
storage density before GMR (ie. 1996) was 1 Gigabyte per inch squared (Gb/in2).
In the year 2000 the density achieved thanks to GMR was 20 Gb/in2. CMR, as
direct inheritor of GMR, could further improve these numbers.

All these applications are included in what is being called spintronics, the new
approach to electronics which makes use of the spin of the carriers rather than of
(or as well as) their charge (see, for instance, Refs. [3, 32]). One of the applications
which is being pursued is the implementation of “non-volatile” random access
memories RAM. In the existing semiconductor technology a power failure wipes
out the RAM because transistors need an applied voltage to work. A logic gate
as the one explained above would not spend so much energy and would not lose
the information when switched off. Moreover, the response time for such devices
could be as small as nanoseconds.

Two tendencies can be outlined within spintronics. One is the improvement of
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the properties of materials with a very large magnetoresistance and intrinsic spin
polarisation at temperatures higher than room temperature. For instance, double
perovskites have very large magnetic critical temperature (Tc > 500K has been
achieved). The other is trying to build over the existing semiconductor technology
(see Refs. [33, 34]). Their main difficulty now is the lack of efficient means of
injecting spin-polarised charge.3 These fields are on their early stages but positive
results are expected in the next few years.

However, manganites are finding some difficulties in their way to technological
applications. Single-crystalline samples and epitaxial thin films show intrinsic
CMR only close to Tc. The larger the Tc, the smaller the magnetoresistance.
Therefore, an improvement of magnetoresistance leads to a decrease of Tc below
room temperature.4 Moreover, magnetic fields of several Tesla are required to get
CMR. Extrinsic CMR in polycrystalline samples does not need large magnetic
fields and extend in a wide range of temperatures below Tc. Hence, an increase
of Tc is desirable. In this sense, double perovskites could be a good alternative
to manganites because of their high Tc (> 500K). Moreover, manganites are
bad metals (the residual resistivity of a single crystalline sample is ρo ∼ 30 −
100µΩ cm while for other metals it is ∼ 1µΩ cm [39]). The improvement of
tunneling magnetoresistance is another possibility but, as far as I know, spin
polarisation decreases much faster than magnetisation and leads to insignificant
TMR at room temperature (for a further discussion about this, see Chapter 4).

Technological applications aside, CMR systems and manganites in particular have
shown a very complex framework which still remains to be understood. In the
following, a description of manganites and other CMR systems will be made.
Moreover, double exchange model will be introduced as well as its relevance and
limitations. Some interesting reviews are in Refs. [20, 40, 41, 42, 43].

1.2 Manganese oxide perovskites: description

The general formula of manganese perovskites is A1−xBxMnO3 where A is typ-
ically a trivalent rare earth or Bi3+ while B is a divalent alkaline or Pb2+. In
general, A and B can also be compounds of two different cations, for instance
(La1−yPry)1−xCaxMnO3. The most studied systems are La1−xCaxMnO3 and

3Some of the latest achievements are the electrical-field control of ferromagnetism in magnetic
semiconductors [35], electrical spin injection in a semiconductor using a p-type ferromagnetic
semiconductor as the spin polariser [36] and the observation of ferromagnetism in cobalt-doped
anatase thin films with a critical temperature above 400 kelvin [37]. The spin injection with fer-
romagnetic metallic contacts still remains elusive and only efficiencies of 1% have been reported
[38].

4This strong correlation between the magnitude of the magnetoresistance and Tc is not
found in pyrochlores but, anyway, their Tc is low by itself (vide infra).
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La1−xSrxMnO3. The oxygen has a full outer shell (2p) being in a O2− state.
Mn present two oxidation states Mn4+ and Mn3+, namely, this is a mixed valency
compound: A3+

1−xB
2+
x Mn3+

1−xMn4+
x O2−

3 . In order to get charge neutrality, the ratio
Mn3+/Mn4+ is equal to the ratio A3+/B2+. The extreme compounds x = 0 and
x = 1 are not mixed valent. Therefore, doping with atom B is equivalent to
change the valence of the Mn ions from +3 to +4.

Mn ions have an incomplete d-shell (Mn: [Ar]3d54s2). According to Hund’s rule,
in order to minimise the energy, all the unpaired electrons in the outer d-shell
have their spins parallel to one another. Thus, only the five d-levels corresponding
to the majority spin are accessible. Hund’s rule is implied by two interactions:
Coulomb repulsion makes electrons to be in a different d-orbital each; Hund’s
coupling oblige the electrons spins to be parallel. In isolated atoms, the five
d-orbitals are degenerate but they split in three t2g (dxy, dyz and dzx) and two
eg (for instance, dx2−y2 and d3z2−r2) levels as seen in Fig. 1.6, due to the cubic
symmetry in which manganites crystallise. t2g orbitals are lower in energy than
eg orbitals because the latter are aligned with the p-oxygen levels leading to a
larger Coulomb repulsion than in other directions. Mn4+ has three electrons in
the outer d-shell that can be considered as localised in the three t2g levels giving
a total spin S = 3/2 (core spin). The two eg levels remain empty. On the other
hand, Mn3+ has an extra electron that fills one of the eg levels (S = 2). eg levels
are the active ones for conductivity. These levels hybridise with oxygen p-levels
[44] constituting the conduction band whose bandwidth depends on the overlap
of the eg orbitals of the Mn and the p-levels of the oxygen. The minority (anti-
parallel) spin levels are very high in energy. This implies that only majority spins
can conduct. For this reason, manganites are called half-metals (Fig. 1.3).

The concentration of holes in the eg band is x. For x < 0.5 carriers are holes while
for x > 0.5 the carriers are electrons with concentration 1 − x, as determined by
Hall measurements and thermoelectric power. In fact, Hall effect gives a density
of carriers much larger than x [45, 46, 47]. The reason for this disagreement is
likely to be in the way used to calculate the density of carriers from the ordinary
Hall effect parameter. The well-known relation RH = −1/nec is valid for a free-
electron model which is not the best approximation for manganites. Moreover, as
will be shown in Chapter 6, the Hall effect shows a strong anomalous component
which is quite difficult to separate from the ordinary part.

There is an anti-ferromagnetic superexchange coupling among t2g levels of near-
est neighbour ions. 5 Superexchange is mediated by the non-magnetic ion (oxy-

5On the other hand, there is a ferromagnetic superexchange coupling among eg levels in
the insulating manganites whose magnitude depends on the particular occupied (unoccupied)
orbitals. Millis in [48] develops a way to calculate the sign of the magnetic exchange coupling
between two particular Mn ions: parametrising the occupied eg orbital with a parameter θ as
|Ψi(θi)〉 = cos θi|d3z2

−r2〉+ sin θi|dy2
−x2〉 The expression for the magnetic coupling depends on
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Figure 1.6: The outer shell of the Mn ions is 3d. The five d levels are split in eg

(two degenerate levels, dx2−y2 and d3z2−r2) and t2g (three degenerate levels, dxy,
dyz and dzx) due to the cubic crystal field. This splitting has been estimated
to be around 1eV [49, 50]. Jahn-Teller (JT) distortions (see Fig. 1.9) act on
Mn3+ leading to a further splitting. The two eg levels are then separated in
energy around 0.25eV . The t2g levels are also split due to JT distortions but this
has not any relevance for the system as the electrons living there are completely
localised. Only the majority spins levels are shown. The minority spins level are
much higher in energy (due to Hund’s coupling which can be several eV ).

gen). Moreover, the hopping of the carriers from one Mn to another leads to an
indirect ferromagnetic exchange interaction between the localised spins (double-
exchange). Hence, if the carriers were localised, superexchange would dominate.

Manganites are three-dimensional perovskites. The perovskite structure consists
on a lattice of oxygen octahedra with a Mn ion in their centre as seen in Fig.
1.8. Therefore, there is an oxygen between every two manganese. A/B cations
are placed in between the octahedra. Also, double layered and single layered per-
ovskites have been synthesised. These are special cases of the Ruddlesden-Popper
series 6 (A1−xBx)n+1MnnO3n+1. Three-dimensional perovskites correspond to
n = ∞, double layered to n = 2 and single layered to n = 1.7 Properties

whether the eg orbitals are occupied or not. The superindexes e (electron) means occupied and
h (hole) unoccupied:
Jee

a (θ1, θ2) = JAF − Jee
F

[
sin2(θ1 + ψa) cos2(θ2 + ψa) + cos2(θ1 + ψa) sin2(θ2 + ψa)

]
,

Jeh
a (θ1) = JAF − Jeh

F cos2(θ1 + ψa),
Jhh

a = JAF ,
where the subindexes a = x, y, z and ψx = −π/3, ψy = π/3, and ψz = 0. JAF is the anti-
ferromagnetic coupling between the t2g levels and Jee

F and Jeh
F are the ferromagnetic couplings

between two eg orbitals. These expressions give the right relation between orbital ordering
and magnetic correlations found in the parent compound LaMnO3 and in the charge ordered
La0.5Ca0.5MnO3 (see below).

6This series consist on inserting a rock-salt-type block layer ((A,B)2O2) every nMnO2 sheets.
7High-Tc cuprates superconductors also belong to the Ruddlesden-Popper series with n = 1.
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A−type G−type

Figure 1.7: On the left I show the kind of anti-ferromagnetism that the parent
compound AMn3+O3 presents (A-type). It corresponds to ferromagnetic ordering
in the xy plane and antiferromagnetic along the z-direction. On the right the same
for BMn4+O3(G-type).

are strongly affected by dimensionality. For instance, as shown by Moritomo
et al [51], the tridimensional La1−xSrxMnO3 does not present a metal to insu-
lator transition being metallic even above Tc. The single layered version of it,
La1−xSr1+xMnO4, is neither metallic nor ferromagnetic while the double layered
La2(1−x)Sr1+2xMn2O7 shows an intermediate behaviour: it presents a metal to
insulator transition.

In Fig. 1.8, perovskites are presented as a cubic structure but they are actually
distorted. A simple inspection is enough to discover sources for distortion. Firstly,
ionic size mismatch: cations A and B can have very different sizes producing
tilting and twisting of the oxygen octahedra [52, 53, 54]. This distortion can be
estimated by the so-called tolerance factor Γ = rMn+rO√

2(rA/B+rO)
where r stands for the

sizes of the different ions in the system. Γ = 1 for a cubic lattice and decreases
as the difference in size between A and B increases. Tilting of the octahedra can
be measured with the distortion of the Mn-O-Mn bond angle Θ. Θ = 180o for
cubic symmetry. For particular compositions Θ can range from 150o to 180o. This
distortion affects the conduction band which appears as hibridisation of the p-level
of the oxygen and the eg levels of the Mn. The orbitals overlap decreases with the
distortion and the relation between the bandwidth W and Θ has been estimated
as W ∼ cos2 Θ [55]. Also, the residual resistivity value ρ0 increases by orders of
magnitude when the bond-angle decreases. Bandwidth is closely related to the
magnitude of the critical temperature Tc which could be increased by chemical
pressure, namely, by choosing the right cations A and B (or, equivalently, by
the application of external pressure). Two parameters are important here, the
mean value of the cation sizes 〈rA/B〉 and its variance σ2 = 〈r2

A/B〉 − 〈rA/B〉2
(see Rodŕıguez-Mart́ınez and Attfield [53] and references therein). The main
result is that a decrease of the cation disorder implies an increase of the critical
temperature. In the ideal case σ2 = 0, a Tc as large as 520 K could be achieved.

Another source of disorder to be taken into account is the larger size of Mn3+



12 Chapter 1. Introduction

(∼ 0.72) respect to Mn4+ (∼ 0.5). This leads to a breathing distortion mode
(Fig. 1.9) and, consequently, to a distribution of larger and smaller octahedra.
Moreover, octahedra are also deformed due to Jahn-Teller distortions. Jahn-Teller
theorem states that a system having a degenerate ground state will spontaneously
deform to lower its symmetry unless the degeneracy is simply a spin degeneracy
[56]. This theorem applies to Mn3+ breaking the degeneracy of the two eg levels
as shown in Fig. 1.6. All these octahedra deformations imply local changes in the
Mn-Mn distances and are associated to the splitting of the eg levels when Mn3+ is
involved. Which of the two eg levels lowers its energy respect to the other depends
directly on the deformation. For instance, a Q3 mode favours the occupancy of an
orbital elongated on the z-direction (d3z2−r2). The interaction between the Jahn-
Teller distortion modes and orbitals is called cooperative Jahn-Teller. Therefore,
the carrier travels in the system with an associated lattice distortion, namely,
they form lattice polarons.

Lattice distortions of the octahedra can be static or dynamic. When the carriers
have a certain mobility, the distribution of Mn3+ and Mn4+ ions is random and
changes with time. Therefore, electron-phonon coupling arises and, in fact, Millis
et al [57] and Röder et al [58] claimed that it is necessary to take account of the
lattice vibrations to explain the change in curvature of the resistivity close to Tc.
Moreover, due to large Hund’s coupling, magnetic polarons can also be formed
[59]. The localisation of the carriers in lattice and/or magnetic polarons can
explain the activated behaviour of the resistivity for T > Tc. When the bandwidth
is narrow, the localisation induced by lattice deformations is much relevant and
lead to charge ordering and stripes (and, obviously, to orbital ordering). This is
what I mean by static effects of Jahn-Teller distortions.

As a test of all this, it is well known that manganese perovskites present structural
phase transitions for small values of x. The structure is rhombohedral at high
temperature and orthorombic with a (

√
2ao,

√
2ao, 2ao) superestructure of the

elementary cubic perovskite cell at low temperature. The critical temperature of
this transition is ∼ 700K for x = 0 and decreases to 0 for x = 0.2. Asamitsu et
al [60] showed that this transition can be externally controlled by application of
a magnetic field implying a large spin-lattice coupling.

Let us have a look now at the näıve phase diagram (Fig. 1.10) as a function of x.
For x = 0, there are only Mn3+ ions in the system, hence the conduction band is
full and the system is an insulator. Correspondingly, the ground state at low tem-
peratures is anti-ferromagnetic, in particular, it has A-type anti-ferromagnetism
(Fig. 1.7). In fact, every Mn ion in the system suffers a static Jahn-Teller dis-
tortion and an ascribed orbital ordering in such a way that ferromagnetic planes
antiferromagnetically coupled arise. For x = 1, only Mn4+ is possible and the
conduction band is empty. Once again we have an anti-ferromagnet (G-type).8

8For an early and quite complete list of all the possible magnetic orderings appearing in
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ao

Mn
O
A,B

Figure 1.8: Manganites cubic crystalline structure. The octahedra are formed
by six oxygens on the vertices and a manganese in their centre. The octahedra
are slightly tilted due to the different sizes of A and B cations. ao is the lattice
parameter. It depends on the exact composition of the manganites being always
around 4.

But this time there are no Jahn-Teller distortions at all and the antiferromagnetic
superexchange among t2g levels domains the magnetic ground state. For interme-
diate values of x, Mn3+ and Mn4+ are present and metallic behaviour is possible.
This is correlated with a ferromagnetic state because the carriers carry their spin
without change as they move from atom to atom and Hund’s rule makes very
expensive for a carrier to move between atoms with different core spins orienta-
tion. 9 We will see below that the actual phase diagram is, by far, much more
complex. But previously, I must introduce the double exchange model.

1.3 Double-exchange model (DE)

As I pointed out above, the correlation between ferromagnetism and metallic
conductivity in manganites was ascribed by Zener [8] to an indirect coupling

manganites as a function of x see Wollan and Koehler [12].
9Hence, there is a large spin-charge coupling. This is the idea of double-exchange model, see

Sec. 1.3
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Figure 1.9: Q2 and Q3 are the two Jahn-Teller modes of distortion of the oxygen
octahedra associated to the splitting of the eg levels of Mn3+ [61] . These partic-
ular cases correspond to Q2 > 0 and Q3 > 0. Q1 is the breathing distortion that
occurs due to the different sizes of Mn4+ and Mn3+.
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Figure 1.10: This is just the näıve phase diagram picture where only the effect of
mixed valency has been taken into account. Actual diagrams are much richer in
phases (see Fig. 1.12).



1.3. Double-exchange model (DE) 15

S1 2

Mn4+ Mn3+O 2−

S s

Figure 1.11: Semi-classical model for double exchange as seen by Anderson and
Hasewaga [9]. Spins S are considered large so they are assigned a definite direction
in space, namely, they are treated as three dimensional vectors.

of the incomplete d-shells of the Mn via the carriers. Apart from this indirect
coupling there is superexchange between neighbouring t2g of antiferromagnetic
character.10

Electrical conductivity is possible due to the mixed valency of the manganese ions.
Zener [8] proposed a theory to explain this. He visualised the electron transfer
from one Mn ion to an adjacent Mn ion as the transfer of an electron from one
Mn to the oxygen which is in the middle simultaneously with the transfer of
an electron from the central oxygen to the other Mn ion. As two simultaneous
processes are involved this model was called double exchange. There are then two
states

ψ1 : Mn3+O2−Mn4+

ψ2 : Mn4+O2−Mn3+ (1.5)

which are degenerate in energy. A necessary condition for this degeneracy (and,
hence, metallic conductivity) is that the spins of their respective d-shells point
in the same direction because the carrier spin does not change in the hopping
process and Hund’s coupling punishes anti-alignment of unpaired electrons. The
parallel coupling is of the order of magnitude of the hopping.

These ideas were formalised by Anderson and Hasewaga [9]. They calculated

the interaction for a pair of Mn ions with general spin ~S (Fig. 1.11), transfer
integral t, and internal exchange integral (Hund’s coupling) JH . In a semi-classical

10As an example, the antiferromagnetic superexchange interaction dominates in a different
Mn compound which is non-conducting: MnFl2.
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treatment, the electron, when transferred to a neighbouring Mn ion, goes into
the parallel state (in Fig. 1.11 this implies that ~s has to be projected into ~S2

direction). For JH >> t, which is manganites’ case, they showed that E ∼
tcos θ

2
being θ the relative angle between ~S1 and ~S2. This expression can be

straightforwardly generalised to more than two ions leading to the Hamiltonian

H = t
∑

ij

cos
θij

2
d+

i dj (1.6)

where i and j are first neighbour ion spins. Equivalently, 11

H = −t
∑

i6=j

1

S

√
S2 + ~Si

~Sj

2
d+

i dj . (1.7)

d+
i (di) creates (annihilates) an electron at the position i with spin parallel to ~Si.

One of their main conclusions was that this indirect way of coupling is fundamen-
tally different from superexchange [13]. Both superexchange and double-exchange
are indirect couplings but the mechanism of interaction is different. In both, a
non-magnetic ion mediates the interaction. In the former, the interaction is me-
diated by the non-magnetic ion (oxygen in this case) by virtual hopping processes
while in the latter is the conduction of carriers which produces the interaction.
As said above, in the double exchange model, the system is degenerated due to
the presence of Mn ions of two different valences. But in superexchange only
excited states are degenerated.

Goodenough [13], and Wollan and Koehler [12] made early studies of manganites,
their structure and magnetic interactions. de Gennes [10], and Kubo and Ohata
[11] studied the DE model. All these works configured our knowledge about
manganese oxide perovskites when CMR was discovered.

More recently, Müller-Hartmann and Dagotto [62] remarked the importance of
taking into account the phases acquired by an electron when moving in closed
loops (Berry’s phase 12). They considered the limit JH → ∞ 13 of the Kondo-like

11cos θ
2 =

√
1+cos θ

2
12In Chapter 6 the influence of this phase in the anomalous Hall effect will be shown
13This corresponds to the limit JH >> t. The inverse limit JH << t leads to the RKKY

interaction (Ruderman-Kittel-Kasuya-Yosida) which has the form [63]:

∼ J2
H

k2

r2

(
cos kr

2kr
− sin kr

2kr

)

Hence, this interaction mediated by the carriers oscillates in sign with the distance from a
magnetic impurity but is always ferromagnetic for small values of kr (for instance, for low con-
centration of conduction electrons). Moreover, its average value corresponds to ferromagnetic
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Hamiltonian: 14

H = −t
∑

〈i,j〉σ
C+

i,σCj,σ − JH

∑

i

~σi
~Si (1.8)

where C+
i,σ ( Ci,σ) creates (annihilates) an electron at position i with spin σ =↑, ↓

and ~σi is the electron spin operator C+
i,σ~σσ,σ′Ci,σ′. σx, σy, σz are the Pauli matrices.

Then the spin 1/2 of the carriers are rotated in each site such that their spin
quantization axis is parallel to the core spin in that site. Only the spin up
component matters. Hence, the Ci,σ basis is substituted by another one di:

Ci,σ = diziα, ziα =

(
cos θi

2

sin θi

2
eiφi

)
(1.9)

being θ and φ the polar angles describing the direction of ~Si. Then, the Hamil-
tonian Eq. 1.8 can be rewritten:

H = −
∑

〈ij〉
tijd

+
i dj (1.10)

where

tij = t

(
cos

θi

2
cos

θj

2
+ sin

θi

2
sin

θj

2
ei(φi−φj)

)
(1.11)

The double-exchange hopping Eq. 1.6 is recovered from 1.11 by taking the ab-
solute value. 15 In the following these two models (Eqs. 1.6, 1.11) will be called
double-exchange. A distinction will be made when relevant.

In the previous equations I have implicitely assumed an isotropic hopping t. This
is a good approach when a large Jahn-Teller distortion splits the two eg levels
in such a way that only one conducts. Sometimes these two levels have to be
considered because they are degenerate or their difference in energy cannot be
considered large so t becomes dependent on the direction and the particular d-
orbitals implied. I will consider the two orbitals in Chapter 4 and the anisotropic
hopping will be introduced.

coupling. This interaction works for dilute magnetic alloys like CuMn, rare-earth metals and
their intermetallic compounds and diluted magnetic semiconductors.

14In the context of rare earth magnetic semiconductors, this Hamiltonian is also called s-d or
s-f Hamiltonian as referring to the interaction of the d or f electrons (localised spins) with the
conduction (or s) electrons.

15A discussion about the relevance of the phase in 1.11 is made in Chapter 2.
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Figure 1.12: Phase diagram for La1−xCaxMnO3 reproduced from [64]. FM: fer-
romagnetic metal, FI: ferromagnetic insulator, AF: antiferromagnetism, CAF:
Canted AF, and CO: charge/orbital ordering.

1.4 Inhomogeneities, charge and orbital order-

ing in manganites

DE accounts for the näıve phase diagram introduced in the previous section. In
Fig. 1.12 the actual phase diagram for La1−xCaxMnO3 is shown. It comprises
charge ordered and orbital ordered phases and various types of phase separa-
tion which point toward a picture where inhomogeneities dominate manganites.
Moreover, the detailed phase diagram depends greatly on the chemical compo-
sition of the sample. But all the actual phase diagrams have a common point:
the electron-hole asymmetry. As an example, note that the parent compound
LaMnO3 presents ferromagnetic layers anti-ferromagnetically coupled to neigh-
bouring layers. But CaMnO3 does not present any ferromagnetic interactions.
Moreover, CMR appears in the hole doped regime while the electron doped regime
is dominated by insulating phases.

A large number of different phases have been reported and only some cases are
shown here as examples. The most obvious example of orbital ordering is the case
of the parent compound LaMnO3. As already mentioned, its conduction band is
full, it is an insulator, and magnetism is dominated by superexchange coupling.
All the Mn ions in the system have valence +3 and hence, all the octahedra are
Jahn-Teller distorted with a Q2 mode. This results in orbitals of the type 3x2−r2

or 3y2 − r2 being occupied. The orbital configuration is drawn in Fig. 1.13 (left).
Only the xy-plane is shown. There is translational invariance in the z-direction.
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x=0 x=0.5

Figure 1.13: (left) Orbital configuration found for the parent compound LaMnO3.
The configuration is stacked in the z-direction. The plotted orbital is the occu-
pied one. This configuration is associated with a Q2-type staggered distortion,
namely, Mn-O bond lengths alternate in the xy plane. There is ferromagnetic
ordering within the xy planes due to superexchange interaction among eg levels
of neighbouring Mn ions. The A-type antiferromagnetic ordering exists below
TN = 140K but signals of orbital and charge ordering still remains above this
temperature. (right) Orbital and charge configuration found for the doped com-
pound La0.5Ca0.5MnO3. Charge and orbitals are stacked in the z-direction. Small
circles stand for Mn4+ ions. This kind of ordering corresponds to the CE-type
antiferromagnetism [13]. Ferromagnetic zig-zag chains are formed implying that
charge, orbital and magnetic ordering are closely related.

The ferromagnetic ordering within the xy-plane found in the parent compound
is consistent with the phenomenological model for the superexchange sketched
in footnote 5 as well as the antiferromagnetic interaction between layers. The
critical temperature for this magnetic transition is TN = 140K.

The half-doped compound La0.5Ca0.5MnO3 is very interesting to study because
there is an abrupt change of properties around x = 0.5. 16 The number of
Mn3+ and Mn4+ ions is equal and it is an insulator (see Fig. 1.14).17 Charge
ordering and orbital ordering has been found as shown in Fig. 1.13 (right).
Ferromagnetic zig-zag chains stacked in the z-direction appear. This kind of
magnetic ordering is known as CE-type. Charge is also stacked in the z-direction
implying that there may be some interaction closely competing with Coulomb

16On the contrary, La0.5Sr0.5MnO3 presents a metallic phase because its bandwidth is larger
leading to a more efficient DE.

17Note that the only consideration of double-exchange would lead to a ferromagnetic ground
state with maximum Tc at half-doping, contrary to the experimental evidence.
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repulsion. The critical temperature of the transition from charge-ordering to
ferromagnetism is Tco ∼ 120K. This kind of ordering has been also hypothesised
for other commensurate dopings (x = n/m where n and m are integer numbers)
with the name of stripes. In Fig. 1.14 it is also shown how the application of
an external magnetic field melts the charge-ordering into a ferromagnetic phase
leading also to colossal magnetoresistance as ρ decreases by orders of magnitude
[65]. These charge-ordering phases are particularly stable in the low bandwidth
compound Pr1−xCaxMnO3 in the broad density region 0.3 < x < 0.75.

Appart from these fine details, the remarkable thing is that there are dissimi-
lar states competing with the same free energies (for a discussion of this state-
ment, see Mathur and Littlewood [43]). The main interactions which have to
be taken into account are double-exchange, the underlying anti-ferromagnetic
superexchange interactions, Jahn-Teller and breathing distortions and their in-
teractions with the eg orbitals. In other words: spin, charge and lattice degrees
of freedom and their interactions compete on equal footing.

Remarkably, double-exchange model alone presents phase separation close to
the magnetic transition as shown in Refs. [66, 67, 68]. Also, in Ref. [69],
phase segregation due to the competition between double-exchange and the anti-
ferromagnetic superexchange coupling is found. Other groups have studied the
lattice effects in the orbital and charge ordering. Ahn and Millis [70, 71] de-
scribed the ground state found in the parent compound LaMnO3 within a model
of localised classical electrons coupled to lattice and orbital degrees of freedom.
Another group (see Yunoki et al [72] and references therein) has studied, by means
of Monte-Carlo simulations at low T , the two orbital model for manganites with
both non-cooperative and cooperative Jahn-Teller phonons, getting the charge-
ordering state as the ground state for x = 0.5. They have also studied phase
separation. Orbital degrees of freedom have been deeply studied by Khomskii
[73, 74].

1.5 Importance of double exchange model

In the light of the description of phase segregation and the importance of lat-
tice distortions the reader could wonder why we should still be interested in the
simple-looking double-exchange model. Mainly, double-exchange underlies the
complex behaviour of manganites. This model has been deeply studied and, in
certain regimes, qualitative agreement with experiments has been found. In par-
ticular, magnetic properties are better described than electric properties (there
is not a metal-insulator transition for DE). But some manganites, as hole doped
La1−xSrxMnO3, are metallic for the whole range of temperatures (Fig. 1.15). The
fact is that lattice distortions compete with the bandwidth and a large bandwidth
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Figure 1.14: Resistivity and magnetisation of a La0.5Ca0.5MnO3 sample upon cool-
ing (solid circles) and warming (open circles). The top panel shows the resistivity
at magnetic fields H from 0 to 9T in steps of 1T . The bottom panel shows the
magnetisation of the sample at H from 1T to 7T in steps of 2T .La0.5Ca0.5MnO3

presents charge-ordering at low T leading to a large resistivity and small mag-
netisation. At Tco the charge-ordering melts leading to a ferromagnet and ac-
companied by a large magnetoresistance. This transition is of first order as is
presents histeresis. At a higher T , Tc there is a transition to a paramagnetic
state. Reproduced from Roy et al [65].
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Figure 1.15: Temperature dependences of resistivity under zero mag-
netic field (solid lines and under 7T (dotted lines) for La0.7Ca0.3MnO3,
La0.67(Ca,Pb)0.33MnO3 and La0.7Sr0.3MnO3. Reproduced from Lyanda-Geller et
al [76].

(as is the case of La1−xSrxMnO3) implies a more efficient double-exchange inter-
action. In fact, Varma [75] and, more recently, Lyanda-Geller et al [76] have
pointed out that Jahn-Teller phonons are not necessary to get the metal insula-
tor transition and double exchange plus disorder, which leads to localisation, is
proposed. Moreover, double-exchange has shown a much richer phenomenology
than expected in the beginning. Phase separation close to the magnetic tran-
sition has been reported in several mean-field approach works [66, 67, 68] and,
more recently, a very rich phase diagram has been reported [69] with the only
ingredients of double-exchange and the antiferromagnetic Heisenberg coupling.

1.6 Relevant parameters

• The crystal field that splits the five d-orbitals in three t2g and two eg has
been estimated to be ∼ 1eV . It is due to Coulomb interactions. The split-
ting is large enough to allow the consideration of t2g electrons as localised.

• Hund’s coupling JH is the largest parameter in the problem. In a practical
sense it can be considered ∞ as in the double-exchange model just intro-
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duced. Reported values are JH ∼ 1.5 − 2 eV . Half-metallic character (Fig.
1.3) is an inmediate consequence of this fact.

• Bandwidth W or, equivalently, hopping parameter t = W/12. t has been
estimated to be between 0.1eV and 0.5eV [20]. The conduction band is
the result of the hibridisation of the outer oxygen p-levels and the eg levels
of the manganeses. Manganites can be classified by the value of W [42].
It gets smaller when lattice deformations become more important. As an
example, LaSr compounds have a large W while LaCa have a small one.
Large W is accompanied by large magnetic critical temperature. And a
large Tc is accompanied by a small magnetoresistance.

• Antiferromagnetic superexchange coupling JAF . As I said above, the t2g

levels of the Mn ions are antiferromagnetically coupled. This parameter is
much smaller than the hopping t (JAF = 0.01t) [77] 18 but it has appeared to
be important when studying phase separation [69] or when double-exchange
is weakened as it is for the extreme dopings x = 0 and x = 1 and surfaces
(Chapter 4).

• Jahn-Teller distortions and the electron-phonon coupling add more param-
eters to our problem but they are not taken explicitely into account in this
work. Anyway, the existence of Jahn-Teller distortions which split the de-
generacy of the eg orbitals, allows us to consider only one active orbital per
site.

1.7 Other CMR materials.

The discovery of CMR in manganites revolutionised materials science and a lot
of effort has been done (and still is) to find out other materials with a large
magnetoresistance and half-metallic character. These materials are quite different
from manganites and hence it seems difficult to get a theory that embraces all of
them.

The main examples of these materials are manganese oxide pyrochlores [15], eu-
ropium hexaborides (EuB6) [16], Cr-based chalcogenide spinels [79] and double
perovskites [23]. More recently, CrO2 [24] has appeared to be half-metallic. Dou-
ble perovskites and chromium dioxides are, apparently, double exchange systems.
For the rest of them neither double exchange nor Jahn-Teller distortions apply.
In Chapter 7, a possible interpretation for pyrochlores and EuB6 will be dis-
cussed. These two materials are low density ferromagnets. Here, the properties
of pyrochlores, europium hexaborides and double perovskites are sketched.

18Much larger values JAF = 0.1t have also been reported [78]. Anyway, it can still be
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Figure 1.16: (111) projection of the face-centered cubic pyrochlore structure. The
MnO6 octahedra are vertex-sharing. In the center of the hexagonal holes there is
an O-Tl-O chain. The structure can be viewed as two interpenetrating networks.
The Mn-O-Mn bond angle is ∼ 130o while the perovskites have a simple cubic
lattice of MnO6 octahedra and the bond angle is ∼ 180o. Reproduced from
Shimakawa et al [15].

In 1996, attention was aimed at manganese oxides pyrochlores (see Fig. 1.16)
whose parent compound is Tl2Mn2O7. This material also presents a ferromagnetic
transition at ∼ 140K. In [15] it was reported that at 135K the magnetoresistance
ratio was −86% at 7 Tesla. This is comparable to the magnetoresistance ratios
found for perovskites. As an example of experimental results, see Fig. 1.17.

These pyrochlores, although they are manganese oxides, present a great deal
of differences with manganites. To start with, carriers are electrons and their
density is quite small (∼ 0.001 − 0.005 per formula unit), as evidenced by Hall
measurements and by thermopower results that attest to a low Fermi energy [80].

Mn sites in pyrochlores are all Mn4+ (S = 3/2) so double-exchange mechanism
is ruled out (the paramagnetic moment per ion found is 3.75µB that is very close
to the nominal 3.87µB). So is Jahn-Teller distortion which is only associated to
Mn3+. This has been checked by measuring the Mn-O distance which has been
observed to be 1.90 and is near to the expected value of the sum of the ionic radii
of Mn4+ and O2−.

In pyrochlores the carriers are provided by Tl-0 covalent bonds formation [82] so
magnetism and transport originate from different atom sites.19 In fact, when the

considered small compared to hopping.
19However, it has been recently reported [83] that ferromagnetism in the pyrochlores has
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Figure 1.17: (a) Resistivity vs temperature plots at H = 0 (upper) and 9T (lower)
curves; and (B) temperature variation of the magnetoresistance at H = 9T ,
defined as MR(9T ) = 100 × [R(0) − R(9T )] /R(9T ) for Tl2−x Bix Mn2O7. The
inset shows the magnetic field dependence for Tl1.9Bi0.1Mn2O7 at four selected
temperatures. Reproduced from Alonso et al [81].
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parent compound is doped with, say, Sc, the resistivity is enhanced by orders of
magnitude20 while leaving the magnetic properties, as Tc, essentially unchanged
(reported changes are around 22%). Magnetoresistance is also strongly enhanced
[80]. As double-exchange mechanism is not supported, the ferromagnetism must
arise from superexchange among the Mn ions. Remember that in perovskites
there is a superexchange component but it is anti-ferromagnetic. The different
sign of the coupling can be due to the different Mn-O-Mn bond-angle found in
perovskites ∼ 180o and pyrochlores ∼ 130o. 21

Spin wave stiffness behaviour in pyrochlores is as found in isotropic ferromagnets:
it goes to 0 as T approaches Tc from below [85]. In contrast, perovskites stiffness
is different from 0 at T ≥ Tc [86]. Also, the magnetic correlation lenght diverges
at Tc while in the Ca-doped manganite the correlation length is short (∼ 12) and
only weakly temperature dependent.

When first reported, pyrochlores seemed a very interesting alternative to mangan-
ites because, apparently, magnetic and electric properties were not strongly inter-
dependent. Therefore, it was possible to increase the magnetoresistance without
causing a great decrease of Tc. Nowadays, a full explanation of their behaviour
remains elusive. A further discussion will be presented in Chapter 7.

Europium hexaborides also show a very large magnetoresistance (Fig. 1.18) but
they are completely different from the pyrochlores except for the low density of
carriers that both of them present. EuB6 is a ferromagnetic semimetal [88, 89]
and, consequently, the effective mass and the number of carriers are small. It
presents two magnetic transitions at Tc1 = 12.5K and Tc2 = 15K as seen in the
derivative of the resistivity with respect to temperature [87]. The resistivity has
a cusp at Tc2 = 15K. Below that it increases with temperature and above, it
decreases (activated-like) and then increases again. These striking features are
still not well understood. A spin-flip Raman scattering experiment [90] apparently
shows the existence of magnetic polarons that could be the clue to understand
these materials.

Double perovskite oxides have the form A2B’B”O6 where A is an alkaline or rare-
earth ion and the transition-metal sites are occupied alternately by different
cations B’ and B”. One example is Sr2FeMoO6 [23]. These materials are half-

two contributions: Heisenberg plus itinerant electrons. Hence, there would not be a complete
separation of the magnetism and conduction.

20The parent compound T l2Mn2O7 is conducting (ρ ∼ 10−2 Ω cm at low T) but as Tl is
substituted by Y or Sc the resistivity increases dramatically: for Tl2−xScxMn2O7, x = 0.4,
ρ ∼ 103 Ω cm [80]. When doped with Bi, Tl2−xBixMn2O7, the resistivity is even larger: for
x = 0.4, ρ ∼ 109 Ω cm [81].

21In [84] it has been reported that in Sb-substituted pyrochlores Tc is enhanced supporting
the idea of antiferromagnetic nature of the nearest neighbour interactions. Ferromagnetism
would then originate from longer range interactions.
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Further, as depicted in Fig. 5, a large negative magnetore-
sistance is observed in EuB6 near the ferromagnetic transi-
tions. The magnetoresistance of our sample is similar to that
reported in earlier studies.5,15

At high temperatures, the susceptibility x of EuB6 follows
a Curie-Weiss behavior for the three main cubic unit-cell
directions ~Fig. 6!. Fitting x above 50 K to Curie-Weiss
functions yields the effective high-temperature moments
meff , 7.9mBi@100# , 8.0mBi@110# , and 8.2mBi@111# , and Cu-
rie temperatures QC , 14 Ki@100#, 15 Ki@110#, and
14 Ki@111#. The values of meff are in good agreement with
the magnetic moment of the Eu21 ion calculated from
Hund’s rule, 7.94mB . The Curie temperatures are in accord
with the observed ferromagnetic ordering at about 15 K. Fi-
nally, no indications for ~crystalline electric field! anisotropy
among the three cube directions in the paramagnetic phase
can be found within the absolute experimental error.33

In Figs. 7~a!–7~c! we display the low-temperature suscep-
tibility along the three cubic directions. The data are cor-
rected for demagnetization effects. The sudden increase of x ,
the kink, and the subsequent saturation mark the upper fer-
romagnetic transition. From the minimum of dx/dT we find
Tc1515.2 K in 0.005 T. Expanding the saturation region of
x below Tc1 for Bi@100# and @111#, as is done in Fig. 8,
reveals for both directions the second magnetic transition,
visible as change of slope at Tc2'12 K. A similar observa-
tion is made along @110#. Below the second transition the
susceptibility is flat and featureless to the lowest measured
temperatures ~2 K! for all three directions.

Distinct magnetic anisotropy, both in absolute values and
in the field dependence of x , is present in the magnetically
ordered state ~Fig. 7!. For B→0 T, the susceptibility along
@111# in the ordered state is about 10 times larger than along
@100# or @110#. This cannot be an artifact from underestimat-
ing demagnetization effects in our experiments. In the uncor-
rected data, the susceptibility along @111# is 6 times larger
than along @100# or @110#, implying that demagnetization
corrections only increase the anisotropy between @111# and
@100#/@110#.

The anisotropy is related to the two magnetic transitions,
as can be seen from the field dependence of x for the differ-
ent crystallographic directions. A small magnetic field of
0.02 T applied along @100# or @110# hardly affects the upper
magnetic transition, while it easily suppresses Tc1, coincid-
ing in 0.02 T with Tc2, if the field is applied along @111#.
Increasing the field to 0.1 T leads to a suppression of the
absolute value of x in the ordered state along @111#, while
for Bi@100# and @110# only the broadening of the transitions
from demagnetization effects is seen ~Fig. 7!.

Another way to visualize the anisotropy of the magnetic
phases in EuB6 is by plotting the magnetization M along the
different crystallographic directions ~Fig. 9!. Again the data
are corrected for demagnetization effects. For all three direc-
tions typical ferromagnetic magnetization curves are found.
Further, anisotropy between @100# and @111# can be seen at
all temperatures and fields. The measurements along @110#

FIG. 4. The low-temperature resistivity with the magnetic tran-
sitions of EuB6 (s). The solid line indicates a fit of the data to Eq.
~1! below 10 K.

FIG. 5. The magnetoresistivity of EuB6 measured for BiIi@100#

at 15 K (s).

FIG. 6. The inverse magnetic susceptibility of EuB6, measured
in a field B50.1 T directed along the three principal directions of
the cubic unit cell: (s)i@100# , (h)i@110# , and (n)i@111# .
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Figure 1.18: Magnetoresistivity of EuB6. Reproduced from Süllow et al [87].

metallic; the density of states for the down-spin band is present at the Fermi
level whereas the up-spin band forms a gap at the Fermi level. The main char-
acteristic which makes them very interesting is their large Tc which overcomes
400K (Ca2FeReO6 has a Tc = 540K). The magnetic interaction between Fe and
Mo is of antiferromagnetic nature. Fe3+ and Mo5+ have different spin state and
hence the ground state is ferrimagnetic. Single crystals do not show a significant
magnetoresistance [91] but polycrystals do. In fact, their low field magnetoresis-
tance remains much larger than in manganite polycrystals upon heating [23, 92].
In Ref. [93] it is claimed that moderate antisite disorder of Fe and Mo sites is
at the very root of the low field magnetoresistance while in Ref. [94] a much
stronger disorder implies the disappearance of the low field response because the
half metallic character is destroyed.

To summarise, a wide range of half-metals is now in the stage. The main message
out of this is that colossal magnetoresistance is not exclusive of manganites and
that maybe there is some underlying explanation for these materials beyond the
various different interactions which characterise each of them.

1.8 Sketch of contents

In this work, we have mainly studied the properties of the double-exchange as
a model for manganites. This model has revealed not to be enough to explain
neither the insulating phases nor some of the inhomogeneities found. However, it
is unquestionable, from my point of view, that double exchange is the underlying
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interaction though it is sometimes surpassed by lattice interactions.

We first study the magnetic and transport bulk properties of manganites. In
Chapter 2 [95] Monte-Carlo techniques are used to study the magnetic phase-
diagram of double-exchange model. Calculated critical temperatures are of the
order of the observed experimentally but no signature of a metal-insulator tran-
sition is found. Emphasis is done on the relative importance of the Berry’s phase
of the hopping. Chapter 3 [96] is devoted to conductivity of the double-exchange
model. Conductivity is calculated numerically by means of Kubo formula. Only
a metallic phase is found.

In Chapter 4 [97] the modification of the properties when the system is limited
by a surface is investigated. Double exchange mechanism becomes less efficient at
the surface implying a loss of ferromagnetic ordering. Conductance through such
a surface is computed. A large suppression of conductivity is achieved considering
only our effective single model which does not take account of estructural defects
which arise between grains in a polycrystalline sample or a surface in general.

As mentioned above, the metal to insulator transition and its associated peak
on the resistivity close to the magnetic critical temperature cannot be explained
by double-exchange. Anyway, at low temperatures, it is likely that DE plays a
dominant role versus lattice degrees of freedom. In Chapter 5 [98], the resistivity
at low T caused by the peculiar spin-waves of the DE model interacting with the
intrinsic defects of the otherwise perfect cubic lattice is calculated and shown to
be able to account for experimental results.

In Chapter 6 [99], the peculiar anomalous Hall resistance reported for mangan-
ites is investigated. Non-trivial spin textures and spin-orbit interaction are the
ingredients to account for the overall shape of the anomalous Hall resistance ver-
sus temperature and its magnitude. Topological charges within DE model are
studied and compared to the previously studied Heisenberg model.

In Chapter 7 [100], we focus our attention to some kind of phase inhomogeneities
which appear in manganites but also in other ferromagnetic metals with colossal
magnetoresistance as manganese oxide pyrochlores or europium hexaborides. In
particular, we study the stability and dynamis of free magnetic polarons arising
in the paramagnetic phase of a ferromagnet. Our numerical calculations have
allowed us to have an intuitive sight of how the magnetic polarons form and evolve
in the system and, moreover, previous mean-field results have been surpassed.



Chapter 2

Monte Carlo Simulations for the
Magnetic Phase Diagram of the
Double Exchange Hamiltonian

2.1 Introduction

Soon after the discovery of the colossal magnetoresistance on manganites a dis-
cussion was opened about the suitability of double-exchange model to explain
the striking properties of these materials. Millis et al. [57] claimed that it was
actually not even enough to estimate the right order of the critical temperature
(their mean-field estimation led a result of Tc ∼ 1000K). Furthermore, they found
that the resistivity implied by double-exchange could not reproduce the magni-
tude and the behaviour within an applied magnetic field. Hence, they proposed
that in addition to DE mechanism a strong electron-phonon interaction plays a
crucial role in these perovskites. The interplay between these two effects could
reproduce the experimental critical temperature and the observed behaviour of
the resistivity at the magnetic transition temperature. 1 On the other hand,
Müller and Dagotto [62] pointed out that the consideration of the Berry’s phase
in the hopping amplitude (Eq. 1.11) was relevant to get a good estimation for the
critical temperature which, otherwise, would be overestimated. The existence of
the Berry’s phase could lead to interference and localisation. This phase would
be important for fermions moving in close loops.

By using classical Monte-Carlo simulations we want to determine how good the
double-exchange model is to account for the ferro-paramagnetic transition in man-

1In particular, Röder et al [58] showed, within a variational approach, that the inclusion
of electron-phonon coupling leads to lower magnetic critical temperatures. Millis et al [101]
arrived to similar conclusions within a dynamical mean field approximation.

29
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ganites. In other words, the magnetic critical temperature Tc is to be estimated.
Importantly, Monte-Carlo simulations allows the inclusion of thermal fluctuations.
Our interest is twofold: first, the relevance of the Berry’s phase of the hopping
on Tc is determined and, second, an accurate estimation of Tc is pursued. Size
effects are very important in magnetic systems as magnetic correlations are arti-
ficially enhanced in small systems leading to an overestimated Tc. To minimise
the effect of the size of the system a perturbative approach to the energy of the
system is developed. This approach is necessary because, otherwise, the prob-
lem would have to be diagonalised and hence restricted to small systems (up to
6× 6× 6). Not only a much better estimation of the Tc is accomplished but also
the correction to mean field due to thermal fluctuations is determined.

In order to study the relevance of the Berry’s phase we solve the problem with
the following two versions of the double exchange model:

1. Double-exchange model without the Berry’s phase:

H = t
∑

〈ij〉
cos

θij

2
C+

i Cj (2.1)

will be denoted just by DE. θij is the relative angle between sites i and j.

2. The complex version which includes the Berry’s phase is:

H = t
∑

〈ij〉

(
cos

θi

2
cos

θj

2
+ sin

θi

2
sin

θj

2
ei(φi−φj)

)
C+

i Cj (2.2)

where θ and φ are polar coordinates, or just

H = t
∑

〈ij〉
cos

θij

2
eiφijC+

i Cj (2.3)

This Hamiltonian will be labelled by CDE. 2

In all these expressions 〈ij〉 means that the sum is just over nearest neighbours
and each pair of sites is counted twice. C+ and C are the conventional creation
and annihilation fermionic operators. These operators do not have a spin index
because DE model assumes that the carrier spin on site i is parallel to the core
spin on that site. This was discussed in the introductory Chapter.

A one band model is considered. This is a good approximation as Jahn-Teller
distortions keep accessible only one of the eg levels.

2Remember from Chapter 1 that the real version of the hopping corresponds to the absolute
value of the complex expression.
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In the following, Monte-Carlo simulation will be described and used to solve the
DE and CDE models. These two cases will be compared and shown to lead to
similar results for the magnetic transition. Not only the magnetisation but also
the bandwidth, the chemical potential and the energy versus temperature will be
calculated in searching for any feature indicating a metal to insulator transition
which coexists with the magnetic one. Moreover, a perturbative approach for the
energy will be developed and used to analyse larger systems. For systems as large
as 20 × 20 × 20 a Tc comparable to experimental results is found. Chapter 3 is
closely related to the present one. There, results from this Chapter will be used
to study the transport properties of the double-exchange model.

2.2 Description of the Monte Carlo algorithm

For calculating the magnetic phase diagrams, we have performed classical Monte
Carlo (MC) simulations on the classical core spin angles of the manganese ions.
As this technique is introduced in Appendix A, only some details and general
notions will be given here. The simulations are done in N×N×N cubic lattices of
classical spins with periodic boundary conditions. This is the unit cell. Spins are
considered as classical vectors normalised to unity and orientation given by Euler
angles θ and φ (see Fig. A.1). Calculations are done on the centre of the band k =
0. This approximation gets better for larger unit cells as the first Brillouin zone
is limited by π

N
: π

N
< kα <

π
N

where α = x, y, z. Although the localised spins are
considered classical, the kinetic energy of the conduction electrons is calculated by
diagonalising the DE Hamiltonian because it is considered a quantum quantity.

Every change in the orientation of the localised spins has to be energetically
evaluated. Only when the energy of the new configuration is smaller than that of
the old one or an increase in energy can be accounted for by the temperature of
the system, the change is accepted. This process is the Metropolis algorithm.

After one Monte Carlo step, every spin in the system has been changed. Typically,
5000-7000 Monte Carlo steps per spin are used for equilibration and 3000-5000
steps for calculating averages.

In the simulations the average of the internal energy E and the average of the
absolute value of the magnetisation M are calculated

E =
1

N3
〈H〉 , (2.4)

M =
1

N3

〈∣∣∣∣∣
∑

i

Si

∣∣∣∣∣

〉
, (2.5)
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where 〈 〉 denotes statistical average. The energy is calculated filling up the lowest
x times N3 energy levels found by diagonalising the Hamiltonian. This can be
done because the Fermi temperature is much higher than any other temperature
in the system.3 For instance, for t = 0.2eV and x = 0.1, the magnetic critical
temperature is 150K and the Fermi temperature is above 3500K. Since the MC
updating procedure generates uniform rotations of the spin system, a calculation
of the MC average of the direction of the magnetisation is not meaningful. 4

Also we calculate the average value of the width of the density of states, the
bandwidth W , and the value of the chemical potential µ measured with respect
to the bottom of the density of states,

W = 〈εmax − εmin〉 (2.6)

µ = 〈εocc − εmin〉 , (2.7)

where εmin and εmax are the minimum and the maximum energies obtained from
diagonalising the electron Hamiltonian, and εocc is the higher energy of the occu-
pied states. In Sec. 2.4 an approximated expression for the energy is calculated
and thus no more diagonalisations are required. This approach makes a much
simpler numerical problem to solve. The energy is calculated just by adding up
the contribution of each pair of sites and, moreover, as the size of the systems is
increased, less Monte-Carlo steps are needed for calculating averages.

2.3 Monte Carlo results for the double exchange

models

In order to obtain the internal energy in each of the Monte Carlo steps, it is
necessary to diagonalise the electronic Hamiltonian. The diagonalisation is very
expensive in terms of CPU time, and therefore only small size systems can be
studied. Here we present the results obtained for a cubic unit cell of size N = 4
and for the electron concentrations x = 0.1, 0.25 and 0.3. Note that DE model has
electron-hole symmetry. This means that an electron concentration x is equivalent
to a hole concentration x.

In Fig. 2.1, the magnetisation M is presented for the DE and the CDE Hamil-
tonians as a function of the temperature T . Due to the finite size of the unit
cells used in the simulations M is different from zero at any temperature, and
we define the critical temperature Tc as the point where the second derivative of

3If the temperature were comparable with the Fermi energy EF , thermal occupation of levels
above EF should be taken into account by using the Fermi distribution nk = 1

exp β(εk−EF )+1 .
4Note that without an applied magnetic field there is no a preferred direction for the mag-

netisation, rather the problem is invariant under rotations.
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Figure 2.1: Absolute value of the magnetisation versus the temperature for
concentrations x = 0.1, 0.25 and 0.3. The size of the unit cell is N = 4. In
order to compare we have plotted also the curves obtained with the CDE and DE
Hamiltonians as well as with the perturbative approach developed here (ADEE).
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Figure 2.2: Double exchange energy versus temperature. The lack of differ-
ence in these curves implies the result in Fig. 2.1. The corresponding critical
temperatures are pointed with an arrow.

M with respect to T changes sign, in other words, the point where the curvature
changes sign. This way of obtaining the critical temperatures, implies uncertain-
ties of around 10% of the value of Tc. In any case we obtain that the critical
temperatures of the DE and the CDE Hamiltonians are practically the same. In
Fig. 2.2 the internal energy E as a function of T is plotted. Note that the differ-
ence between the internal energies obtained by using the CDE and using the DE
Hamiltonians is rather small. This explains why both models give very similar
magnetic critical temperatures. These results imply that in order to calculate
the total kinetic energy the close paths are almost irrelevant. This is so because
in three dimensions the phases arising from close paths average to zero. On the
contrary, in two dimensions these phases would be important.

In Fig. 2.3 the width of the density of states W and the chemical potential µ as
a function of temperature are shown for the DE case. Note that at temperatures
close to Tc, the bandwidth and the chemical potential have a larger value than
the obtained in the fully disordered case, T → ∞. 5

5 In three dimensions at T = 0 (ferromagnetic state) the energy is ε(k) =
−2t (cos kxao + cos kyao + cos kzao) and hence the bandwidth is W = 12t. For T > 0, spin
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Figure 2.3: Bandwidth (a) and chemical potential (b) versus temperature. In
the disordered case, T → ∞, W∞ should be equal to 12 2

3
∼ 8. Here, in the

paramagnetic phase, W > W∞ because the transition is second order (see text
for details). Note that the curves are continuous near Tc which is pointed with
an arrow in each case.

This is because in the DE models the ferromagnetic to paramagnetic transition is
a second order phase transition, and therefore the internal energy is continuous
at the critical temperature. Moreover, the bandwidth and the chemical potential
present a continuous behaviour near Tc. Therefore, in the DE models we do
not observe any change in the electronic states at the ferroparamagnetic critical
temperature as it would be expected if a metal insulator transition were occurring.

fluctuations change the hopping mean value being minimum when the disorder is maximum,
namely at T → ∞. In this case

t̄ = t

∫ π

0

cos
θ

2
sin θdθ =

2

3
t ' 0.66t

Hence W (T → ∞) = 2
3W (T = 0).
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2.4 Approximation for the DE energy

In the MC calculations of the DE models, the size of the matrix to diagonalise
impose a restriction on the dimension of the unit cell used in the simulation.
In order to be able to perform simulations in larger systems, a second order
perturbation theory for obtaining an expression for the electron kinetic energy in
a background of randomly oriented core spins has been developed.

We start writing the Hamiltonian (2.2) in the form,

H ≡ H0 + V (2.8)

with

H0 ≡ −t̄
∑

〈i,j〉

(
C+

i Cj + h.c.
)

(2.9)

V ≡ −
∑

〈i,j〉

(
δti,jC

+
i Cj + h.c.

)
, (2.10)

being t̄ the average of the absolute value of the hopping amplitude,

t̄ =
1

3N0

∑

〈i,j〉
| ti,j | , (2.11)

and
δti,j = ti,j − t̄ . (2.12)

Here N0 is the total number of Mn ions in the system (N0 = N3). Note that
since the Hamiltonian is hermitic, t̄ is a real quantity.

Given a disordered system, characterised by a set of {ti,j}, we want to obtain the
expectation value of H. The Hamiltonian H0 can be diagonalised by using the
Bloch states,

| k〉 =
1√
N0

∑

i

eik·Ri | i〉 , (2.13)

where | i〉 represents the atomic orbital at site i, Ri are the lattice vectors and k
is a wave vector in the first Brillouin zone. The energy of the state | k〉 is

ε(k) = −2t̄ (cos kxa+ cos kya+ cos kza) , (2.14)

being a the lattice parameter. In function of these eigenvalues, the expectation
value of H0 is,

E0 =

occ∑

k

ε(k) , (2.15)
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Figure 2.4: Coefficients used in the perturbative approach to the DE Hamiltonian
versus concentration (see Eq. (2.21)).

where the sum is over the occupied states. From the value of E0 we can obtain
the expectation value of C+

i Cj,

〈C+
i Cj〉0 = − E0

6t̄N0
, (2.16)

which is independent of the value of t̄. In practise, we have calculated 〈C+
i Cj〉0

by calculating the eigenfunctions of the ferromagnetic ground state and summing
the products C+

i Cj up to the occupied level.

To obtain the expectation value of 〈V 〉, we first notice that since the set {δti,j}
are randomly distributed, 〈k | V | k〉 = 0, and second order perturbation theory
is necessary in order to get a correction to the expectation value of H0,

E2 ' −
occ∑

k

〈k | V G0(εk)V | k〉 , (2.17)

where

G0(~ω) =
∑

k

| k〉〈k |
~ω − εk

(2.18)

is the Green function of the perfect crystal. Because the values {δti,j} are not
correlated, it is easy to obtain the expression (details in Appendix B),

E2 = −a2

∑

〈i,j〉
(t̄− ti,j)

2 , (2.19)

with

a2 = − 1

2N2
0

occ∑

k

∑

k′

(
6 +

ε(k + k′)

t̄

)
1

ε(k) − ε(k′)
. (2.20)
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Adding E0 and E2, we obtain the following expression for the energy of the system,

E ' −2〈C+
i Cj〉0

∑

〈i,j〉
cos

θij

2
− a2

∑

〈i,j〉
(t̄− ti,j)

2 . (2.21)

Eqs. 2.11 and 2.16 have been used to rewrite the first term. In Fig. 2.4 we plot
〈C+

i Cj〉0 and a2 as a function of the electron density x. The first term in the above
expression is a ferromagnetic coupling for the core spins and the second term is
an anti-ferromagnetic coupling. Note that 〈C+

i Cj〉0 is only linear on x at small
values of the electron concentration. A linear extrapolation of this quantity from
the low x values was assumed in Ref. [57] and led to a strongly overestimated Tc.

The approach developed here has been very convenient to study further properties
of double exchange systems as will be shown in following Chapters.

2.5 Monte Carlo results with the approximated

DE energy

In Fig. 2.1 we plot the absolute value of the magnetisation M for x = 0.1,
x = 0.25 and x = 0.3 as a function of the temperature T for the case where
the internal energy is obtained by using the approximated DE energy, equation
(2.21), for comparing with the case in which it is obtained by diagonalising the
DE Hamiltonian. The difference between both curves is very small, and the cor-
responding critical temperatures are practically the same, see Fig. 2.7. Therefore
we conclude that Eq. (2.21) is a good approximation for the energy of the DE
model.

Using equation (2.21), for the DE energy, MC simulations in much larger systems
can be performed, and more precise values of the critical temperatures are ob-
tained. In Fig. 2.5 we plot the magnetisation as a function of the temperature for
a sample of size N = 20. For this size the critical temperature is obtained with
very good precision. It has been checked that for N = 20 the values of the critical
temperatures are accurate in two digits and that it is not worthwhile to increase
the size of the system. We have performed MC simulations for different values
of the electron concentration and have found that the magnetisation within our
approach scales with the concentration, namely, it is independent of x. Using
these data we have plotted, in Fig. 2.7, the magnetic phase diagram.

Kubo and Ohata [11] developed an expression for the DE energy which coincides
with E0. In order to know the importance of E2 in the calculation of the value of
the critical temperature, we have also computed the value of M as a function of
T by using only E0 for the internal energy, see Fig. 2.5. Comparing these results
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Figure 2.5: Magnetisation as a function of T/Tc as obtained using the 0th order
approximation (dashed line), E0 in Eq. (2.21), and the 2nd order approximation
(continuous line) to the double exchange energy (ADEE), Eq. (2.21). The critical
temperature taken for reference is the one that corresponds to the ADEE model.
In the case of the 0th order approximation, theM versus T/Tc curve is independent
of the electron concentration. In the ADEE model, there is no reason for this
independence; however, we have found that M(T/Tc) is practically independent
of x. To show this, the M(T/Tc) curve has been plotted for various concentrations
(x = 0.1, 0.2, 0.3, 0.4 and 0.5).

with the ones obtained with the approximated DE energy, E0 + E2, we estimate
that the inclusion of E2 (namely, of thermal fluctuations) in the internal energy
lowers the critical temperature more than a 20%.

In Fig. 2.6, we plot the statistical average of the absolute value of the hopping
amplitude |ti,j| for different values of the concentration x as a function of the
temperature. This quantity is proportional to the electron bandwidth (〈W 〉 =
12〈|ti,j|〉). We find that 〈|ti,j|〉 is a continuous function of T , and there are no
signals of any change in the electronic structure near Tc.

6

2.6 Discussion

The main results of our calculations are summarised in Fig. 2.7 as a phase diagram
Tc versus x. Here we show the critical temperature versus concentration, for the

6The numerical results shown in Fig. 2.3 and 2.6 are quite similar.
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Figure 2.6: Average of the absolute value of the hopping amplitude, 〈|ti,j|〉, versus
temperature for N = 20 and concentrations x = 0.1, 0.25 and 0.3. This average
is proportional to the electron bandwidth. We recover the continuous behaviour
that we found on Fig. 2.3.

complex DE model Eq. 2.2 and for the real DE model Eq. 2.1, in the case of a
unit cell of size 4×4×4. We obtain that there is not a large difference between the
critical temperatures of both models. This result indicates that the contribution
to the partition function of electronic configurations in which fermions move on
closed loops in real space can be neglected. In Fig. 2.7 we also show Monte Carlo
results obtained by using an approximated expression for the electron kinetic
energy. Having checked the approximation for the energy for a unit cell of size
4 × 4 × 4, larger systems have been considered. The results for a 20 × 20 × 20
system are also plotted.

To compare with the experimental critical temperatures, an estimation of t̄ is
necessary. The experimental bandwidth is around 1-4eV [20, 41], and therefore
the value of t̄ is around 0.08-0.3eV. With this result our estimate of the critical
temperature is between 150K and 500K at x ∼ 0.2. This value of Tc is in the
range of the observed experimentally.

The critical temperatures we obtain are around 1.5 times smaller than the ob-
tained in mean field theory by Kubo and Ohata [11]. However, it is around 8 times
smaller than the obtained by Millis et al. [57] using also a mean field approxima-
tion. We think that the difference occurs because they use a linear dependence
of the kinetic electron energy which overestimates the value of 〈C+

i Cj〉0,see Fig.
2.4, and therefore the value of Tc.
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Figure 2.7: Critical temperature of the ferroparamagnetic transition versus con-
centration of conduction electrons for different approaches. Squares correspond to
the Hamiltonian (2.2); circles to (2.1). The curves are related to the calculations
made with an approximated expression obtained in order to avoid diagonalisation
in the MC simulations (ADEE: approximation to the double-exchange energy).
This fact allows us to increase the size of the system. The line is only a guide to
the eye. The critical temperatures obtained are in the range of the experimental
ones.

From Kubo and Ohata model, it is clear that Tc scales with t〈C+
i Cj〉0 and the

magnetisation versus T/Tc curve is independent of the electron concentration x.
However, there is no reason to think that this must be the case when the second
term E2 of our approach is included in the calculations. However, we have found
that the M versus T/Tc curves almost coincide (see Fig. 2.5). This fact is not
only found in the frame of our approximation to the DE energy but also when
the DE and CDE Hamiltonians are diagonalised.

The presented results are in qualitative agreement with those obtained by Yunoki
et al [102]. However our estimations of Tc are ∼ 1.5 times larger. The discrepancy
is due to the difference in the criterion used to obtain Tc. In reference [102] Tc is
defined as the temperature where the spin-spin correlation function in real space
becomes zero at the maximum distance available in the unit cell. They used
a unit cell of size 6 × 6 × 6. Our criterion is based in the change of sign of the
second derivative of M with respect to T . We have checked that both criteria give
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Figure 2.8: The spin-spin correlation versus distance is plotted for different
temperatures. In (a) N = 6 and in (b) N = 10. The distance |i − j| is in units
of a, the lattice parameter. For these calculations we have used the perturbative
approach. If the criterion to obtain Tc is that the spin-spin correlation becomes
zero, a smaller size of the system leads to an underestimation of the critical
temperature.
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the same Tc in big unit cells, but the criterion based on the correlation function
underestimates Tc in small unit cell calculations. This is clear in Fig. 2.8 where
we plot the spin-spin correlation function versus distance for several temperatures
and for two unit cells with N = 6 and N = 10. The electron concentration is
x = 0.14 to compare with the results presented in reference [103]. In the case of
N = 6 it seems that the critical temperature is smaller than T = 1/15, because
the correlation function is zero at a separation of 8 a. However, when N = 10 it is
clear that the ferromagnetic correlation at T = 1/15 is not zero at 8a, and in fact
it seems that at this temperature the system is still ferromagnetic. On the other
hand, our criterion overestimates the Tc for small unit cells 7and the possibility
of increasing the size leads to more realistic values of the critical temperature.

The bandwidth near Tc is around 1.15 times bigger than the bandwidth in the
T → ∞ limit. Li et al [104] have obtained that, in the T → ∞ limit of the CDE
model, only ∼ 0.5% of the electron states are localized while a 20−30% would be
required to reproduced the experimental results.8 In order to know the difference
between the density of states at T ∼ Tc and at T → ∞, we have calculated the
statistical average of the electron density of states. We find that the number of
electron states with energies between −W (Tc) and −W (T → ∞) is less than 1%
of the total number of states. Therefore, even if all these states were localised,
the percentage of localised states near Tc is not larger than 2%. We conclude that
in the DE models it is not possible to relate the metal-insulator transition with
the ferro-paramagnetic one.

2.7 Summary

Using Monte Carlo techniques, we have obtained the magnetic phase diagram of
the double exchange Hamiltonian. Comparing the results obtained from the dou-
ble exchange Hamiltonian with a complex hopping (CDE) and with its absolute
value (DE) we have found that the Berry’s phase of the hopping has a negligi-
ble effect in the magnetic critical temperature. This implies that it is possible to
choose wave functions phase factors that counteract the phase of the hopping such
that it is not relevant in the MC calculations. To avoid the limitations on the size

7I mentioned above that for small unit cells there are artificial correlations that a) overes-
timates Tc and b) gives a value of the magnetisation different from zero in the paramagnetic
region. We can see this in Fig. 2.8 when the spin correlation is plotted for two different sizes
N = 6 and N = 10. It is clear there that an average of the correlation is smaller for a larger
system, in other words, the size of the ferromagnetics clusters due to short range correlations
are comparably smaller for a larger system.

8They calculated the mobility edge, the line that separates the extended from the localised
states, for off-diagonal disorder (disorder in the hopping) in the paramagnetic region. This
disorder is produced by thermal fluctuations. In fact, they also included diagonal (or site)
disorder and the amount of localised states does not increase significantly.
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of the systems studied we have developed a second order perturbative approach
to calculate the electron kinetic energy without diagonalising the Hamiltonian.
Within this approach we have calculated the critical temperature for a larger size
of the system (N = 20) and, consequently, more accurately. The values of Tc

obtained are in the range of the experimental ones and in qualitative agreement
with Monte-Carlo simulations by Yunoki et al [102] and the mean-field theory by
Röder et al [58]. Neither the average of the electron density of states nor the ki-
netic energy reveal any strange behaviour near the magnetic critical temperature.
We conclude that, in order to understand the metal-insulator transition which oc-
curs in the manganites, other effects, such as electron-phonon or electron-electron
interactions should be taken into account. Next chapter is precisely devoted to
calculating the conductance in double-exchange model.



Chapter 3

Conductance in the Double
Exchange Model

3.1 Introduction

3.1.1 Resistivity close to Tc in manganites

It is of main interest to understand the transport properties of manganites close
to the ferro-paramagnetic transition because it is close to it where the colossal
magnetoresistance shows up. In particular, the large increase of the resistivity as
approaching Tc from below has to be understood if the smoothing of the resistivity
peak upon the application of an external magnetic field has to be explained. A
long standing fact is that this peak gets larger as the Tc decreases. In fact, for
LaSrMnO compounds which are large Tc systems (∼ 350K), the peak is non-
existent and neither is the metal-insulator transition. This is illustrated in Fig.
1.15. The literature about this issue is rather extensive and only a glance will be
given here. In this section the motivation for this work will be explained. In Sec.
3.5, a sketch of the state-of-the-art of this topic will conclude the chapter.

In 1995, Millis et al [57] claimed that double exchange model alone could not
explain the metal to insulator transition. They proposed that the existence
of electron-phonon coupling in the disordered region was driving the transition.
They based this proposal on the observation of static Jahn-Teller distortions in
the insulating parent compound LaMnO3. These distortions could survive upon
doping, though in a dynamic way. In the ferromagnetic and metallic region the
large bandwidth would hide the strength of the electron-phonon coupling 1 but

1Some experimental works have shown that lattice distortions do not leave any signature in
X-ray measurements below Tc [105, 106] while they do in the paramagnetic region.

45
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the decrease of the bandwidth as increasing the temperature toward the para-
magnetic region would lead to the dominance of the lattice distortions and the
localisation of carriers in polarons. On the other hand, Varma [75] proposed that
random hopping in the paramagnetic phase (off-diagonal disorder) was sufficient
to localise electrons and induce a metal to insulator transition at the magnetic
critical temperature. In other words, spin fluctuations in the magnetic transition
would suffice. He argued that Jahn-Teller distortions were not necessary to get
an insulating regime because certain perovskites with smaller lattice deformations
than those of the LaMnO3 were also insulating. However Li et al [104] studied
the mobility edge of the double exchange model in the limit of T → ∞ and they
found that random hopping alone is not sufficient to induce Anderson localisation
at the Fermi level with x ∼ 0.1− 0.4 as the percentage of localised states is quite
small ∼ 1%. Similar results were reported by Allub and Alascio [107] using the
Ziman criterion [108].

3.1.2 Interest of the present work

We are interested in studying the temperature and electron concentration depen-
dence of the electric conductance of the double exchange model. Hence, the effect
of off-diagonal disorder on transport properties is going to be analysed. In the
previous Chapter, where the bandwidth and the chemical potential versus tem-
perature were calculated, no signature of a metal-insulator transition was found.
Here, this is further explored by calculating the dc conductance.

The dc conductance is calculated by using the Kubo formula. Monte Carlo sim-
ulations on the classical spin orientations of N × N × N cubic lattice systems
are performed, as explained in the previous Chapter. For each electron concen-
tration and temperature a statistical ensemble of Mn ions clusters is obtained.
The conductance is the result of averaging over the ensemble of configurations.
The temperatures we are interested in are T ≤ 500K (Tc ∼ 300K) and these
temperatures are much smaller than the electron Fermi temperature for x ≥ 0.1.
Therefore, we always consider, both in the Monte Carlo simulations and in the
conductance calculations, that the electron temperature is zero. This implies that
carriers are strictly at the Fermi level. In order to be able to study large enough
clusters, we will use the approximated expression for the DE energy developed in
Chapter 2, Eq. 2.21, to produce the statistical ensemble of configurations.

3.1.3 Preliminary remarks

Consider a cluster of dimensions N × N × N connected to two leads. Ohm’s
law states that the cluster conductance G is inversely proportional to the cluster
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length and proportional to the cross-sectional area. The proportionality constant
is the conductivity σ,

G = σ
W

L
(3.1)

where W is the cross-sectional area (N 2 here) and L is the length (N here).
Therefore in our case

σ =
G

N
(3.2)

A conductor shows ohmic behaviour when its dimensions are larger than each
of three characteristic length scales: the de Broglie wavelength, related to the
periodicity of the lattice, the mean free path `, which is the distance that a
carrier travels through the system before losing its initial momentum, and the
phase relaxation length, which measures the distance that a carrier travels before
its initial phase is destroyed.

Two transport regimes can be then distinguished: diffusive and ballistic. When
ohmic behaviour is found, transport is diffusive and the carrier scatters a large
number of times while crossing the system. When the carrier does not scatter
at all in the system, namely, when the mean free path is larger than N , the
transport is said to be ballistic. In this case, the conductance is just proportional
to the number of conduction modes in the system. For a wide system, as can be
considered here, the number of modes is proportional to the cross-sectional area
N2.2

The conductivity σ is the conductance per unit length and does not depend on the
size of the sample. Thus, it is the relevant quantity to compare with experiments.
σ can only be determined in the diffusive limit.

In the forthcoming results, these two different regimes will appear. The ballistic
limit will allow us to estimate the mean free path of the carriers while the diffusive
one permits comparison with the experimental resistivity.

3.2 Kubo formalism

This formalism makes use of the fluctuation dissipation theorem which relates the
equilibrium noise (fluctuations) to the linear response to an external perturbation
on the material. Linear response means that the signal is directly proportional to
the intensity of the external perturbation. It is then valid for a low magnitude of

2Remarkably, in the ballistic regime the resistance is not zero but finite due to the scattering
in the interface between the sample and the leads. Ideally, the leads have infinite modes which
have to reorganise in the finite number of modes in the sample.
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LEADLEAD CONDUCTOR

Figure 3.1: The conductor is a cubic N × N × N lattice of Mn spins. It is
connected to two semi-infinite leads. This would lead to an infinite system to
solve. This difficulty is overcome by calculating the self energy which includes
the interaction of the conductor to the semi-infinite leads. The problem is then
reduced to the finite size of the conductor.

the perturbing field. The correlation functions which describe the linear response
are Kubo formulas. The one for the electrical conductivity will be used here (Refs.
[109, 110, 111]).

3.2.1 dc conductance via Kubo formula

The static electrical conductivity at chemical potential µ is given by [110]

G = σzz(0) = −2
e2

h
Tr
[
(~v̂z)Im Ĝ(µ)(~v̂z)Im Ĝ(µ)

]
, (3.3)

where Im Ĝ(µ) is calculated from the advanced and retarded Green functions

Im Ĝ(µ) =
1

2i

[
ĜR(µ) − ĜA(µ)

]
,

and the velocity (current) operator v̂z is related to the position operator ẑ through
the equation of motion

i~v̂z =
[
Ĥ, ẑ

]
, (3.4)

Ĥ being the double-exchange Hamiltonian. Numerical calculations are carried
out for a bar geometry connecting the N × N × N cluster to two ideal semi-
infinite leads of N × N cross section as shown in Fig. 3.1. Thus, the problem
has to be truncated (infinite systems cannot be managed) in such a way that the
character of the infinite leads is taken into account. This is done by means of a
self energy that represents the interaction of the conductor with the leads (details
are in Ref. [110]). It is first calculated for the normal modes of the lead and then
transformed to the local tight-binding basis. Specifically, the retarded self-energy
due to the mode of wave-vector (kx, ky) at energy ε is given by:

Σ(kx, ky) =
1

2

(
ε− ε(kx, ky) − i

√
4t2 − (ε− ε(kx, ky))2

)
,
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within its band and by:

Σ(kx, ky) =
1

2

(
ε− ε(kx, ky) ∓

√
(ε− ε(kx, ky))2 − 4t2

)
,

outside the band (minus sign for ε > ε(kx, ky) and plus sign for ε < ε(kx, ky)),
where ε(kx, ky) = 2t(cos(kx) + cos(ky)) is the eigenenergy of the (kx, ky) mode).
The transformation from normal modes to the local tight-binding basis is obtained
from the amplitudes of the normal modes:

〈(nx, ny)|(kx, ky)〉 =
2

N + 1
sin(kxnx) sin(kyny) ,

where nx and ny represent the tight-binding orbital position. Once the self-
energy matrices introduced by the left (right) semi-infinite leads are determined,
the retarded Green function matrix of the sample G(ε) is defined by the following
set of N ×N ×N linear equations:

[εI− H − Σl(iε) − Σr(ε)]G(ε) = I , (3.5)

where Σl(r)(E) stand for the self-energy matrices introduced by the left (right)
semi-infinite leads. This set of equations is efficiently solved using a layer by layer
inversion scheme that takes advantage of the band structure of the coefficients
matrix. The advanced Green function matrix is simply the conjugate of the
transpose of the retarded one.

The last ingredient that is necessary for the evaluation of the Kubo formula is
the velocity operator. It is obtained through Eq. 3.4 once the position operator
ẑ is known. This operator is determined by the spatial shape of the electric
potential energy. Taking advantage from the fact that the detailed form of the
electric field does not matter within one-electron linear response theory, an abrupt
potential drop at one of the two cluster sides provides the simplest numerical
implementation of the Kubo formula [112]. Certainly, Eq. 3.4 shows that non-
vanishing elements of the velocity operator are restricted to the two layers at the
sides of the potential drop. Furthermore, the trace appearing in Eq. 3.3 makes
the knowledge of the Green functions on the same restricted set of sites enough
for the evaluation of the conductance. Consequently, Green functions are just
evaluated for two consecutive layers at the cluster boundary.

3.3 Results

3.3.1 Conductance at T = 0

First, the results corresponding to a perfect ferromagnetic system are shown. In
this case there is no disorder at all. In Fig. 3.2(a) the conductance as a function
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of the chemical potential for a cluster of size N=20 at T=0 is plotted. The
conductance is finite for chemical potentials in the whole range −6t ≤ µ ≤ 6t.
This is the range of energies where the density of states of the perfect system is
finite, see Fig. 3.2(b). This means that there are no localised states in this limit.
Since at T=0 all core spins are aligned, the transport in the system is ballistic
and the conductance is just limited by the size of the cluster. Therefore, at T=0
the conductance is proportional to the number of transport channels at the Fermi
energy, which for large clusters increases as N 2. We have verified this behaviour
for N ≥ 10 and we have also checked that for system sizes bigger than N=10,
the overall shape of G does not depend on the cluster size.

3.3.2 Conductance at T → ∞

In the opposite limit we have calculated the conductance in the paramagnetic
phase at T → ∞. In this limit the orientation of the local spins {Si} is random.
Si is chosen to be uniformly distributed on a sphere, i.e. the probability P of
having a core spin with azimuthal angle φi is 1/2π, whereas the polar angle
distribution verifies P (cos θi)=1/2.

In Fig. 3.2 we plot the conductance and the density of states as a function of the
energy in the T → ∞ limit. These quantities are averaged on many configurations
of clusters of size N=20. The density of states shows an effective band edge at
Eb ' −4t. This occurs because the average value of the absolute value of the
hopping amplitude at T → ∞ is 〈|ti,j|〉=2/3 t. Although the band edge starts
at −4t, G is different from zero only for values of the chemical potential in the
range −3.6t ≤ µ ≤ 3.6t. The difference between the band edge energy and the
minimum energy with G 6= 0 is due to the fact that all the states with energy
−4t < E < −3.6t are localised and do not contribute to G. Therefore Ec '-
3.6t is the T → ∞ mobility edge of the DE model. This result is in agreement
with localisation length calculations [104], which located the mobility edge at
|Eb| ' 3.56t. Our calculations show that |Eb| is constant for values of N bigger
than N=10. This implies that for energies lower than Eb the localisation length
is shorter than 10 lattice parameters. For N ≥10, the overall shape of the average
conductance as a function of energy is almost independent of the cluster size, and
its value increases linearly with N . Therefore, in the T → ∞ limit the system
is metallic, the electron transport is diffusive and the system verifies the Ohm’s
law.

As an example of this behaviour we plot in Fig. 3.3 the average conductance at
µ = 0 as a function of the cluster size N . The linear behaviour of G versus N
down to N=4, implies that the elastic mean free path is smaller than four lattice
parameters. The slope of the straight line is the conductivity, in lattice parameter
units, of the DE model at T → ∞ and x=0.5.
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Figure 3.2: a) Energy dependence of the conductance for the T = 0 case (empty
squares), the T → ∞ case (filled dots), and the T → ∞ case without Berry’s
phase (empty dots). The curve for the T = 0 case has been multiplied by 0.1. b)
Density of states as a function of the energy for the T = 0 case (empty squares)
and the T → ∞ case (filled dots).



52 Chapter 3. Conductance in the DE model

0 10 20 30 40
N

0

10

20

30

40

50

G
 (

e2 /h
)

T ∞

x=0.5

Figure 3.3: Conductance as a function of the cluster size, for x = 0.5 and T → ∞.
The dashed line is only a guide to the eye.

In Fig. 3.2 we also plot the average conductance in the T → ∞ limit of the DE
model but neglecting the Berry’s phase in the hopping amplitude i.e. ti,j → |ti,j|.
In this case G is larger than in the case of complex hopping. Also it seems that the
mobility edge appears at lower energies than in the complex hopping DE model.
Therefore, the Berry’s phase of the hopping whose effects were not relevant in
the magnetisation shows up when transport properties are investigated.

3.3.3 Conductivity versus temperature

Now we present the results for G as a function of T , for different values of x. In
these cases the average of G is done with a statistical ensemble of clusters which
are obtained from Monte Carlo calculations as described in Chapter 2. When T
increases the disorder in the system increases and two main effects occur: a) a
T -dependent mobility edge appears at low energies and b) the extended states
acquire an elastic mean free path, `, which decreases with T .

With respect to point a) we know that in the maximum disorder case (T →
∞), the mobility edge is |Ec| ∼ 3.6t. This energy is very close to the effective
band edge and only less than 0.5% of the total states are localized. For lower
temperatures we expect Ec to be closer to the effective band edge and the number
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Figure 3.4: Temperature dependence of the conductivity for the case of x = 0.5
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of localized states should be even smaller. We are interested in values of x > 0.1
for which the chemical potential is much higher than Ec and for these electron
concentrations we expect the system to be metallic at any T . The DE model
is an insulator only at very small values of the electron concentration, x < 0.05
and high temperatures. With respect to the elastic mean free path, point b),
we find that the conductivity of the system decreases continuously with T , until
it reaches the T → ∞ limit (note that the conductance is proportional to the
mean free path). On the contrary if ` is bigger than the cluster size the transport
is ballistic, the conductance is determined by the cluster size, and increases as
N2. When ` is shorter than N the transport is diffusive and the conductance is
proportional to N .

In Fig. 3.4 we plot the conductance divided by N for x=0.5 and two values of
the cluster size, N=16 and N=24. For low temperatures the core spins disorder
is very weak and the elastic mean free path is larger than the cluster size. In this
regime the transport is ballistic and the conductivity increases linearly with N .
For large values of the temperature, G/N is independent of N . This is because
the elastic mean free path is shorter than the cluster size and G/N is the electrical
conductivity in units of the system lattice parameter. For T > 0.12t the values
of G/N obtained using N = 16 and N = 24 coincide implying that for these
temperatures G/N is the conductivity. The diffusive character of the transport
near Tc permit us to compute the thermodynamical value of the conductivity
using relatively small clusters. For x = 0.5 the magnetic critical temperature is
Tc ∼ 0.15t, and we can see in Fig. 3.4 that the conductivity is a smooth function
of T , almost constant, near Tc.

In Fig. 3.5, we present the same quantity G/N as a function of T for x = 0.2. Also
for this electron concentration the conductivity near Tc is a smooth function of T
and the system is metallic. We have obtained similar results for different values
of x > 0.1. The values for Tc were calculated in Chapter 2 and are tabulated in
Appendix B. We find that the conductivity and its first derivative with respect
to temperature are continuous near the magnetic critical temperature. Contrary
to the mean field results, we do not obtain any discontinuity in the slope of the
resistivity near Tc.

3.3.4 Discussion

In mean-field theory the specific heat has a discontinuity at Tc, being zero at
higher temperatures [113]. Hence the internal energy is constant for T > Tc. In
the double-exchange model this implies that the kinetic energy and the average
value of the hopping amplitude 〈ti,j〉 are constant for T > Tc. However, when
fluctuations are included in the calculations, the internal energy, 〈ti,j〉, and their
first derivatives are continuous near Tc. Since the conductivity is proportional
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Figure 3.6: Conductivity, evaluated at Tc, as a function of x. The dashed line is
only a guide to the eye.

to 〈ti,j〉, we do not expect any change in the slope of the resistivity. The sec-
ond derivative of the energy should be discontinuous and probably the second
derivative of the resistivity could be discontinuous. Unfortunately we have not
precision enough for studying this effect.

In Fig. 3.6 we plot, as a function of x, the value of the conductivity in lattice
units evaluated at Tc. Using the value of 4 for the lattice parameter, we obtain
a resistivity ρ ∼ 1000µΩ cm at x = 0.2 near Tc.

3 The lack of anomalies in the
resistivity near Tc is a clear indication that it is necessary to add other terms to
the double exchange Hamiltonian, in order to explain the occurrence of the metal
insulator transition at temperatures near the magnetic critical temperature[57].

3.4 Summary and conclusions

We have calculated the temperature dependence of the electrical conductance
of the double exchange Hamiltonian. The Kubo formula has been used for the
calculation of the conductance. Conductance is defined as an average over a sta-
tistical ensemble of clusters. These clusters are obtained by performing Monte

3It is very simple to calculate ρ from G/N as ρ = N
G

ha
e2 being ha/e2 = 1000 µΩ cm for a

lattice parameter a = 4.
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Carlo simulations on the classical spin orientation of the double exchange Hamil-
tonian. The calculations have been done for different electron concentrations. We
find that the system is metallic at all temperatures and, contrary to the mean
field calculations, we do not observe any change in the temperature dependence
of the resistivity near the magnetic critical temperature. We conclude that the
double exchange model is not able to explain the metal-to-insulator transition
which experimentally occurs at temperatures near the magnetic critical temper-
ature. Other effects not included in the DE Hamiltonian, as electron-electron
interaction or electron-phonon interaction, are needed in order to understand the
electrical behaviour of the oxide Mn.

3.5 Outlook

It could be stated that there are two kinds of manganites as far as transport is
concerned: those which present a metal to insulator transition and those which
present metallic behaviour regardless of their magnetic state (e.g. La1−xSrxMnO3

and La1−xPbxMnO3) . The latter systems have larger bandwidth and, hence,
larger Tc. The clue seems to be in the competition between the magnitude of the
bandwidth and that of the effective scattering potential.

Furukawa [114] (by means of dynamical mean-field theory and Monte Carlo sim-
ulations) and Narimanov and Varma [115] (within a semiclassical theory) claim
that double-exchange alone can explain the large bandwidth case even quantita-
tively. At T > Tc the system is an incoherent metal.

But the discussion about the metal to insulator transition remains unclosed. The
important role played by the lattice distortions is unquestionable. Two differ-
ent reports on X-ray measurements (Ref. [105] on (Nd0.125Sr0.875)0.52Sr0.48MnO3

and Ref. [106] on the layered manganite La1.2Sr1.8Mn2O7) have observed diffuse
scattering in the high temperature phase. These features dissapear when cooling
through Tc. This is consistent with the existence of polarons (lattice distortions
produced by the localisation of carriers). Dai et al [116] also evidence the existence
of short range polaron-polaron (or charge) correlations using neutron scattering
in the series La1−xCaxMnO3, 0.15 < x < 0.3. The size of the polarons reported
are very small (1 or 2 lattice sites).

Theoretically, several hypothesis have been proposed. For instance a high temper-
ature/small polaron and low temperature/large polaron framework [117, 101, 58]
has been supported by experimental evidence. More recently, the paramagnetic
state has been explained (by Alexandrov and Bratkovsky [118]) with the forma-
tion of bipolarons which unbind in the ferromagnetic region. X-ray scattering on
La0.7Ca0.3MnO3 [119] gives results consistent with this view. On the other hand
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Chun et al [120] have calculated the Hall mobility of La0.7Ca0.3MnO3 single crys-
tals and claim that below 1.4Tc the polaron picture breaksdown: the value of the
mobility differs from the expected polaronic values. In this spirit, Lyanda-Geller
et al [76] propose that, in this region close to Tc, carrier localisation can arise due
to a combination of diagonal (substitutional) disorder, off-diagonal (magnetic)
disorder and Coulomb interactions. At higher T, the localisation length can be
of the order of the lattice constant and then the interaction with lattice deforma-
tions become essential. But we cannot forget that manganites present coexistence
of different phases in a wide range of the phase space. Within this point of view,
the metal to insulator transition could be seen as the percolation of small metallic
domains upon cooling toward the ferromagnetic state (as stated in Ref. [121]).





Chapter 4

Surface electronic structure and
magnetic properties of doped
manganites

Extensive research shows that transport properties, and magnetoresistance in
particular, are significantly modified at artificially created barriers [21, 122, 123,
124, 125, 126, 127, 128, 129] or in polycrystals [130, 131, 132, 133, 134, 135,
136, 137]. The magnetoresistance has larger values at low fields, and persists
at large fields, unlike in the bulk case (Fig. 4.1) and it is different from zero
and almost constant for a wide range of temperatures within the ferromagnetic
region as shown in Fig. 4.2. These two properties are very interesting from
the technological point of view and overcome the drawbacks of single crystalline
systems whose large magnetoresistance usually needs magnetic fields of several
Tesla and is limited to a narrow range of temperatures close to Tc. In Fig. 4.1
two different slopes for the magnetoresistance versus applied magnetic field are
found. Clearly, two different mechanisms must dominate in the two regimes. The
low field steep slope must be due to an easy orientation of the ferromagnetic
domains along the direction of the magnetic field. This sharp drop is greatest at
lowest temperatures as at high temperatures the intragrain disorder must be taken
into account. The high field smooth slope must be related to the much harder
orientation of the interface spins which can be pinned to structural defects. This
is sketched in Fig. 4.3.

Different mechanisms have been proposed for transport across the interfaces in
manganites to account for the sharp drop of magnetoresistance at low fields.
Hwang et al [21] propose that spin polarised intergrain tunneling dominate the
transport. On the other hand, Li et al [132] discard tunneling and claim that spin
dependent scattering gives a better fit to experimental evidences. For instance,
they estimate a grain boundary resistivity of a few hundred of mΩcm which is

59
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lower than the expected resistivity in a tunnel junction. Anyway, tunneling is
the mechanism which is now believed to fit the experimental results. The value
of the residual resistivity ρ0 for polycrystalline samples ranges from 0.001 to 104

Ω cm [135] depending on the grains’ size: the smaller the grains the larger the
resistivity. Those changes in resistivity are related with reducing the size by three
orders of magnitude from 10 µm to 20 nm.

The effects on magnetoresistance depend on grains’ size which, in turn, can be
controlled with synthesising temperature (the size decreases with decreasing syn-
thesising temperature). Artificial grain boundaries can be achieved by growing
on bicrystal substrates and allows a further control of the defects and the tuning
of low field magnetoresistance behaviour [126].

Low field magnetoresistance aroused the interest of researchers in looking for more
optimal uses of manganites for technological applications which could improve the
magnetoresistive response by creating barriers. The role of the interfaces is em-
inent and works trying to explore the defects on the surfaces of thin films [129]
have found a magnetic dead layer of several layers thickness. These dead layers
can appear at surfaces in contact with the environment or at the interfaces be-
tween the manganite and the substrate, maybe due to the strain produced by
lattice mismatch in the interface. However, Balcells et al [138] have arrived to
similar conclusions in completely strained films in which the lattice parameter
is strictly equal all over the sample. Moreover, Park et al [139] measured the
magnetisation on the surface and in the bulk of a sample and found that the
ferromagnetic correlations are strongly suppressed on the surface. These difficul-
ties have shown in manganite-insulator-manganite trilayer junctions [30, 140, 28].
Tunneling magnetoresistance (defined in Chapter 1) in these heterostructures
decreases dramatically with temperature going to zero far below the critical tem-
perature where a significant value of the polarisation is still found. This was
unexpected because the large spin polarisation of manganites should improve the
magnetoresistance.

All these unsolved questions make the study of surfaces and interfaces in man-
ganites a very interesting task that is faced in this chapter. In the surface, a
large number of modifications with respect to the bulk, as structural defects, may
be expected. Here, the simplest effect is considered: the broken translational
symmetry at a surface or interface.

4.1 Model

In the present chapter, we are interested in analysing the surface of doped man-
ganites with concentrations of holes close to x = 1/3. For these dopings, in the
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FIG. 1. Top panel: rsTd of La2y3Sr1y3MnO3 for a single
crystal sample and two polycrystalline samples with final sin-
tering temperatures of 1300 and 1700 ±C. Bottom panel: The
temperature dependence of the magnetization for these three
samples at 0.5 T. Inset: The field dependent magnetization of
these samples at 5 and 280 K.

In Fig. 2 we present a detailed comparison of the field
dependence of r in the longitudinal geometry (magnetic
field H parallel to current J) and the magnetization of
the single crystal and the two polycrystalline samples for
a range of temperatures 5–300 K. Figure 2(a) shows
the variation in the resistance (normalized by the zero
field value) of the single crystal. At low temperatures
there is negligible MR, and with increasing temperature
there is increasing negative MR. Note that r smoothly
varies through the region of magnetic domain rotation (in-
set to Fig. 1), indicating that electron scattering at mag-
netic domain boundaries does not dominate transport. In
Fig. 2(b), the field dependent magnetization (normalized
by the 5 T value) is shown for the same sample measured
in Fig. 2(a). Although the magnetization has reached
$95% of its value by 0.5 T (due to magnetic domain
rotation), clearly there is still significant increase in the
magnetization above 0.5 T. The striking feature of this
comparison is that the variation in the magnetization at
various temperatures tracks the MR. At 5 K, when there

FIG. 2. Panels a, c, and e: The magnetic field dependence
of the normalized resistance at various temperatures from 5 to
280 K. Panels b, d, and f: The magnetic field dependence
of the magnetization (normalized to the 5 T value) at various
temperatures from 5 to 280 K.

is no detectable MR, the magnetization is nearly saturated.
At 280 K, there is a 4% variation in the resistance and a
4% variation in the magnetization once magnetic domain
rotation is completed. Thus it appears that the suppres-
sion of magnetic fluctuations is the origin of the negative
MR in this sample.

The MR and magnetization of the polycrystalline sam-
ple sintered at 1700 ±C are displayed in Figs. 2(c) and
2(d). The magnetization data look identical to that of the
single crystal to very high accuracy (excluding small vari-
ations at low fields due to the demagnetization factor), in-
dicating that the intragrain properties reflect bulk intrinsic
properties. The MR, however, looks radically different.
The predominant feature is a sharp drop in the resistance
at low fields, and then a slower background negative MR.
This sharp drop is greatest at lowest temperatures, and de-
creases with increasing temperature.

The MR and magnetization of the polycrystalline sam-
ple sintered at 1300 ±C are displayed in Figs. 2(e) and
2(f). The magnetization data again are identical to that
of Figs. 2(b) and 2(d), and the MR is very similar to that

2042

Figure 4.1: Normalised resistance and magnetisation versus magnetic field for
different temperatures ranging from 5K to 280K for single and polycrystalline
sample. Reproduced from Hwang et al [21]. Note that though magnetisation does
not depend on the sample the resistance does: polycrystalline samples present a
large magnetoresistance upon the application of very low magnetic fields that
is absent in the single crystal. The origin of this magnetoresistance is extrinsic
being related to the interfaces between grains. The two different slopes can be
due to the different response of the spin in the grains and in the interfaces to an
applied magnetic field (this is illustrated in Fig.4.3). Note the different scales for
ρ/ρ0. In particular, the smaller the grains, (corresponding to samples grown at
lower temperature) the larger the magnetoresistance.
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T . The H dependence of the MR ratio at 100 K and 25 K is
plotted as an inset in Fig. 3. The MR ratio for the epitaxial
film is small at both temperatures, increasing almost linearly
with H ~7–15% at 4 T!. A significantly larger drop ~60–
65 % at 4 T! over the same field range occurs for the poly-
crystalline film. In fact, the decrease is actually somewhat
higher at 25 K than at 100 K. At 25 K, a sharp drop is
observed at low H ~,2000 Oe! followed by a more gradual
drop at higher values. The low-field drop is correlated with
switching of magnetic domains as will be discussed later.
We have observed a very similar H dependence of the r and
the MR ratio for epitaxial and polycrystalline films of
LXMO and LSMO with Tc values of 250 K and 350 K,
respectively.

The magnetotransport behavior near Tc in the manganites
has been attributed to a strong coupling between the conduc-
tion electrons and the local magnetic moment through the
so-called double-exchange mechanism.16 With decreasing
T , the r drops rapidly as the neighboring spins become
aligned and the magnetization approaches its saturation
value. One would, therefore, expect the MR to approach zero
at the lowest temperatures. This is indeed observed for the
epitaxial film. On the other hand, the polycrystalline films
exhibit MR effect both near Tc and at low T . The latter relies
more on a static magnetic structure as opposed to a dynamic
one responsible for the high-temperature effect near Tc .

To better understand the source of MR at low tempera-
tures in the polycrystalline samples, we have carried out de-
tailed magnetization measurements as a function of T and
H . Figure 4 shows the magnetic hysteresis loops at a tem-
perature of 10 K for the polycrystalline and epitaxial LCMO
films. The field is applied along the ~100! direction in the
plane of the substrate for the epitaxial film. Surprisingly, the
magnetization (M ) at high fields is found to be higher for the
polycrystalline films than the epitaxial film. Moreover, M
increases with decreasing grain size and reaches a value
close to the theoretical limit based on spin-only contributions
from all Mn ions ~;660 emu/cc!. We believe that this is

most likely related to residual strain in the film which in-
creases with increasing grain size in the sample. The hyster-
esis loops at low fields are magnified and shown as an inset
in Fig. 4. The hysteresis loops of the polycrystalline films are
broader with higher Hc ~;200 Oe! as would be expected for
the average of a random orientation of grains. Note that the
M of the epitaxial film saturates for fields above 1000 Oe.
This is unlike the polycrystalline samples whose M contin-
ues to increase slowly up to the highest measuring field.

The low-temperature MR in the polycrystalline films at
low fields can be understood in terms of magnetic domain
scattering at the boundary regions.4,6,8 Since the conduction
electrons are almost completely polarized inside a magnetic
domain, electrons are easily transferred between pairs of
Mn13 and Mn14 ions. However, when these electrons travel
across grains, strong spin-dependent scattering at the bound-
aries will lead to a high zero-field r. Application of a mod-
erately low field can readily align the domains into a parallel
configuration causing the r to drop substantially. One impor-

FIG. 3. Magnetoresistance ~MR! ratio as a function of tem-
perature for polycrystalline ~3 mm average grain size! and ep-
itaxial films of LCMO. Data for H50.5, 1, 2, 3, and 4 T are
presented for each sample. The inset shows the dependence of
the MR ratio as a function of H for the two films measured at
100 and 25 K.

FIG. 4. Magnetic hysteresis loops measured at 10 K for the polycrystal-
line and epitaxial LCMO thin film samples using a SQUID magnetometer.
The low-field loops are shown expanded in the inset.
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Figure 4.2: Magnetoresistance as a function of temperature for an epitaxial film
and a polycrystalline sample. Note that the later presents a significant MR in a
wide range of temperature while the former only shows the peak at Tc. In the
inset, MR versus applied magnetic field is shown. Reproduced from Gupta et al
[123].

H H

(b) (c)(a)

Figure 4.3: A feasible interpretation for low-field magnetoresistance in polycrys-
talline manganites. As an external magnetic field is applied, the grains (single
domain ferromagnets) order while the interfaces are much harder to orientate
(they can be pinned in the intergrains defects) and remain disordered up to very
high H.
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bulk, the symmetry around the manganese ions is cubic and Jahn-Teller distor-
tions can be neglected. Therefore, the two eg orbitals are degenerated and the
double-exchange mechanism is enhanced. We consider the simplest, and most
common, modification with respect to the bulk that a surface may show: the loss
of cubic symmetry around the Mn ions. It is necessary now to take account of the
two eg orbitals because their different symmetry (see Fig. 1.6) implies a distinct
response to the existence of a surface.

The cubic symmetry is lost at the surface. This could mean that the octahe-
dra surrounding the Mn ions were incomplete (if, for instance, the outermost
layer is oxygen deficient) or strongly distorted. This results in a splitting be-
tween the eg orbitals which can be larger than typical Jahn-Teller splittings in
A1−xBxMnO3 with small values of x. When one of the eg orbitals moves away
from the Fermi level due to the splitting, the double exchange mechanism is
weakened (therefore, the electronic kinetic energy is reduced), and direct anti-
ferromagnetic superexchange couplings between the core S = 3

2
spins can prevail.

Moreover, the reduction in electronic kinetic energy can also lead to charge trans-
fer between the surface layers and the bulk, contributing to the formation of a
surface dipole. All these effects can be modified by surface spin waves, which,
in turn, depend on temperature and external magnetic fields. In the following
the magnetic, electronic and transport consequences of this minimum model for
a surface are calculated and discussed.

In order to investigate these features, we start from a tight binding double-
exchange Hamiltonian, using the two eg orbitals, dx2−y2 and d3z2−r2, which we
designate x and z respectively. Hopping between them will now depend on di-
rection. Fixing the orientations of the eg orbitals to the frame of reference of the
lattice, we obtain for the z− direction,

tzz = t

txz = txx = 0 (4.1)

and for the directions in the x− y plane,

tzz =
1

4
t

txz = ±
√

3

4
t

txx =
3

4
t (4.2)

where the two signs in txz correspond to the x and y directions respectively, and
t (0.2 − 0.3eV ) is the effective eg - eg hopping generated from the (dpσ) matrix
element between a d orbital in a given Mn ion, and a p orbital in a neighbouring
O ion [141, 142]. Thus, the new expression for the DE hopping is:
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ti,jα,β = tα,β

(
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2
ei(φi−φj)

)
(4.3)

where α, β are the orbital indexes. We study a cubic lattice with periodic bound-
ary conditions in the x and y directions, and open boundary conditions along the
z direction, where two (001) surfaces terminate the lattice. Slabs with a thick-
ness NL of 20 atoms are considered. We have checked that, for this size, the bulk
properties are recovered at the centre of the slab. The environment of the outer-
most Mn ions is deficient in oxygen, in other words, the oxygen octahedra which
surround the Mn ions are incomplete. The absence of the negatively charged O2−

ions leads to a downward shift of the eg levels with respect to the values in the
bulk. This shift is larger for the d3z2−r2 orbital, which points toward the surface.
The dx2−y2 orbital is more localised around the ion, and is less sensitive to the
change in the environment. In order to keep the number of free parameters in
the model to a minimum, we leave the dx2−y2 level unchanged with respect to the
bulk, while the d3z2−r2 is shifted downwards by an amount ∆ (Fig. 4.4). The value
of ∆ should be comparable, or larger, than the observed Jahn-Teller splitting in
LaMnO3, which, in turn, is larger than the eg bandwidth. Reasonable values of
∆ are ∼ 0.5 − 1.5eV [41]. The eg levels at all other layers remain unchanged,
except for electrostatic effects.

This shift of the surface d3z2−r2 orbitals leads to charge transfer between the
bulk and the surface. The induced electrostatic effects are treated within the
Hartree approximation. 1 This gives rise to an additional shift in the electronic
levels which is determined by solving self-consistently the Schrödinger and Poisson
equations. This electrostatic shift is equal for the two eg orbitals at each layer.
Screening from other levels is described in terms of a dielectric constant of value
ε = 5ε0 [70]. Self-consistency is imposed on the eg levels in all layers in the
system. We do not consider the possibility of orbital order induced by a Hubbard
U between electrons at the two eg orbitals [73, 143]. We analyse underdoped
materials, x < 0.5, where no unusual magnetic ordering is expected. The Hartree
approximation acts to suppress charge fluctuations, although it does not split the
eg bands in the way a Hubbard term does. This effect should be less important
at the surface, due to the crystal field splitting ∆ introduced before.

We solve the problem by diagonalising the tight binding double exchange Hamil-
tonian in the first Brillouin zone. The unit cell considered is 1× 1×NL with two

1The Hartree approximation is the simplest way to take account of electron-electron inter-
actions. It consists on a set of non-linear equations for the one-electron wave-functions which
includes the fact that an electron feels the electric fields of all the other electrons. The way of
solving this Hartree equation is iterative: first, a form for the effective electrostatic potential
that an electron feels is guessed. The Schrödinger equation is solved and, from the result-
ing wave-functions, a new form for the potential is calculated. The process is continued until
self-consistency is reached.
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Figure 4.4: Scheme of the system. (a) is the starting configuration and (b) is the
final configuration after the self-consistency. The splitting ∆ is fixed.

orbitals per site. Hence 2NL × 2NL matrices are diagonalised. A diagonal term
taking account of the electrostatic energy produced by a layer with charge excess
(or defect) is included. The self-consistency transfers charge among layers with
the restriction that the two eg orbitals within the same layer are bound to shift
together.

4.2 Surface electronic structure

We first analyse a ferromagnetic configuration of all spins. Typical results, for
∆ = 10t and hole concentration of x=0.3, are shown in Fig. 4.5. Charge neutrality
corresponds to a total occupancy of the eg orbitals of 0.7.

The large splitting between the eg orbitals at the surface leads to a significant
charge transfer to the outermost layer (nL = 1). The charge distribution reaches
the bulk values at the third layer, in agreement with the expected short screening
length of the metal. The surface d3z2−r2 orbitals are almost full, while the dx2−y2

are empty, so that the charge state of the ion is Mn3+. Hence, for the value of ∆
used in Fig. 4.5, the double exchange mechanism is almost completely suppressed
at the surface. Then, it is likely that anti-ferromagnetic interactions will prevail
at the surface. Electronic properties due to ferromagnetic and anti-ferromagnetic
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Figure 4.5: Charge in the eg orbitals as a function of the distance from the surface
for the ferromagnetic configuration and ∆ = 10t. On the surface, nL = 1, the x
orbitals are almost empty, due to the shift ∆.
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Figure 4.6: Charge in the d3z2−r2 orbital (a) and total charge (b) versus ∆
t
.

θ = 0 corresponds to a ferromagnetic ordering. θ = π
2

corresponds to the anti-
ferromagnetic surface ordering described in the text (see also Fig. 4.7).
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Figure 4.7: Magnetic structure considered in the text. Only the spins at the
surface layer are rotated, in the way shown. The spin rotation is given in polar
angles. θ is constant through the surface while φ is considered, alternately, 0 or
π. Such choice of angles allows the use of a small unit cell of size 1× 1×NL. We
have checked that allowing further freedom in the angle φ does not change our
conclusions.

ordering at the surface are compared in Fig. 4.6, where we show the total charge
and the charge in the d3z2−r2 orbital for the outermost level as a function of ∆.

Higher values of ∆/t do not alter these results. For intermediate values of ∆/t, the
surface electrostatic barrier depends significantly on the magnetic configuration.
The surface dx2−y2 orbitals are practically empty, and the d3z2−r2 are occupied for
∆ > 3t.

4.3 Surface magnetic order

The suppression of the double exchange ferromagnetic coupling at the surface
leads to an enhancement of the superexchange anti-ferromagnetic interaction
among the Mn ions. To investigate further this effect, we study magnetic con-
figurations where the core spins of the surface Mn ions are allowed to rotate, as
shown in Fig. 4.7. The canting angle θ is used as a variational parameter which
allows us to change continuously from ferromagnetic to anti-ferromagnetic sur-
face ordering. θ = 0 means perfect ferromagnetic order at the surface and with
the bulk. θ = π/2 gives rise to an anti-ferromagnetic alignment of the surface
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spins, at right angles with the bulk magnetisation. 2 To take into account the
superexchange interaction, we introduce an anti-ferromagnetic coupling between
the Mn core spins. Subtracting a trivial constant, the energy per surface ion due
to this coupling is:

EAF = J⊥ cos θ + 2J‖ cos 2θ (4.4)

where θ is the angle shown in Fig. 4.7, J⊥ is the anti-ferromagnetic coupling
between a Mn spin at the surface and one in the next layer, and J‖ is the anti-
ferromagnetic coupling between spins at the surface layer. From symmetry con-
siderations, J‖ = 4J⊥ [48].3

We now estimate, for a given value of ∆, the surface anti-ferromagnetic coupling
needed to stabilise anti-ferromagnetic or canted structures at the surface. We
calculate the total energy of the system for the magnetic ordering depicted in
Fig. 4.7.

The total energy of the system is the sum of the electronic energy E0 (kinetic
plus Hartree) and anti-ferromagnetic energy. The E0 contribution, and the anti-
ferromagnetic exchange energy are shown in Fig. 4.8. The exchange coupling
chosen is comparable to that between two Mn3+ ions in undoped LaMnO3. This is
probably an underestimate of the exchange at the surface [78, 48]. The electronic
energy has a minimum at θ = 0 because the absolute value of the kinetic energy
is maximum. On the other hand, at θ = π/2, the surface kinetic energy is
minimum, corresponding to a maximum in E0. The difference in energy between
these extreme values of E0 decreases as ∆ increases. On the contrary, EAF has a
minimum at θ = π/2 corresponding to anti-ferromagnetic ordering on the surface.
By minimising the total energy E0 +EAF as a function of θ we obtain the canting
angle as a function of the anti-ferromagnetic coupling J⊥.

Fig. 4.9 shows the calculated phase diagram as function of the splitting at the
surface between the eg levels ∆ and the direct anti-ferromagnetic coupling between
the core spins J⊥, for two different values of the hole concentration. The effect
of J⊥ is increased as ∆ becomes larger, destroying the ferromagnetic order on
the surface. In fact, for realistic values of the couplings, the surface spins are
aligned almost antiferromagnetically with respect to those of the bulk. Note that
the constraints imposed on the spin orientations give an underestimation of this
tendency toward anti-ferromagnetism, as we do not allow the spins to relax in
the layers deeper into the surface.

The changes in the magnetic surface structure also lead to modifications in the

2We have checked that random configurations at the surface, the largest spin disorder we
can think of, are more energetic than ferro and anti-ferromagnetic orderings.

3This is a result valid for the parent compound LaMnO3 whose magnetic ground state is
a planar antiferromagnet. There is no reason why this anti-ferromagnetic coupling should not
survive upon doping although the ferromagnetic contribution from double exchange can hide
its effects completely.
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Figure 4.9: Magnetic phase diagram of the surface of a doped manganite. The
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that the order is 90% antiferromagnetic, namely, θ = 81o. Full dots are results
for hole concentration of x = 0.3. Open dots are for x = 0.2.
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spin stiffness at the surface, which is weaker than in the ferromagnetic bulk. It is
straightforward to show that weaker couplings lead to the formation of bands of
surface magnons [144]. We analyse the surface bands by means of the Schwinger
boson approximation, which gives a realistic spectrum for the bulk bands of dou-
ble exchange systems [66]. We assume that there is a direct antiferromagnetic
coupling JAF between the spins at the outermost layer, a weak ferromagnetic
coupling between these spins and those at the nearest layer, J ′

F , and that the
bulk values for the ferromagnetic couplings are recovered at the second layer and
beyond, JF . These couplings are the effective result of taking account of superex-
change coupling and double-exchange.4 Assuming perfect translational invariance
in the directions parallel to the surface, the magnetic structure at the last layer
is described by the Green’s function:

G0,0(~k‖, ω) =




〈b†~k‖↑
(ω)b~k‖↑〉 〈b†~k‖↑

(ω)b†~k‖+ ~Q‖↓
〉

〈b~k‖↑(ω)b~k‖+ ~Q‖↓〉 〈b†~k‖↓+ ~Q‖↓
(ω)b~k‖+ ~Q‖↓〉


 (4.5)

The operators b~k‖s destroy excitations of momentum ~k‖ and spin s at the outer-

most layer. The vector ~Q = (π, π) describes the antiferromagnetic superstructure.
A recursive equation can be written for Green’s functions of the type Gn,0, leading
to a full solution of the problem. Details are given in Appendix C.

The magnetic modes at a (1, 0, 0) surface are given in Fig. 4.10. We find the
bulk continuum and two types of surface states: a band located very close to the
edge of the continuum, with slow decay into the bulk, and a band which tends
to reproduce the linear dispersion of an isolated single layer, except for a gap at
(0, 0). This gap is proportional to J ′

F when J ′
F � JAF , JF . This band overlaps

with the bulk continuum, but cannot decay into it because of its symmetry. The
spectrum, at very low energies, is determined by the bulk modes, and the states
derived from them. At higher energies, the surface excitations at energies ∼ JAF

have the largest spectral weight. Thermal excitation of these modes leads to a
decay of the surface magnetisation as function of temperature which is faster than
in the bulk.

In order to estimate the magnetic effects on the surface, we have calculated, using
Monte Carlo techniques (as in Chapter 2), the surface magnetisation of a cluster of
classical spins. In this model, the bulk double exchange mechanism is described by
an effective ferromagnetic Heisenberg coupling JF , and the surface spins interact
with an antiferromagnetic coupling JAF . The outermost spins interact with the
spins in the second layer via a ferromagnetic coupling J ′

F . From the results
reported previously, we estimate that J ′

F is very small, ∼ −J/100 and JAF takes

4Double exchange can be written as a Heisenberg term with an effective ferromagnetic cou-
pling. The magnetic coupling at the surface is anti-ferromagnetic because double exchange is
weakened there and antiferromagnetic superexchange among t2g orbitals dominate.
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Figure 4.10: Projected magnetic structure at an antiferromagnetic surface weakly
coupled to the ferromagnetic bulk (see text). The surface antiferromagnetic
coupling is JAF = 0.5JF and the ferromagnetic coupling to the next layer is
J ′

F = 0.3JF , where JF is the ferromagnetic coupling in the bulk. Energies are
shown in units of JF . The bands are shown in the projected ferromagnetic Bril-
louin zone. The thin lines denote the lowest edge of the bulk continuum. Note
the folding induced by the antiferromagnetic structure.

a value between JF/2 and JF/6. In Fig. 4.11 we plot the surface magnetisation
as a function of the temperature for different values of JAF . The results obtained
do not depend strongly on the value of JAF and they are in reasonable agreement
with the experimental results reported in [139] and shown in Fig. 4.12.

4.4 Surface conductance

The combination of energy shifts and changes in the magnetic couplings reduces
the conductance of the surface, even in the absence of other, extrinsic, barriers.
To estimate this effect, we have calculated the resistance between two perfect
double exchange ferromagnetic metals separated by a layer with the amount of
charge and the magnetic structure obtained in the previous calculations. Note
that we are interested in the region corresponding to the smooth slope in the
magnetoresistance as the two domains separated by the interface are parallel.
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Figure 4.11: Magnetisation of the last layer as a function of temperature for
a cluster with 20 layers and open boundary conditions in the z-direction. For
comparison, the results for a cluster of the same size and periodic boundary
conditions (no surfaces) are also shown (full line). These results are comparable
to the experiments shown below.
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FIG. 3. X-ray absorption and the magnetic circular dichroism
(MCD) spectra at Mn L-edge. r1 and r2 denote the absorp-
tion spectra for the photon helicity parallel and antiparallel to
the magnetization, respectively. The photon incident angle and
the degree of the circular polarization were taken into account
for the spectra.

to minimize any possible artifacts. The XAS and MCD
spectra are very similar to previous MCD results ob-
tained from La12xCaxMnO3 [23] and La12xSrxMnO3 bulk
samples [24]. The MCD anisotropy, the difference di-
vided by the sum of the two absorption signals, is as
high as ,23%, reflecting large magnetic moments at
Mn. The MCD spectrum displays a complicated mul-
tiplet structure, which can be understood by theoreti-
cal multiplet calculations. Here we will focus on the
temperature dependence of the MCD anisotropy, which
is proportional to the magnetization. Upon heating, the
anisotropy decreases without any considerable change in
the line shape.

XAS in the total electron yield mode has ,50 Å
probing depth, which corresponds to an intermediate
length scale between the bulk and the surface boundary.
Hence, the MCD anisotropy corresponds to an interme-
diate length scale magnetization sMIMd. Figure 4 shows
the temperature dependence of the magnetization for three
different length scales. MIM exhibits a temperature de-
pendence which is closer to that of MB compared with
that of MSB, but its deviation from MB is still significant.
The deviation could be due to the contribution from the
surface boundary. However, the contribution of the first
,5 Å surface boundary to the XAS is at most ,10%, and
thus the observed large deviation indicates that for at least
several monolayers below the surface boundary the mag-
netization is considerably different from MB.

Previous photoemission studies of the manganese
perovskites showed that the density of states (DOS) at
the Fermi energy sEFd increases upon cooling below
Tc [22,25]. In order to investigate the temperature
dependence of the charge carriers at the surface bound-
ary, we have performed a temperature dependent study
by monitoring the photoemission spectral weight at
0.1 eV binding energy which is indicated in the near-EF

FIG. 4. Summarized temperature dependence of magnetiza-
tion for different length scales. MB, MIM, and MSB denote
the bulk, the intermediate length scale s,50 Åd, and the sur-
face boundary s,5 Åd magnetization, which were determined
by SQUID, soft x-ray MCD, and SPES, respectively. The MSB

data points represent the average values of the spin anisotropy
of the eg and t2g states in Fig. 2.

photoemission spectra presented in the inset of the
figure. The spectral weight at 0.1 eV binding energy
does not truly account for DOSsEFd, but, considering
the technical difficulties arising from the finite experi-
mental resolution (0.1 eV full width half maximum) and
the Fermi-Dirac occupation function, it seems to be the
best choice. Figure 5 shows the temperature dependence.
As can be seen in the inset, the spectrum displays consid-
erable spectral weight at 0.1 eV binding energy together
with the metallic Fermi cutoff at very low temperature.

FIG. 5. Temperature dependence of the photoemission spec-
tral weight at 0.1 eV binding energy obtained with hy 

40 eV. The 0.1 eV binding energy is indicated by an arrow
in the inset, which shows the near-EF photoemission spectra
above (380 K) and well below (40 K) the Curie temperature
sTc ø 360 Kd, as presented in Ref. [21].

1955

Figure 4.12: Temperature dependence of magnetisation for different length scales.
MB, MIM , and MSB denote the bulk, the intermediate length scales (∼ 50)
and the surface boundary (∼ 5 deep) magnetisation, which were determined by
SQUID, soft x-ray MCD, and SPES, respectively. Reproduced from Park et al
[139].
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Since only the d3z2−r2 orbitals contribute to the transport through the interface,
we have simplified the model, and only a single orbital per site is kept. The
calculations were done using the method described in Chapter 3: conductance
is numerically calculated by means of Kubo formula. Two effects contribute
to the resistivity, the shift in energy of the interface orbital and the difference
in spin orientation between the atoms at the bulk and at the interface. The
conductance is sharply reduced when the surface layer is antiferromagnetic, as the
double exchange mechanism is suppressed. We find that for hole concentrations
of x=0.3 the presence of the interface increases the resistance of the system in
a factor bigger than 10. The results, as function of this shift and the magnetic
order in the layer, are shown in Fig. 4.13.

A magnetic field will reduce the antiferromagnetism at the surface, and, at high
fields, the surface spins are aligned parallel to the bulk. We estimate this effect
by adding a magnetic field to the model and finding the magnetic structure which
minimises the energy. The resulting conductance, for ∆ = 3t and J⊥ = 0.025t,
is plotted in Fig. 4.14. A very high field ∼ 60T is required to saturate the
magnetoresistance. Note that the low field ( < 1T ) magnetoresistance is probably
due to the alignment of the polarisation of the bulk electrodes, which can be
understood within conventional tunneling models [25, 145]. Our results for the
high field dependence are consistent with the available experimental data [21,
122, 123, 124, 125, 127, 128, 129].

The magnetic excitations of the surface layer also modify the magnetoresistance
at finite temperatures [146, 147, 148]. Spin flip scattering due to thermally
excited magnons leads to a suppression of the magnetoresistance at temperatures
below the bulk Curie temperature. The dependence of the magnetoresistance
on temperature should be similar to that of the surface magnetisation, shown in
Fig. 4.11.

4.5 Summary and conclusions

We have shown that the lack of cubic symmetry at surfaces, combined with the
double exchange mechanism, leads to significant changes in the magnetic and
transport properties of doped manganites.

Charge is transferred from the bulk to the surface layers, leading to the forma-
tion of Mn3+ ions at the surface, and to an electrostatic barrier for the electron
transport.

The absence of the electronic carriers at the surface implies the weakening of
the double exchange mechanism, and the dominance of direct antiferromagnetic
interactions between the Mn spins. An antiferromagnetic layer can be formed,
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Figure 4.13: (left) Conductance through a surface layer of a 20 × 20 lattice, as a
function of the angle θ, for different shifts ∆ of the interface level; (right) sketch
of the system considered to calculate the conductance. The shift of the interface
level strongly affects the conductance.
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Figure 4.14: Inverse conductance, normalised to the conductance of a perfect
ferromagnetic system (θ = 0 and ∆ = 0), of a magnetic layer, as function of
applied field. The arrow indicates the saturation limit at high fields ∼ 60T . In
fact, experiments have not shown any saturation on the magnetoresistance in
polycrystalls up to the largest magnetic fields proven. The size of the system is
20 × 20 × 20. The parameters used are described in the text.
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for realistic values of the interactions. We have analysed the surface spin waves,
and temperature dependence of the magnetisation at the surface. The magnetic
disorder at the surface can be considerably larger than in the bulk, leading to
spin dependent scattering which reduces the magnetoresistance. Large magnetic
fields are required to align the surface moments.

Finally, we have computed the transport properties across the surface. An applied
magnetic field enhances the conductance of the barrier, by favouring the double
exchange mechanism and the valence fluctuation of the Mn ions. Our results
are consistent with a number of experiments on magnetic barriers and granular
materials.

As mentioned before, the model proposed here is one of the simplest modifica-
tions ocurring at a manganite surface we can think of. Actual samples have a lot
of imperfections in contact with air or with the substrate (due to lattice size mis-
match, atomic diffusion ...). Moreover, phase separation (anti-ferromagnetic is-
lands embedded within a ferromagnetic matrix) in epitaxial thin films has recently
been observed [138] as the reason for the existence of a dead-layer. The model
considered here is similar to that of Kodama et al [149] who studied NiFe2O4

nanoparticles. They got to the conclusion that oxygen deficiency in the surface of
the nanoparticles causes the exchange bonds to break inducing, as a consequence,
surface spin disorder. Our main conclusion is that the only consideration of mag-
netic and electrostatic interactions can explain the large differences in behaviour
of the surface and the bulk.





Chapter 5

Low temperature properties of
double-exchange systems

The explanation of the behaviour of manganites resistivity remains a puzzle for
the large scientific community which has been examining it for years. In Chap-
ter 3 the region close to the magnetic critical temperature has been analysed
within double-exchange model. In this chapter the focus is switched to the low
temperature region.

As explained in the introductory Chapter, when studying magnetoresistance we
must distinguish between extrinsic (see Chapter 4) and intrinsic mechanisms.
We are interested here in the intrinsic properties, namely, the behaviour of the
resistivity at low T in single crystalline samples.

The metal-insulator transition has been studied using very different approaches
as explained in Chapter 3. More recently, resistivity at low temperature has
centred the attention of the community in theory [114, 150] and experiments
[19, 14, 151, 152, 153, 154].

Nowadays, the frame is still quite confusing as there is not general agreement on
the exact dependence of the resistivity ρ on temperature T . Schiffer et al. [19]
fitted the resistivity for low T (T < 0.5Tc) by ρ(T ) = ρ0 + ρ1T

p with p = 2.5
but they could also fit it to ρ(T ) = ρ0 + ρ1T

2 + ρ2T
4.5. Similar conclusions have

been reported by Snyder et al. [151] for high-quality films of La0.67Ca0.33MnO3

and La0.67Sr0.33MnO3 and by Urushibara et al. [14]. On the other hand, Jaime
et al. [152] have observed a T 2 plus a T 5 dependence 1 being ρ independent of
T below 20K (see Fig. 5.1). And Akimoto et al. [153] claim that the actual

1Jaime et al. remark that they could not distinguish between T 5 (electron-phonon scattering)
and T 4.5 (magnon-magnon scattering) dependences except for the fact that the coefficient of
T 4.5 is too small to take account of the resistivity values.

77
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Figure 5.1: Resistivity vs T 2 for magnetic fields up to 70kG in a single crystal
sample. Inset: difference between the magnetisation and its zero T extrapolation
vs temperature on a log-log plot, showing T 3/2 and T 5/2 contributions. Repro-
duced from [152].

T -dependence is related to the bandwidth of the sample (see Fig. 5.2). Also,
Zhao et al. [154] fit their experimental curves below T = 100K with ρ − ρ0 =
Eωs/sinh

2(~ωs/2KBT ) (where ~ωs/2KB = 80K). Such behaviour is consistent
with small polaron coherent motion. Their fits to T 2, on the other hand, are
quite bad. However, this model requires the existence of polarons at low T and
a coupling to soft optical modes in the system. To finish with, Wang and Zhang
[155] assume that the states of the thermally populated minority spin band are
localised and obtain ∆ρ ∼ T 5/2 above 60K plus a T 3/2 component for lower T ;
however in this approach the scattering time is proportional to JH . Note that, in
this case, the limit JH → ∞ would imply a zero lifetime for the carriers.

In general, fittings to low powers of T (ρ ∼ T 2, T 3) are found but the exact
mechanism has not been distinguished. It has to be remarked that, at such low
temperatures, good fittings to different exponents can be satisfactorily found,
especially when more than a free parameter is used. It is, thus, very difficult to
get to a unique conclusion just by fitting experimental curves. Therefore, further



5.1. Mechanisms of scattering at low T 79

ar
X

iv
:c

on
d-

m
at

/0
00

90
35

   
4 

Se
p 

20
00

(b) R = Sm

� (T
)-

� 0 
(1

0-3

� cm
)

T3 (104K3)

1

2

Fig. 2: T. Akimoto et al., PRL

0 5

5

10

0
T9/2 (107K9/2)

(c) R = Nd0.6Tb0.4

� (T
)-

� 0 
(

� cm
)

10.5

� (T
)-

� 0 
(1

0-5

� cm
) (a)

T2 (104K2)
0 0.5 1

5

10

 R = Nd

 R = La

Figure 5.2: [153] claim that different compounds have a different resistivity
behaviour. (a) La0.6Sr0.4MnO3 and Nd0.6Sr0.4MnO3, (b) Sm0.6Sr0.4MnO3, and (c)
(Nd0.6Tb0.4)0.6Sr0.4MnO3. Solid curves are the best fitted results with equation
ρ(T )−ρ0 = A2T
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9/2. They claim that the decrease of the sample
bandwidth makes ρ switch from a T 2 behaviour to T 3 and finally to T 9/2.

investigation is needed to find out the scattering mechanisms relevant at low
temperatures. Special emphasis will be given to a quantitative agreement of the
quick increase of ρ with T .

Motivated by the lack of agreement in explaining the low temperature behaviour
of manganites, the low T properties of double-exchange model are studied. First,
the possible mechanisms of scattering that could be relevant in manganites are
discussed. In the rest of the chapter spin-waves, quasi-particles and, finally, our
proposal to explain low T resistivity are investigated.

5.1 Mechanisms of scattering at low T

First of all, let us analyse the T -dependence that would arise from different scat-
tering mechanisms. T 2 can be related to electron-electron scattering 2 but the
strength of this contribution has been calculated by Jaime et al [152] and it

2There is an easy argument to justify the proportionality of the electrical resistivity to T 2.
An electron close to the Fermi energy EF can transfer momentum to another electron only if its
energy is within ∼ kBT of EF ; otherwise, one electron or the other will finish up in an occupied
state. Therefore only a fraction kBT/EF of all possible collisions can scatter an electron at the
Fermi surface. Another factor kBT/EF arises because the energy exchange between particles
which collide is limited to ∼ kBT .
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Figure 5.3: Manganites are half-metallic at T = 0 but, when T is increased
the minority spin-band is slightly populated. In Sec. 5.3 it will be shown that
the population of the minority spin band increases as T 3/2 while the majority
spin-band decreases as 1 − T 3/2.

is more than two orders of magnitude smaller than observed. Single spin-wave
scattering (involving spin-flip) also leads to T 2 in conventional metals but in half-
metals, at low T , the minority spin-band is not populated (because manganites
are half-metallic) and this process would be suppressed by a factor e−δ/kBT (Fig.
5.4), δ being the gap between the majority and minority spin levels. In principle,
this δ would be Hund’s coupling JH which is very large. Furukawa [114] cal-
culates an anomalous single-magnon scattering which gives the dependence T 3.
He claims that it is possible for single-magnon scattering to happen because for
T > 0 the minority spin-band is slightly populated (Fig. 5.3). His approach has
two problems: first, magnon scattering is calculated in first order perturbation
theory in Hund’s coupling JH which is very large in these systems, and, second,
the fractional loss of forward velocity has not been taken into account. 3 T 9/2

dependence corresponds to the consideration of magnon-magnon scattering. This
process was studied by Kubo and Ohata [11] as it is the lowest order permitted
involving magnons when the carriers are spin-polarised (see Fig. 5.4). T 5 would
arise if electron-phonon scattering were relevant.

At low T , spin waves are expected to play an important role for intrinsic electric

3This corresponds to considering a (1− cos θk,k+q) term, in other words, forward scattering
(k = k +q) receives very little weight, and would lead to a T 7/2 dependence. See, for example,
[56]. It is possible to understand why this kind of scattering would lead to a T 7/2 dependence
just by inspection: T 2 from single magnon scattering in conventional ferromagnets multiplied
by T 3/2 which gives the population of the minority spin band (see discussion in Sec. 5.3).
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Figure 5.4: (a) One magnon processes are strongly suppressed in manganites at
low T as e−δ/kBT where δ is the difference in energy between spin up and down
carriers (δ ∼ JH). (b) Two magnon processes are permitted as they do not involve
spin-flip. They give a scattering time proportional to T 9/2 as calculated by Kubo
and Ohata [11].

properties of manganites. We focus on their effects at low T as they are expected
to be much more relevant than other excitations of the systems as phonons.
Higher energy excitations would contribute at higher temperatures than those
of interest here (up to ∼ 100K). Spin waves are of a special kind in double-
exchange materials due to the strong Hund’s coupling. They are discussed in the
next section.

5.2 Composite spin-waves

An interesting issue relevant for low temperatures is the form of the low-lying
excited states: the spin-waves. There are two spins to consider: the localised
spins due to the t2g electrons (S = 3/2) and the itinerant spins of the eg carriers
(s = 1/2). In double-exchange systems the itinerant carriers are not independent
from the lattice of localised spins; the coupling energy is the infinite Hund’s
parameter JH . If Si were flipped independently from the corresponding si, or
vice versa, an energy ∼ JH would be involved. This means that the lowest energy
excited states cannot be ion spin waves (ISW) or electron spin density waves
(ESDW) but a coupled compound of both of them. This compound will be called
a composite spin wave (CSW). Its energy is of the order of the hopping parameter
t and independent of JH .

As a starting point, the ferromagnetic Kondo-like Hamiltonian Eq. 1.8 is consid-
ered. It is:
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Ĥ = −t
∑

i6=j,σ

C+
i,σCj,σ − JH

S

∑

i,σ,σ′

C+
i,σσσ,σ′Ci,σ′Si . (5.1)

The ground state of this model is a ferromagnet and, due to the second term of
the Hamiltonian, this implies that the system is half-metallic, namely, the system
is metallic for one spin orientation but is insulating for the opposite orientation.

To study the low T properties it is useful to do a Holstein-Primakoff transforma-
tion of the ion spins Si:

Sz
i = S − b+i bi

S−
i =

√
2S b+i

(
1 − b+i bi

2S

)1/2

S+
i =

√
2S

(
1 − b+i bi

2S

)1/2

bi

where bi, b
+
i are Holstein-Primakoff bosons which destroy or create, respectively,

an ion spin wave (the spin Si is increased or decreased by unity). They fulfil the
commutator relation

[
bi, b

+
j

]
= δij. As a result of applying this transformation a

privileged direction is chosen (z ↑).

Transforming to Bloch operators Ck,σ, in first order in the 1/S expansion,4 the
Hamiltonian gets the form:

H =
∑

kσ

εkC
+
kσCkσ − JH

∑

kσ

σ C+
kσCkσ

− JH

√
2

SN

∑

q,k

(
b+q C

+
k↑Ck+q↓ + bq C

+
k+q↓Ck↑

)

+
JH

NS

∑

k,q1,q2,σ

σ b+q1
bq2
C+

k−q1σCk−q2σ (5.2)

here N is the number of sites in the system, εk = −2t
∑

α cos (kαa0) is the electron
energy spectrum (α = x, y, z) and b+q creates an ISW with momentum q, which

4 This approach makes sense as S = 3/2 can be considered large. Hence the Holstein-
Primakoff relations are reduced to

Sz
i = S − b+i bi

S−

i ∼
√

2S b+i

S+
i ∼

√
2S bi
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decreases the z-component of the total ion spin by unity. σ = ±1. In the above
Hamiltonian the sum of momenta is restricted to the first Brillouin zone. In the
DE case (JH → ∞), the GS of this Hamiltonian is ferromagnetic, with all the
electron spins and core spins parallel, namely, pointing up in the z-direction. The
ground state energy per electron is E0 = −JH + EKE, being EKE = 1

Ne

∑occ
k εk

the average kinetic energy per electron, Ne the number of electrons and the sum
is over the occupied electronic states.

From Eq. 5.2 it is easy to see that the creation of an ISW costs an energy
∼ JH . Equivalently, a rotation of an electron spin (ESDW) defined by the bosonic
operator

a+
q =

1√
Ne

∑

k

C+
k+q↓Ck↑ (5.3)

involves JH . Only simultaneous rotations of both localised and itinerant spins
constitute low-lying excitations of the system ∼ t.

The form and the energy of the excitation are obtained by diagonalising the
matrix (

〈|aq[H, a
+
q ]|〉 〈|bq[H, a+

q ]|〉
〈|aq[H, b

+
q ]|〉 〈|bq[H, b+q ]|〉

)
(5.4)

where the expectation value is obtained in the ferromagnetic GS. Using Hamil-
tonian (5.2) and in the JH → ∞ limit, this matrix becomes,


 2NS

Ne
ω(q) + 2JH −JH

√
2Ne

NS

−JH

√
2Ne

NS
JH

Ne

NS


 (5.5)

Here

ω(q) = −EKENe

3NS

∑

α

sin2
(qαa0

2

)
. (5.6)

In the JH → ∞ limit the eigenvectors for this matrix are the symmetric and
antisymmetric combinations of the two kinds of spin excitation

Λ+(q) = b+q +

√
Ne

2SN
a+
q (5.7)

Ξ+(q) =

√
Ne

2SN
b+q − a+

q (5.8)

which correspond, respectively, to the following energies,

ω1(q) = ω(q) (5.9)

ω2(q) = 2JH + JH
Ne

NS
+ 2

NS

Ne
ω(q) (5.10)
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ω1(q), see Eq. 5.6, is proportional to t, and does not depend on the Hund’s
coupling JH . At long-wavelengths ω1(q)=ρsq

2, as in the ferromagnetic Heisenberg
model, 5 being

ρs = −EKENe/(12NS)a2
0 (5.11)

the spin stiffness.6 ω1(q) is a gapless Goldstone mode reflecting the spontaneous
breaking of rotational symmetry. Its quadratic dispersion in q reflexes the O(3)
symmetry of the underlying Hamiltonian.

The expression obtained for the low energy mode is equal to that previously
obtained by using second order perturbation theory in 1/S [158, 159, 160, 161,
162]. The operator Λ+(q) acting on the ferromagnetic GS creates a symmetric
combination of an ISW and an ESDW (a CSW), in such a way that at each place
the expectation value of the core spin and the electron spin are parallel; this is
the reason for the energy scale of this excitation to be t.

The operator Ξ+(q) creates an antisymmetric combination of an ISW and an
ESDW; this collective mode has an energy above the Stoner continuum and its
energy is too high to be relevant at low temperature. 7 The Stoner continuum
accounts for single spin-flip transitions, processes that cost an energy JH with
respect to the low energy CSW mode (Fig. 5.5).

5.3 Quasi-particles

Now we study how the electronic properties are modified by thermally activated
CSWs. In order to do that we consider the system in the presence of a static
and semiclassical CSW and we get the corresponding electron energy spectrum,
wave function and Green function. After quantising the spin waves, we obtain
the finite temperature quasi-particles in the system.

Semiclassically, the presence of a CSW of wave-vector q reduces the z-component
of all the ion spins from S to S cos θ, and the transverse components of an ion
spin at site i are given by Sx + iSy = S sin θ eiqRi (Fig. 5.6). At each site i the
two electron spin states are the parallel (energy -JH) and the antiparallel (energy

5In the Heisenberg model, for low values of q, the spin stiffness is ρs = 2SJa2
0 where J is

the Heisenberg coupling. At low temperatures, DE model can be approximated by Heisenberg
model and an effective Jeff ∼ EKE can be calculated for the former.

6The experimental spin stiffness as deduced from neutron scattering experiments is around
100meV 2 [86, 156, 157].

7The two modes, Λ+(q) and Ξ+(q) are equivalent to those found in diluted magnetic semi-
conductors [163]. Note, however, that in semiconductors the coupling between the carriers and
the Mn is antiferromagnetic and the high energy mode occurs at an energy below the Stoner
continuum.
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Figure 5.5: Energy of the spin excitations in manganites. The lower curve is the
dispersion of the lowest energy excitations corresponding to the composite spin
waves defined in the text. The ruled part is the Stoner continuum. The upper
curve is the energy of the antisymmetric combination of the ion spin wave and
electron spin density wave.

Figure 5.6: One-dimensional semiclassical view of a composite spin wave. The
small arrow (carrier spin) follows adiabatically the orientation of the localised
spin. In polar angles (Fig.A.1), θi is equal for every site while φi = q · Ri where
Ri is the position of the spin in the lattice. This spin-wave reduces the hopping
(and, thus, the band-width) on equal footing in every site.
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+JH) to the ion spin Si, and the low energy state at site i is,

d+
i = sin (θ/2) e−iqRiC+

i,↓ − cos (θ/2)C+
i,↑ . (5.12)

Note that in the above definition there is an implicit dependence of the d+ oper-
ators on q. In the following we can forget about the high energy electron states
which are 2JH higher in energy. The tunneling between two neighbouring low-
energy orbitals located at i and i+ α̂ is

t′i,i+α̂ ≡ t′α(q) = t
(
cos2 (θ/2) + sin2 (θ/2) eiqαa0

)
(5.13)

which does not depend on the site. The electron energy spectrum in the presence
of a CSW is,

ε′k(q) = −2
∑

α

|t′α(q)| cos kαa0 − JH . (5.14)

and the low energy part of the Hamiltonian takes the form, Ĥ =
∑

k ε
′
k(q) d+

kdk.
Note that the eigenvalues of the system in the presence of a CSW are defined
in the same Brillouin zone than those of the ferromagnetic GS. This implies
that there are no scattering processes involving a single CSW. However, the low
energy electron basis states depend on position, and the existence of the CSW of
momentum q implies the mixing of states of momentum k and k−q and opposite
spins;

d+
k = sin (θ/2)C+

k−q↓ − cos (θ/2)C+
k↑ . (5.15)

The low energy part of the Green function takes the form,

G(k, ω) = (ω − ε′k(q))
−1 ×{

sin2 (θ/2)C+
k−q↓Ck−q↓ + cos2 (θ/2)C+

k↑Ck↑

− sin θ

2
(C+

k−q↓Ck↑ + C+
k↑Ck−q↓)

}
. (5.16)

Now we quantise the spin waves. The total spin in the zero temperature GS
of the system is ST = NS + Ne/2. The values of the total spin should be ST ,
ST − 1, ST − 2..., and therefore spin waves reduce the z-component of the total
spin by an integer number which represents the number of thermally activated
CSW, nq=Λ+

q Λq.
8 With this, the quantisation rule is cos θ = 1 − nq

ST
and the

energy of the system associated with the presence of thermally activated CSW is

E =
∑

q

occ∑

k

(ε′k(q) − εk) =
∑

q

nq~ω(q) . (5.17)

8nq follows the Bose-Einstein statistics nq = 1
eω(q)/kB T

−1
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From the above Green function and using the quantisation rule, we can define T
dependent quasi-particles in the system. The spectral weight is defined as

A(k, ω) =
1

π
|Im G(k, ω)|. (5.18)

Hence, the spectral weights in spin up and spin down electron states are

A↑(k, ω) =
1

π

(
1 − δm(T )

2

)
δ(ω − ε̃k)

A↓(k, ω) =
1

π

δm(T )

2
δ(ω − ε̃k) (5.19)

In the above expressions

δm(T ) = 1 − M(T )

M(0)
=

0.0587

S

(
kBT

ρs
a2

)3/2

. (5.20)

and
M(T )

M(0)
= 1 − 1

M(0)

∑

q

nq (5.21)

is the relative magnetisation suppression due to thermal CSW excitations and ε̃k
is the quasi-particle energy,

ε̃k = εk − 2t
∑

q

(
nq

ST

)∑

α

sin2 qαa0

2
cos kαa0 . (5.22)

The new energy is just the former one plus the self-energy which will be used in
the next section to calculate the low T resistivity. As we will comment below,
the band-width of the system decreases with T . In obtaining Eq. 5.19 we have
summed over all thermally activated CSW and it has been assumed that, at the
temperatures of interest, the wave-vectors of the CSW are small compared to the
Brillouin zone dimensions.

From the spectral function we see that the quasi-particle, which has its spin
aligned with the fluctuating ion spins, will, at finite T , be a spin up state with
probability (1 − δm(T )/2) and a spin down state with probability δm(T )/2.

The appearance of these spin down states, or spin down shadow band [164]
(Fig. 5.3), at energies −JH is due to the thermal excitation of low energy long-
wavelength CSW. The relative electron spin polarisation and ion spin polarisation
have the same value and scale as T 3/2. Note that the spectral weight does not
depend on Hund’s coupling JH .

In summary, the carrier spin is, in the JH → ∞ limit, always parallel to the
localised ion spin Si. It is for this reason that an operator di, without spin index,
is enough to describe its state. When we say spin up and down we are hence
thinking in the Ciα (α =↑, ↓) coordinate system where up and down are given
with respect to a fixed z-direction.
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5.4 Low temperature resistivity

5.4.1 Intrinsic scattering

A CSW modifies the value of the hopping amplitude although its presence does
not modulate spatially the value of t. As already mentioned, the size of the Bril-
louin zone is not modified by the presence of a CSW. This implies that an electron
is not scattered by a single CSW; the electron creation operator evolves continu-
ously from C+

k to d+
k . The reason for this behavior is that in the JH → ∞ limit,

and in the adiabatic approximation, the electron spin follows instantaneously the
core spin fluctuations. The adiabatic approach is based on the fact that the core-
spin fluctuates at frequencies related only to the temperature which is assumed
to be much smaller than the hopping amplitude.

Now that spin waves are completely characterised, we want to analyse the effects
that they cause in the low temperature resistivity. In order to do this, a further
manipulation of the Hamiltonian in Eq. 5.2 is needed. In particular, to get rid
of terms proportional to JH the following canonical transformation is applied
[162, 159]

H̃ = e−UHeU . (5.23)

U is defined as

U = JH

√
2

SN

∑

k,p

(
C+

k↑Ck+p↓b
+
p

ε↑k − ε↓k+p

−H.c.

)
(5.24)

where ε↑,↓k = εk∓JH . Note that U is independent of JH in the limit JH → ∞. This
transformation is sketched in Appendix D.2. The one magnon term is eliminated
9 and only terms with two magnons are relevant here

H̃1 =
1

4NS

∑

k,q,q′

C+
k+q↑Ck↑b

+
q′−qbq′(εk+q + εk − 2εk+q′). (5.25)

The transformed spin wave operator is the composite spin wave deduced above

e−U b+q e
+U ≈ b+q − [U, b+q ] = Λ+(q) . (5.26)

Two magnon scattering processes (Fig. 5.4 (b)) were considered by Kubo and
Ohata in Ref. [11] and shown to lead to a ∼ T 9/2 contribution to resistivity.

9This is consistent with the result of the previous section.



5.4. Low temperature resistivity 89

�	�	��	�	��	�	�

	

	


	


�	��	�
�	�
�	��	�
�	�

						
�	�	��	�	��	�	�

k k

q’

k kk+q

q’

q’−q

(a) (b)

Figure 5.7: Electron self-energy diagrams of the two-magnon process Fig. 5.4(b).
(a) 1/S order and (b) 1/S2 order.

To get this result, the inverse scattering time is calculated using Fermi’s Golden
rule as sketched in Appendix D.1. These processes are of the type shown in Fig.
5.7(b). Hence,

1

τk
=

2π

~

(
1

4NS

)2∑

q,q′

(εk+q + εk − 2εk+q′)2 (1 − cos θ)

×nq (nq′−q + 1) δ (εk+q + ~ωq′−q − εk − ~ωq′) , (5.27)

here θ is the angle formed by the incoming k and outcoming k + q wave-vectors.
The term (1 − cos θ) is included to properly take account of forward scattering.

But we have seen that, experimentally, a smaller exponent for the T dependence
is found. Moreover, two magnon scattering is too weak to take account of the
large increase of ρ at low T . In particular, Jaime et al [152] have estimated a
contribution of this term of only 0.5µΩcm at 100K, 200 times smaller than the
experimental value. Therefore, another mechanisms have to be considered.

Now we study the effect of the existence of CSWs in the first order electron self-
energy (diagram in Fig. 5.7(a)). In this case, an electron with momentum k and
spin locally parallel to the ion spins has, in first order in 1/S, 10 a self-energy,

Σk =
1

2STN

∑

q

nq (εk+q − εk) . (5.28)

Note that Σk is equal to ε̃k-εk (Eq. 5.22), which is the self-energy obtained by

10The expression for the electron self-energy in first order in 1/S is readily obtained from Eq.
5.25 by getting rid of the fermion external lines and taking q = 0.
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quantising the CSWs. 11 At low T the self-energy gets the form,

Σk = − 1

12

N

ST
C

(
KT

ρs

) 5

2

εk (5.29)

where C = 1
4π2

∫∞
0

u3/2

eu−1
du ≈ 0.045 is a constant. The thermally activated CSWs

reduce the average transfer integral and lead to a decrease of the electrons band-
width and therefore to a renormalisation of the electron effective mass m∗. The
effective mass increases as m∗ ∼ T 5/2. The change in the band-width has a
strong effect on the electronic transport properties of the system; in real systems,
impurities produce a resistivity ρ given by the Drude formula,

ρ =
m∗

ne2τ0
(5.30)

where, n is the electron density and τ0 is the relaxation time due to the presence
of imperfections in the system and is thus considered constant with tempera-
ture. The increase of m∗ with temperature T implies an increase of ρ. On the
other hand, the scattering time is not renormalised within first order perturba-
tion theory. 12 Therefore we obtain that in real systems the resistance at low
temperatures behaves as T 5/2. The coefficient of this T 5/2 term is proportional
to the zero temperature resistivity of the system through τ0, and its importance
with respect to other terms will depend on the quality of the sample. We have
estimated, within the free electron approach, the magnitude of the renormalisa-
tion of the mass and it is too small to account for the experimentally measured
∆ρ. 13 For instance, for T = 100K and x = 0.3, ∆m∗ < 1%. But, in Fig. 5.1,
there is an increment of 100% in ρ from 0 to 100K. Therefore, other mechanisms
must be playing an important role in manganites.

5.4.2 Scattering by impurities

An important fact that should never be forgotten is that the residual resistivity of
manganites is rather high compared to other metals. The large residual resistivity
has to be related with impurities and imperfections. We can distinguish two
sources of disorder in the tight binding formalism: diagonal and off-diagonal
(Fig. 5.8). Diagonal disorder appears as fluctuations in the diagonal of the

11Note that S and ST = NS +Ne/2 are indistinguishable in the classical limit S → ∞.
12Note that, as we are dealing with first order perturbation theory, the self-energy does

not depend on frequency but only on k. This implies that the mass is renormalised but the
relaxation time is not. On the contrary, in electron-phonon interaction, both quantities are
equally renormalised giving a resistivity independent of the mass enhancement [165]. This is
further explained in Appendix D.4.

13Moreover, the maximum change of the bandwidth with temperature is from W at T = 0
to 2

3W at T → ∞ (see Chapter 2).
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Figure 5.8: Scheme for diagonal (εi) plus off-diagonal (tij) disorder.

Hamiltonian matrix. This means that not every site has the same on-site energy
but it is distributed around a zero mean value. The corresponding Hamiltonian
term is:

Vd =
∑

iσ

εiC
+
iσCiσ (5.31)

where εi ⊂ [−W/2,W/2] (W ∼ t) such that 〈εi〉 = 0. This kind of disorder leads
to Anderson localisation.

Off-diagonal disorder is due to disorder in the hopping parameter tij. The new
expression for the double-exchange model is:

Vnd =
∑

〈ij〉σ
tij cos

θij

2
C+

iσCiσ (5.32)

where tij = t + δtij, t = 〈tij〉 and 〈δtij〉 = 0. There is also off-diagonal disorder
due to thermal spin-fluctuations as it was discussed in Chapter 2 but now we
are considering intrinsic disorder at T = 0. This intrinsic disorder arises due to
cation size disorder and Jahn-Teller distortions as discussed in Chapter 1.

To analyse whether these two kinds of intrinsic disorder just defined couple to
spin-wave scattering processes, the canonical transformation defined in the be-
ginning of this section is applied to

H ′ = H + Vd + Vnd (5.33)

where H is the DE Hamiltonian up to 1/S order written in Eq. 5.2. Diagonal dis-
order Vd does not couple with magnons, namely, [U, Vd] = 0 (see Appendix D.3)
but off-diagonal disorder does. This is obvious from the fact that the hopping cou-
ples to two-magnon processes as seen in Eq. 5.25. The canonical transformation
leads to

Vnd → V ′
nd = Vnd − [U, Vnd] , (5.34)

where the second term mix electrons with magnons and has the following form
in reciprocal space,

[U, Vnd] =
1

2S

∑

q,q′

δti,je
i(k−k′+q−q′)Ri ×
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×
(
2e−iµ(k′+q′) + 2eiµ(k+q) − e−iµk′ − eiµk−

2eiµ(q−q′−k′) − 2eiµ(q−q′+k)
)
× C+

k↑Ck′↑b
+
q bq′ , (5.35)

here µ runs over the nearest neighbors of the Mn locations Ri.

Fermi’s Golden rule (Appendix D.1) is applied to calculate the scattering rate. 14

Several terms arise when calculating the scattering matrix element |〈k′ |V ′
nd |k〉|2

but only the one which leads to the lowest exponent of T is considered. This
term is a constant so the scattering potential does not depend on the moment.
The expression for 1

τ
is

1

τk
=

2π

~
18

δt2

S2

∑

qq′

nq(1 + nq′)
∑

k′

δ(εk′ − εk) (5.36)

where the approximation ~ωq−~ωq′ << εk′ − εk has been considered. ~ωq is the
energy of the magnon.

Note that

∑

qq′

nq(1 + nq′) =
∑

q

nq +

(
∑

q

nq

)2

= δm · S + (δm · S)2 (5.37)

Each of these two terms give a different T dependence of ρ at low T : ρ3/2 and ρ3.
Using the Drude expression Eq. 5.30 the two terms are:

∆ρ3/2 =
36π

~

m∗

x

a3
0

e2
δt2N(EF )

δm

S
(5.38)

∆ρ3 =
36π

~

m∗

x

a3
0

e2
δt2N(EF ) δm2 (5.39)

For small kF (or small x), the effective mass m∗ can be approximated 15 by
m∗ =

�
2

2ta2
0

. This approximation underestimates m∗ by a factor of 2 as compared

with the experimental value m∗ = 2.5m0 [152]. Using the expression for δm Eq.
5.20

∆ρ3/2 =
0.528

S2

ha0

e2
δt2

t2
t

x
N(EF )

(
kBT

ρS
a2

0

)3/2

(5.40)

∆ρ3 =
0.031

S2

ha0

e2
δt2

t2
t

x
N(EF )

(
kBT

ρS
a2

0

)3

(5.41)

14Note that the forward scattering term is irrelevant here as the scattering potential does not
depend on momentum and

∫ π

0
dθcosθ = 0, being θ the angle formed by k and k′.

15The effective mass comprises the effect of the lattice on the mass of the carriers. It is

defined as m∗ = ~
2

d2ε/dk2 where ε is the band dispersion. In the tight binding approximation for

a cubic lattice d2ε(k)/dk2 = 2ta2
0(cos kxao + cos kya0 + cos kza0) which, for small kF (or small

x), leads to m∗ = ~
2/2ta2

0.
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x T (K) ∆ρ3/2/
(

δt2

t2

)
(µΩ cm)

0.2 50 36.5 − 73
0.2 100 103 − 206
0.3 50 40.5 − 81
0.3 100 114.5 − 229

Table 5.1: Estimation for ∆ρ3/2 due to the coupling of off-diagonal disorder and
two magnon processes Eq. 5.40.

Where ha0

e2 = 1000µΩ cm and S = 2 − x is considered.

Using Eqs. 5.11 and 2.16 the stiffness can be written

ρS =
6t

12S
〈C+

i Cj〉0 a2
0 (5.42)

and the density of states at the Fermi energy N(EF ) is estimated numerically
within the tight binding approach. This expression gives values for ρS very close
to the experimental ones ∼ 100meV 2.

For x = 0.3, ρS = 113meV 2 (〈C+
i Cj〉0 = 0.1419 as given in table B.1), and

N(EF ) = 0.14/t. For x = 0.2, ρS = 90meV 2 (〈C+
i Cj〉0 = 0.1126), and N(EF ) =

0.067/t. The hopping parameter t has been fixed to 0.2. Using these values,
∆ρ3/2 and ∆ρ3 are calculated and tabulated in tables 5.1 and 5.2 respectively.
A range of values for ∆ρ is given. The lowest corresponds to the value of the
effective mass as calculated above and the highest to the value estimated from
experiments.

The ratio between the two coefficients is

ρ3/2

ρ3
= 17

(
kBT

ρS
a2

0

)−3/2

(5.43)

ρ3/2 is much larger than ρ3 for the temperatures of interest. The two terms are
comparable at temperatures much larger than the magnetic critical temperature.
They become equal at 439K for x = 0.2 and at 551K for x = 0.3.

It is important to take into account that the values given for ∆ρ are strongly
model dependent. Small differences in the density of states or in the value of the
hopping parameter can lead to changes of ∆ρ of tens of µΩ cm.

Typically, experimental values for ∆ρ(50K) for x = 0.3 range close to 10µΩ cm.

The value we obtain with these parameters is ∆ρ3/2/
(

δt2

t2

)
= 81µΩ cm. There-

fore, a zero temperature dispersion of the hopping amplitude δt2

t2
∼ 0.12 can

account for the experimental results.
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x T (K) ∆ρ3/
(

δt2

t2

)
(µΩ cm)

0.2 50 1.4 − 2.8
0.2 100 11.4 − 22.8
0.3 50 1.1 − 2.2
0.3 100 9 − 18

Table 5.2: Estimation for ∆ρ3 due to the coupling of off-diagonal disorder and
two magnon processes Eq. 5.41.

In order to check whether 0.12 is a reasonable value for the dispersion of the
hopping amplitude, we do an estimation from the value of the residual resistivity
ρ0. Its experimental value is around 100µΩcm. We only consider intrinsic disorder
so δt2 is independent of T. Assuming that ρ0 is only due to off-diagonal disorder
16

|〈k|Vnd|k′〉|2 = 3δt2
(

1 +
ε(k + k′)

6t

)
. (5.44)

Applying Fermi’s Golden rule

τ−1(k) =
2π

~

a3
0

(2π)3
3δt2

∫
dk′
(

1 +
ε(k + k′)

6t

)
(1 − cos θk,k′) δ(ε(k) − ε(k′))

(5.45)

This can be solved analytically in the parabolic approximation (small x) and leads

to an estimation of δt2

t2
∼ 0.2. Experimentally ∆ρ(50K) ∼ 10µΩcm. Multiplying

our estimations of table 5.1 by 0.2 we get a numerical value for ∆ρ very close to
experiments.

5.5 Summary and conclusions

The low energy and low T electronic properties of DE systems have been studied.
We have obtained that the low energy spin excitations are composite spin waves:
a linear combination of ion and electron density spin waves. This is a straight-
forward conclusion from the half metallic character of manganites. We have also
analysed the spectral function of the T dependent quasi-particles and found that
single magnon scattering is not possible within the model discussed here. We

16This probability density was calculated in Appendix B to get an approximated expression
for the energy of the double-exchange model. But in that case off-diagonal disorder was due to
spin disorder ruled by temperature. In the present case, off-diagonal disorder is due to intrinsic
disorder in the system.
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were mainly interested in calculating the low T resistivity which is a source of
disagreement among different groups. At low T, spin waves are expected to play
the main role as far as intrinsic properties are concerned. Therefore, several scat-
tering processes involving magnons have been explored. Two magnon-processes
give ρ ∼ T 9/2 and the renormalisation of the mass due to thermally activated
spin-waves gives ρ ∼ T 5/2 but their coefficients are very small to account for the
experimental results. We have analysed how two magnon processes couple to
disorder in the system, in particular, to off-diagonal disorder. This disorder is in-
trinsic to manganites and is related to the high residual resistivity. This coupling
leads, to the lowest order in T , to a T dependence ρ ∼ T 3/2. A quantitative esti-
mation of the resistivity at low T as given by this term is in agreement with the
large increase of the resistivity at low T observed in experiments. The particular
exponent 3/2 can fit the experimental curve [152, 155].





Chapter 6

Skyrmion Strings Contribution
to the Anomalous Hall Effect in
Double Exchange Systems.

In this chapter, the anomalous Hall resistance in manganites is quantitatively
analysed by means of a Monte Carlo simulation. Experimentally, it has been
found to be different than in other ferromagnetic materials, its behaviour not
lying within the predictions of previously considered effects as side jump and
skew scattering.

In the following, the anomalous Hall effect will be explained, as well as the tra-
ditional theories to explain it. We will explore the differences between this effect
in manganites and in other ferromagnetic materials and conclude that another
approach to the problem is necessary in this case. Our approach consists on tak-
ing account of the interaction of non-trivial spin textures (in particular, point
singularities of the order parameter) with spin-orbit coupling. This interaction is
relevant for manganites because the spin of the carrier exactly follows the spin
texture due to infinite Hund’s coupling. Hence, we first introduce the model
Hamiltonian (based on double-exchange) and then topological defects are de-
scribed. All the ingredients known, topological defects (which appear in pairs
called Skyrmion strings) within double-exchange model are deeply studied nu-
merically and compared to previous calculations of the Heisenberg model. After
characterising the defects, the spin-orbit interaction will be switched on. The
Skyrmion strings then have a preferred direction, summing up their effects and
leading to an anomalous Hall effect comparable in magnitude to the experimental
result.

97
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6.1 Anomalous Hall effect

Hall effect arises when a magnetic field H is applied at right angles to the direction
of current flow in a system. It is the result of the Lorentz force − e

c
v × H acting

on moving charges. Hence, if current is flowing in the positive x-direction and
a magnetic field is applied in the positive z-direction, the carriers, say electrons,
are deflected in the negative y-direction producing an electric field that balances
the Lorentz force (see Fig. 6.1). This electric field Ey is proportional to the
current in the x-direction jx and H. This relation defines the Hall coefficient
RO = Ey

jxH
. Solving the motion equations with the Lorentz force, it is easy to

arrive to RO = − 1
nec

. Therefore, Hall effect measurements are very useful to
determine the density of carriers n and their sign (electrons or holes). 1 This
is what we call ordinary Hall effect (OHE). But manganites are ferromagnets in
the optimally doped regime and the internal fields due to the magnetic ordering
also give an effect in the transverse resistance, the anomalous (or extraordinary)
Hall effect (AHE). A schematic behaviour of the Hall resistivity as a function of
magnetic field H in a magnetic metal is shown in Fig. 6.2. This behaviour can
be regarded as the sum of two contributions [166]:

ρH = ROH +RAM (6.1)

The second term is sometimes called the spontaneous Hall effect as it is also
present when there is no applied magnetic field.2 In ferromagnets, the Hall re-
sistivity has two different regimes. When there is no applied field, the system
consists on a large number of randomly oriented domains and they do not give
any net effect. As H is increased the different domains align leading to a macro-
scopic effect linear with H. When saturation is reached (MS), the slope changes
and is proportional to RO. Hence, below MS, the effect of the external magnetic
field is just to align the domains while after saturation it affects the anomalous
effect itself. This anomalous effects are not restricted to ferromagnetic materials
appearing in any material with large localised magnetic moments.

RA is strongly temperature dependent both in ferromagnetic and antiferromag-
netic states. In the ferromagnetic state at absolute zero, considering a perfect
lattice, RA should be zero and then it is found to increase with temperature
up to close to Tc, where it has a maximum. Typically, RA exhibits a peak at
0.7 − 0.8Tc. In the paramagnetic region, RA is independent of temperature and

1Measurements done in manganites lead to a concentration of carriers much larger than the
nominal doping x [47, 45]. The authors argue that this result is an artifact of considering a
free-electron model to calculate the relation between RH and n that is corrected by using the
appropriate Fermi surface.

2To be precise, in Eq. 6.1 H = Happ + (1−N)M being Happ the magnetic field applied and
N the demagnetisation factor due to internal fields which depends on the shape of the sample.
Here RA is defined in such a way that N ∼ 1. Therefore H = Happ is considered.
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+ + + + + + + + + + +
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Ey

jx

H

Figure 6.1: Scheme for the ordinary Hall effect. There is a current in the x-
direction (jx) and an applied magnetic field in the z-direction. Due to the Lorentz
force carriers are displaced toward the y-positive or negative direction depending
on the carrier sign.

ρ
H

M

RA

Hs

sM

Figure 6.2: Schematic behaviour of the Hall resistivity versus applied magnetic
field in ferromagnets. It has two different regimes as explained in the text. For
low H, different domains in the system become aligned. The curve can be fitted
to ρH = ROH +RAM , RO being the slope in the higher H regime and RAMS its
y-intercept.



100 Chapter 6. Skyrmion strings contribution to AHE

the linear behaviour of ρH with H is recovered. On the other hand, RO is regarded
as temperature independent compared with RA in all these regions. Figs. 6.3 and
6.4 are experimental results for ρH and RA on epitaxial films of La1−xCaxMnO3

(x ∼ 0.3) [45]. At low T , the system only presents the ordinary Hall effect. RA

increases with T and peaks at T ≈ Tc + 30K (not below Tc as observed in other
magnetic systems). The most striking issue is that RA is negative (electron-like)
while RO is positive (hole-like). Remember that in the optimally doped regime of
manganites the carriers are holes. Other groups [167, 46, 47, 168] have measured
ρH in similar systems arriving to the same conclusions.

The microscopic origin of the anomalous Hall effect has been always explained as
due to asymmetric interaction of the carriers with the scattering centres (what-
ever they are) in the system. Therefore, the carriers, depending on their spin,
find it energetically favourable to pass to one side of the scattering centre rather
than to the other. Two kind of processes have been considered in the literature:
asymmetric (skew) scattering and finite transverse displacements of the carrier
as it passes the scattering centre (side jump) [169, 170]. The two processes are
schematically represented in Fig. 6.5. The asymmetries require spin-orbit cou-
pling to happen.3 These processes involve spin-flip scattering. 4

Skew scattering mechanism yields toRA(T ) ∼ ρ(T ) while side jump gives RA(T ) ∼
ρ(T )2 where ρ is the part of the resistivity caused by magnetic scattering. In
manganites, the first kind of behaviour is found [47] but skew scattering cannot
explain this result [172] as spin-flip is not relevant in manganites (see Chapter 5)
because the large Hund’s coupling quenches the carrier spin to that of the core.
Moreover, this theory would yield values of RA two orders of magnitude smaller
than the experimental data [173]. Recently, it was proposed [174, 175, 168, 76]
that in Mn oxides RA arises from the interaction of local magnetisation with non
trivial spin textures (topological charges, see Fig. 6.7) via spin-orbit coupling.
The carrier moving in such spin textures would acquire a Berry’s phase (due to
the large Hund’s coupling that ties the spin of the carrier to those of the localised
spins) with effects similar to the phase arising from a physical magnetic field.
Hence, it would influence the Hall effect.

This idea has been explored by Ye et al. [174]. They used known results

3See Sec. 6.2 for a discussion of spin-orbit interaction.
4Other contributions to the Hall effect in ferromagnetic metals have been analysed by Hirsch

in Ref. [171]. In this paper, the contribution of spin currents to RA is investigated. They can
occur even in the absence of net magnetisation. This effect is independent of any scattering
processes and gives a contribution of the same order of magnitude as the ordinary Hall effect.
The possibility of having a different sign for the ordinary and anomalous Hall effect (RO/RA <
0), as it is for manganites, is explained as produced by the current carriers having a magnetic
moment antiparallel to the total magnetisation (RO/RA > 0, with parallel magnetic moments).
This explanation does not apply for manganites whose carriers spin must always be parallel to
the localised moments due to the large Hund’s coupling.
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Hall effect of the colossal magnetoresistance manganite La12xCaxMnO3

P. Matl, N. P. Ong, and Y. F. Yan*
Joseph Henry Laboratories of Physics, Princeton University, Princeton, New Jersey 08544

Y. Q. Li,† D. Studebaker, T. Baum, and G. Doubinina
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The Hall resistivity rH and magnetoresistance of La12xCaxMnO3 (Tc5265 K! have been measured at
temperatures to 360 K in fields H to 14 T. By comparing rH with the magnetization M , we have extracted the
anomalous coefficient Rs . We uncover an interesting relationship: Rs is proportional to the zero-field resistiv-
ity from 200 to 360 K. Above Tc , the Hall angle tan uH;M . Further, the effective Hall mobility is H
independent over a wide range of H . We contrast these scaling relations with the Hall effect in typical
ferromagnets. @S0163-1829~98!01618-X#

The double exchange manganite La12xCaxMnO3 under-
goes a magnetic transition from a high-temperature, insulat-
ing state to a metallic, ferromagnetic state at a critical tem-
perature Tc that depends on the dopant concentration x (Tc
;260 K at x51/3). Strong interest in the transport and mag-
netic properties has been stimulated by the observation of
‘‘colossal’’ magnetoresistance ~MR! in the vicinity of Tc .1–5

A transition from a high-temperature phase that is poorly
conducting to a metallic state at low temperatures is unusual.
Many aspects of the transition are successfully accounted for
by the double exchange model6 augmented by Jahn-Teller
effects.7 Nonetheless, strong interest remains on the nature of
charge transport. Hall measurements on the manganites are
especially interesting in this regard. A number of such stud-
ies have appeared recently.8–10

We report a detailed Hall investigation that reveals a
strikingly simple relation with the magnetization in a broad
temperature interval around Tc . The measurements were
performed on epitaxial films of La12xCaxMnO3 (x51/3)
grown on LaAlO3 substrates using metallo-organic chemical
vapor deposition ~MOCVD!. X-ray diffraction showed that
the films are expitaxial and single phased.11 Two samples ~1
and 2! of thickness 250 and 150 nm, respectively, were mea-
sured as grown ~without annealing!, with the applied field H
normal to the substrate.

The field and temperature dependences of the resistivity
r(H ,T) @Fig. 1~a!# are similar to those observed in bulk,1,4,5

and thin films.12,8 As in earlier reports, the zero-field resis-
tivity r(0,T) attains its maximum value ~here 16.1 mV cm)
near 290 K, and decreases rapidly below Tc (5265 K!. The
colossal MR shown in Fig. 1~a! is also very similar to pub-
lished results.

Figure 1~b! displays the Hall resistivity rH versus field at
selected temperatures. At temperatures above 250 K, the
large values attained by rH in weak fields, and its pro-
nounced variation with field, are quite unusual for a material
exhibiting such a high resistivity. At each T above Tc , urHu
shows a rapid initial increase, followed by a broad peak and
a slower decrease in high fields. The field profile is closely
correlated with the steep field dependence of r . The broad
maximum in urHu occurs close to the inflection point of r

~where its magnitude is only half the zero-field value!. The
correlation suggests that, in the colossal MR regime, the Hall
resistivity should be analyzed together with the large
changes occuring in r . Our Hall traces are broadly similar to
those of Wagner et al.10

Below 200 K, the field dependence of r is weak ~at 200 K

FIG. 1. ~Upper panel! The resistivity r of La12xCaxMnO3 (Tc

5265 K! versus field H at indicated temperatures ~sample 1, film
thickness 250 nm!. The lower panel shows the Hall resistivity rH

versus H in sample 1 at temperatures 100 to 360 K. Above Tc , rH

is strongly affected by the colossal MR in r and by the susceptibil-
ity x . r and rH are averaged over four scans from 214 to 14 T and
back to 214 T.
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Figure 6.3: (Upper panel) The longitudinal resistivity ρ of an epitaxial thin film
(thickness 250nm) of La1−xCaxMnO3 (Tc = 265K) versus field H at indicated
temperatures. The lower panel shows the Hall resistivity ρH versus H at temper-
atures 100 to 360 K. ρ and ρH are averaged over four scans from −14 to 14T and
back to −14T . The Hall resistivity is three orders of magnitude smaller than the
longitudinal resistivity . Reproduced from Matl et al [45].
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which states that the weak-field value of uH depends only on
the susceptibility. Figure 3~b! displays plots of tan uH
against xH for T above Tc ~curves have been staggered for
clarity!. In the weak-field limit, tan uH is proportional to xH
with a T independent slope, in agreement with Eq. ~3!. Close
to Tc , however, it is difficult to establish this behavior be-
cause our resolution is insufficient to define the H-linear re-
gion in both rH and M @as H→0, the magnetization data at
270 K in Fig. 2~b! retains significant curvature#.

In strong fields, the relations in Eqs. ~2! and ~3! no longer
hold. However, even at moderately high fields where r is
changing rapidly, there exists a simple pattern involving uH .
In Fig. 4 we plot against the field the reciprocal of the quan-
tity tan uH /B5rH /rB[mH , with mH the Hall mobility.
~We emphasize that the the Hall mobility should be carefully
distinguished from the drift mobility mD5R0 /r . When
uRsu@uR0u it is difficult to determine mD .) At each T , the
data fall into two distinct regimes separated by a character-
istic field Hp . Below Hp , the curve is nominally flat, imply-
ing that mH is almost field independent. This is especially
striking because the resistivity decreases steeply at these field
values. For example, Hp is about 8 T at 290 K. The Hall
mobility remains within 10% of its zero-field value below
Hp ~Fig. 4 main panel!, but r has decreased by a factor of 4
at 8 T @Fig. 1~a!#.

In the weak-field limit, mH→ax @as Eq. ~3! requires#.
Hence, the decrease of the flat region in Fig. 4 with decreas-
ing T just reflects the decrease in 1/x . The behavior of mH in
sample 2 is closely similar ~inset!.

To place our results in perspective, we briefly discuss the
anomalous Hall effect in conventional magnetic systems. In
ferromagnets, the relation Rs;(rm)n, with n52 is well
known13 (rm is the part of the resistivity caused by magnetic
scattering!. However, the comparisons are confined to low
temperatures where the isolation of rm ~always uncertain!
seems less ambiguous. Closer to, or above Tc , the profiles of
Rs in Ni,15 Tb, Dy,16 and CoS2 ~Ref. 17! bear no resem-
blance to their resistivity. Typically ~though not always!, Rs
exhibits a broad peak at 0.7–0.8Tc , and then decreases to a
T independent value in the paramagnetic state. To our
knowledge, there are no previous reports of an Rs that scales
as r over the wide range shown in Fig. 3~a!, at temperatures
close to Tc and above.

We discuss the physical picture suggested by these re-
sults. From the transport viewpoint, a key feature that distin-
guishes La12xCaxMnO3 is its large resistivity above Tc . In
the paramagnetic state, conduction proceeds by hopping,
with a hopping amplitude J that depends on the angle Q
between adjacent core spins.6 The sensitivity of both Tc and
Q to the external field underlies7 the colossal MR observed
near Tc .

As shown here, La12xCaxMnO3 provides a rare example
of a large, anomalous Hall effect in the hopping regime. As

FIG. 3. ~Upper panel! The temperature dependence of Rs ~solid
circles! compared with the zero-field resistivity r(0,T) ~solid line!

in sample 1. Rs at 270 K could not be determined reliably ~see text!.
The inverse susceptibility versus T is shown by the open squares.
The lower panel shows tan uH ~Hall angle! versus M above Tc

~curves displaced vertically for clarity!. The slope as H→0 is T
independent, consistent with Eq. ~3! ~the solid lines are drawn with
equal slopes!.

FIG. 4. ~Main panel! The field dependence of B cot uH

5m0Hr/rH in sample 1 at temperatures mostly above Tc ~265 K!.
Above Tc , the plotted quantity (51/mH) is nearly field independent
below a characteristic field Hp . Above Hp , 1/mH starts to rise
steeply. The inset shows similar plots for sample 2.

10 250 57BRIEF REPORTS

Figure 6.4: (Exp. results) The temperature dependence of the anomalous Hall
resistance (solid circles) compared with the zero-field resistivity r(0,T) (solid line).
The inverse susceptibility versus T is shown by the open squares. Tc ∼ 265K.
Reproduced from Matl et al [45].

k (a)

k 2d (b)

Figure 6.5: Schematic view of the skew- scattering (a) and side-jump (b) mech-
anism. (� corresponds to spin up and ⊗ to spin down). An incident plane-wave
with wave vector k is scattered by a central potential and, in the presence of
spin-orbit coupling the amplitude of the wave packet becomes anisotropic respect
to the spin state. In case (a), the trajectory of the carrier is deflected by a spin-
dependent angle. In case (b), there is a lateral displacement of the wave-packet,
whose sign is also spin-dependent. Reproduced from Crepieux [170].
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about topological charges in the three-dimensional (3D) Heisenberg ferromag-
netic model, extrapolated them to DE materials and obtained a rapid increase
of RA at low T . For T > Tc, although in 3D there is not a theory of topo-
logical defects, Ye et al. were able to explain the overall shape of RA. Their
approach was intended for metallic regimes. On the other hand, Lyanda-Geller
et al. [175, 168, 76] considered the non-metallic regime. They studied the role of
the double-exchange induced quantal phases in triads of Mn ions in the inelastic
hopping regime (T ≥ Tc) finding that, in this case, the Hall resistivity is solely
determined by the sample magnetisation.

We perform Monte Carlo simulations in order to obtain a quantitative form of
RA in DE systems. It is important to keep in mind that in the DE model there is
not a metal-insulator transition correlated with the ferro-paramagnetic transition
(see Chapter 3) and, therefore, the system is metallic in all the range of temper-
atures. However, actual systems present a metal insulator transition. Therefore,
our results will apply to the metallic regime. We compute the number of topolog-
ical defects as a function of T and, by introducing the spin-orbit interaction, we
couple the defects orientation with the magnetisation M. In this way we obtain
an AHR which has the same sign, shape and order of magnitude as found exper-
imentally [45]. It is interesting to note that although our model is metallic for all
T (namely, dρ/dT < 0 for all T , being ρ the resistivity) we obtain a maximum in
the anomalous Hall resistance for T above and close to Tc.

6.2 Hamiltonian

The electronic and magnetic properties of the Mn oxides are described by the
Hamiltonian,

Ĥ = − t
∑

i6=j,σ

eia e�
c
Aiδ̂ c+i,σcj,σ

− JH

∑

i,σ,σ′

c+i,σσσ,σ′ci,σ′Si + Ĥso + Ĥz , (6.2)

which is the Kondo FM model already defined in the introductory chapter plus
the spin-orbit interaction Ĥso and the Zeeman coupling Ĥz = −gµbH

∑
i Si. In

the tight binding approximation, the effect of H is to modify the hopping matrix
element by introducing the Bohm-Aharanov phase 5 a e�

c
Aiδ̂, where a is the lattice

parameter, j = i+ δ̂. i and j are nearest neighbours and δ̂ are the lattice vectors
connecting them. A is the vector potential corresponding to H (H = ∇× A).

5A magnetic field produces a phase-shift in the wave-function of a charged particle propor-
tional to the integral of the vector potential along the trajectory of the particle. aAiδ̂ is the
magnetic flux and hc/e is the flux quantum.
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In the limit of infinite JH (double exchange), the conduction electron spin at site
i should be parallel to Si, and Ĥ becomes 6

Ĥ=−t
∑

i6=j

cos
θi,j

2
ei(φ(i,j)/2+a e�

c
A

iδ̂)d+
i dj+Ĥso+Ĥz. (6.3)

Now d+
i creates an electron at site i with spin parallel to Si, mi=Si/S and

cos θi,j=mi ·mj. When the orientation of the electron spin is moved around a
close loop the quantum system picks up a Berry’s phase [176] proportional to the
solid angle enclosed by the tip of the spin on the unit sphere. φ(i, j) is the Berry’s
phase defined mathematically as the solid angle subtended by the unit vectors
mi, mj and ẑ on the unit sphere. 7

From Eq. 6.3 it is apparent that the phase φ(i, j) in the Hamiltonian affects the
motion of electrons in the same way as does the phase arising from a physical
magnetic field. φ(i, j) is related with internal gauge fields generated by non
trivial spin textures, as will be shown below, which appears in the system when
increasing T . In absence of spin-orbit coupling the phases φ(i, j) are random and
the net internal gauge field is zero. In the presence of spin-orbit coupling there
is a privileged orientation for the spin textures and a non zero average internal
gauge field appear. Holstein [177] explained the ordinary Hall effect in hopping
conductors as arising from Bohm-Aharanov fluxes through polygons with vertices
in at least triads of sites. The effect proposed here to explain the anomalous Hall
effect is equivalent but, in this case, the phases arise from internal magnetic fields
that would average to zero in the absence of spin-orbit interaction. Spin-orbit
interaction favours one sense of carrier circulation around a triad over the other.

There are two kinds of spin-orbit interactions (see Hurd [166]). Intrinsic spin-orbit
interaction is the usual interaction which arises when considering the relativistic
effects in the Hamiltonian of an atom. From the frame of reference in which
an electron in an atom is at rest, it experiences a magnetic field produced by
the apparent motion about it of the nucleus, which is a charged particle. The
magnetic field comes from the relativistic transformation that occurs between
the electric and magnetic fields. The magnetic field interacts with the magnetic
moment of the electron. It has the form,

HSO ∼ σ L ∼ σ(p × E) = σ(p × dV

dr
) ∼ σ

r3
(p × r) (6.4)

6Remember from Chapter 1 that

(
cos

θi

2
cos

θj

2
+ sin

θi

2
sin

θj

2
ei(φi−φj)

)
≡ cos

θi,j

2
ei(φ(i,j)/2)

7This is similar to the prescription used below (see Eq. 6.9) to calculate the topological
charge.
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where E is the electric field produced by the nucleus and V is the Coulomb poten-
tial, which affects the motion of the electron. This term produces a fine splitting
of the orbitals in the atom with the exception of spin-orbitals for symmetry rea-
sons. Only one eg orbital is considered in our problem and hence the fine splitting
cannot take place.

The second kind of spin-orbit interaction is the one we are interested in: it is called
a mixed or extrinsic spin-orbit interaction. It couples the localised moments of
the ions (due to incomplete d or f shells) with the magnetic field produced by the
current carriers (as shown in Eq. 6.6 below). It can be written as [172]:

HSO = i
λSO

4

∑

i

εabcσa
αβ(c†

i+b̃,α
− c†

i−b̃,α
) (ci+c̃,β − ci−c̃,β) (6.5)

Note that this term connects next nearest neighbours. a, b, c are unit lattice
displacements in x, y and z directions respectively. εabc is the Levi-Civita tensor.
Conveniently manipulating this expression and considering the JH → ∞ limit
[174]

HSO =
λSO x

2a

∫
ddx m · b (6.6)

where b is the internal field arising from Berry’s phase. It will be defined in Sec.
6.4.

6.3 Topological defects

A topological defect is characterised by distortions in the order parameter which
cannot be restored into ordering by continuous deformations. Topological defects
have different names depending on the symmetry that is broken and the partic-
ular system. In superfluid helium and XY spin models, they are called vortices;
in periodic crystals, dislocations; and in nematic liquid crystals, disclinations.
The presence of topological defects can be determined by measurements of an
appropriate field on any surface enclosing its core. From now on, the attention
will be focused on spin models. An example of a vortex in a two-dimensional
XY model 8 is given in Fig. 6.6. This is a point defect because the singularity
of the order parameter has dimension dc = 0. The core region of a vortex in the
three-dimensional XY model is a line. An example of this kind of defects is the
destruction of superconductivity due to the magnetic flux lines piercing super-
conductors. The dimensionality of the core region dc of the vortex is given by the

8In the XY model, spins are confined to a plane. Therefore, the dimensionality of the order
parameter is dop = 2.
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(a) (b) (c)

Figure 6.6: Q = 1 for (a) and (b) while Q = −1 in (c).

difference between the dimensionality of the system d and the dimensionality of
the order parameter dop. Therefore, dc = 0 for the two-dimensional XY model
and dc = 1 for the three-dimensional XY model. Point singularities also exist in
the three-dimensional Heisenberg model. In this case d = dop = 3, thus, dc = 0.
These point singularities are usually called “hedge-hogs” (see Fig. 6.7).

These topological defects are stable, though their energy is higher than that
of the ground state, because any attempt to align the spins by a continuous
deformation passes through energetically costly intermediate configurations with
abrupt domain walls (see Fig. 6.8). In these cases, the only way to achieve the
aligned state is to flip lines of spins through an angle of π. This discrete distortion
is energetically unfavourable. The condition for stability is d− dc = dop.

9

Topological defects are characterised by the winding number or topological charge
Q. In two-dimensional XY systems, given the spins by a polar coordinate θ, Q
is the number of times that θ increases by 2π in one complete close circuit of the
core (Fig. 6.6). The equivalent in the three-dimensional Heisenberg model of a
close circuit is a close surface (e.g., a sphere). In order to understand this it is
useful to map the spins into the order parameter (or spin) space S. It is shown in
two-dimensions for several cases in Fig. 6.9. Then Q is the number of times that
the parameter space is completely covered in a close circuit of the core. When the
parameter space is not completely wrapped, a sequence of distortions can make
S to shrink to a point (transition from (b) to (c) in Fig. 6.9). This is not possible
when S is covered. The practical way to calculate Q in a three-dimensional lattice
will be shown in Sec. 6.4.

Vortices appear in pairs with opposite charge (for instance ±1) because, in such
a way, they do not produce energetically costly distortions far from their core
and they can be annihilated by continuous distortions, namely, the vortex pair
is topologically equivalent to the uniform state. An example of a pair vortex is

9It is easy to see why there are no defects in the two-dimensional Heisenberg model: for
instance, a point singularity in the xy-plane as the one shown in Fig. 6.6 could be deformed
continuously to a parallel alignment of the spin in the z-direction. For a discussion of the
two-dimensional Heisenberg model see Kosterlitz and Thouless [178].
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(a)

(b)

(c)

(d)

Figure 6.7: The topological defects arising in a 3-dimensional cubic lattice are
called hedgehogs. (a) and (c) have topological charge Q = +1. For (b) and
(d) Q = −1. The topological charge is defined below in the text (Eq. 6.10).
Reproduced from Ref. [179].

Figure 6.8: When trying to do continuous deformations in the order parameter in
a topological defect, very energetic configurations, such as abrupt domain walls,
are found. This fact makes topological defects very stable.
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Figure 6.9: (a) Mapping of a close contour surrounding a Q = 1 vortex onto the
order parameter space that, in this case (two-dimensions) is a circle line. When
moving along the contour in a clockwise direction, the order parameter space is
completely covered. Hence, the vortex charge is 1. If it were twice covered Q
would be 2. (b) If the parameter space is not completely covered, it is possible to
make a continuous deformation of the order parameter toward the ferromagnetic
state (c) and Q = 0.
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Figure 6.10: Field lines in the vicinity of a pair of oppositely charged topological
defects in three dimensions. This is the two-dimensional cross section. Note
that far from the defects ferromagnetic ordering is recovered. Reproduced from
Ostlund [180].
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in Fig. 6.10. Note that the ferromagnetic ground state is recovered far from the
defect pair.

The role of the vortices in the phase transition of the two-dimensional XY model
was first studied by Kosterlitz and Thouless [178]. They studied the second-order
transition from the algebraically ordered (quasi-long-range) 10 low temperature
phase to the high temperature disordered phase as vortex pairs unbinding. Other
works have focused on the three-dimensional ferromagnetic Heisenberg model
[182, 183, 180] which is of most interest here due to the similarities with double-
exchange model. The three-dimensional Heisenberg model is different from the
XY model because it presents a transition from long-range order (instead of quasi-
long-range order) to short-range order. Ostlund [180] studied the interaction
between point topological defects of different sign finding an interaction energy

E(R) =
JC(d)Rd−2

d− 2
(6.7)

where d is the dimension of the system, R is the distance between defects, J is
the Heisenberg coupling and C(2) = 2π and C(3) = 4π. This expression for the
energy reduces to a logarithm for d = 2 as shown by Kosterlitz and Thouless [178].
The energy of a pair (Q = 1 and Q = −1) increases with the distance between
them. Therefore, at low T , when the density of defects is small, the most stable
configuration consists on tightly bound pairs of defects. This equation fails for
d > 3 where the defects would collapse.

Topological defects are necessary and sufficient for the Kosterlitz-Thouless tran-
sition to occur in the XY model. This fact raises the question of whether this
is also true for the three-dimensional Heisenberg model. This is a very contro-
versial point which has been discussed by Halperin [181] and Lau and Dasgupta
[182]. In particular, the discussion focused on whether the continuous O(3) model
describes the three-dimensional Heisenberg transition correctly. The problem is
that in a continuum model with a fix spin |S| = 1 you cannot define a point
where the order parameter vanishes, hence, no topological defects can be defined.
But spin-waves alone do not seem able to produce the magnetic transition. This
inconvenient does not arise in a discrete lattice. In fact, numerical simulations of

10We must distinguish between long-range, short-range and quasi-long-range order. Long-
range order appears when there is a broken symmetry in the system. In this case the correlation
function is different from zero at infinite distance (limr→∞〈Ψ∗(r)Ψ(0)〉 6= 0). When broken
symmetry does not occur, typically short range order is found and the correlation function
decays exponentially (〈Ψ∗(r)Ψ(0)〉 ∼ e−r/ξ where ξ is the correlation length). In general, a
system with broken symmetry can go from long-range order at low temperatures to short-
range order above a critical temperature. In some two-dimensional systems, there is not a true
broken symmetry but a phase transition still occurs. In these cases, the low temperature phase
is characterised by order-parameter correlations which vanish at large distances as a power of
the separation (〈Ψ∗(r)Ψ(0)〉 ∼ (1/r)η). This is quasi-long-range order. This is the case of the
two-dimensional XY model. (See Ref. [181]).
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the discrete Heisenberg model have shown that hedgehogs exist, that they always
appear in pairs and that they unbind somewhere close to Tc [182]. Moreover, the
number of pairs of defects increases sharply at the magnetic critical point and Ka-
mal and Murthy [183] claimed that it is the unbinding of defects which drives the
transition. Hence, the necessity of defects for the transition has been assumed.
But the sufficiency is a more delicate issue because the decoupling between the
spin-waves and topological excitations found in XY models does not occur in the
Heisenberg model.

It will be shown below that, in our simulations within the double-exchange model,
the magnetic phase transition is actually accompanied by the formation of pairs
of defects and that they unbind above Tc. Hence, we find qualitatively the same
results as within the three-dimensional Heisenberg model, but quantitative dif-
ferences appear.

6.4 Topological defects in the Double Exchange

model.

In this section topological defects in the DE model (3D) are analysed as a function
of temperature by means of a Monte Carlo simulation. We have also studied the
Heisenberg model in order to be able to make a quantitative comparison. As
in previous Chapters, a cubic three-dimensional system of spins is considered.
Typically Tc ∼ 300K and this T is much smaller that the electron Fermi energy,
t ∼ 0.1eV , therefore we consider that the conduction electrons temperature is
zero. Spin-orbit interaction is not considered yet. It will be switched on in the
next section.

In first order in the electron wave function 11 the temperature dependence of the
magnetic properties is described by the classical action,

S = β

(
t 〈c+i cj〉0

∑

i6=j

cos
θi,j

2
eiφ(i,j)/2 + Ĥz

)
, (6.8)

where 〈 〉0 means expectation value at T = 0 and β = 1/kBT . 〈c+i cj〉0 was
calculated in Chapter 2. In order to be able to make Monte-Carlo simulations for
large enough cubic systems, the approach for the energy developed in Chapter 2
has been used.

The system described by Eq. 6.8 is expected to behave with T similarly to
the Heisenberg model. In particular, at low T , we expect the occurrence of
point singularities as those occurring in the 3D Heisenberg model (hedgehogs)

11See Chapter 2.
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Figure 6.11: Prescription made to calculate the topological charge. Each cube of
the system is divided in 12 triangles as the one shaded. The corresponding solid
angle in spin space (right) is the area Al which gives the flux piercing the shaded
triangle (left). To get the right sign for Al, i, j, k have to be ordered in such a
way that the surface vector points outwards the cube, for instance, 5 → 7 → 6.

introduced in Sec. 6.3. These points singularities are called topologically stable
because no local fluctuations in a uniform system can produce them.

In order to locate the topological charges in the lattice model we follow the pre-
scription of Berg and Lüsher [184]. For each unit cube of the lattice we divide
each of its six faces into two triangles. The particular division in triangles could
give an uncertainty in the value of the topological charge. In fact, this uncertainty
would appear just for triangles fulfilling mi(mj × mk) = 0 [184] but these con-
figurations have measure 0. Therefore, they are not relevant in statistical terms.
The three unit-normalised spins at the corners of a triangle l define a signed area
Al on the unit sphere:

Al = 2 tan−1 mi(mj × mk)

1 + mimj + mimk + mjmk

(6.9)

where i, j, k form the triangle l and are ordered such that the surface vector points
outward the unit cube (Fig. 6.11).

In terms of these areas the topological charge enclosed by the unit cube is given
by

Q =
1

4π

12∑

l=1

Al . (6.10)

This definition of Q ensures that, when using periodic boundary conditions, the
total topological charge in the system is zero. Q in each cube is an integer
number, and the magnitude of nonzero charges is almost always equal to unity.
A few defects with |Q| ≥ 2 are found only at rather high temperatures.

Q can be interpreted as the number of magnetic monopoles enclosed by the unit
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Figure 6.12: Prescription made to calculate the internal magnetic field b =
(bx, by, bz). The areas (as defined in the text) corresponding to the faces shaded
are the fluxes in the three directions.

cube. The quantities Alφ0/4π represent the magnetic flux piercing the triangle
l. Here φ0 = hc/e is the magnetic flux quantum. 12 Following this analogy we
assign at each point of the lattice, i, a three dimensional internal magnetic field
bi.

13 This internal magnetic field arises due to the Berry’s phase acquired by a
carrier when moving in triads of sites because the carrier spins must always follow
the localised spins orientation. We assign to each point i its corresponding cube
in the positive direction of the axes (Fig. 6.12). The Berry’s phase φ(i, j) (Eq.
6.3) can be written in the form,

φ(i, j)

2
= a

e

~c
aiδ̂ , (6.11)

where b=∇× a. Here it is clear that the gauge magnetic field b associated with
a spin texture affects the motion of an electron just as does an external magnetic
field.

In a system with a uniform magnetisation at the surface the energy of an isolated
defect increases linearly with the system size. Therefore, the binding energy
between a positive and a negative defect is finite and in the continuous Heisenberg
model increases linearly with separation [180]. Defects with opposite charges are
closely bound in pairs at low T . These pairs of defects are Skyrmion [185] strings
(dipoles) which begin at a monopole (Q=1) and end at an antimonopole (Q=-1)
(Fig. 6.13). The Skyrmion strings are characterised by a dipole P joining Q=-1,

12φ0 = 4.1358× 10−7 G cm2.
13Actually, we calculate the flux piercing the cube faces and the internal magnetic field is

calculated by dividing by the area of the face a2.
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Figure 6.13: A pair of defects form a dipole of moment P.

and Q=+1,

P =
a2

φ0

∑

i

bi . (6.12)

For a single pair of defects in the system, we have to sum up the internal magnetic
field in every site to get the right value of P. This means that the existence of the
vortex affects all the system though the FM ordering is recovered not far away
from the Skyrmion. P gives the distance between topological defects of different
sign.

By performing Monte Carlo simulations on the classical variables mi (as explained
in the Appendix A), we have studied the dependence on T of the number of defects
in the DE system. With the definition of Q, the number of positive and negative
defects is the same and the important quantity is the average defect pair density
〈n〉. In Fig. 6.15(a) we plot 〈n〉 as a function of T for a DE system of size
16×16×16. We have checked that our results are free of finite size effects. In the
inset we plot the magnetisation m(T). In the DE system Tc ∼ 1.06 t〈c+i cj〉0. The
results correspond to gµbH=0 and gµbH=0.067Tc (H ∼ 10 Tesla). In order to
compare, in Fig. 6.15(b) we plot 〈n〉 and m(T) in the Heisenberg model.

These results allow us to learn about correlation between defects. For T < Tc the
Q=+1 and Q=-1 defects are strongly coupled forming pairs (Skyrmion strings,
see Fig. 6.10). The Skyrmion strings are very dilute, almost independent, and
their density can be fitted to (see Appendix E)

〈n〉 = αe−βEc (6.13)

where Ec is the positive energy cost associated with the creation of the core
of the vortex. The creation of defects is of a thermally activated type (Fig.
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Figure 6.14: 〈n〉 versus T for double-exchange model. Curves for Hz = 0 and
Hz ∼ 10T are shown. The number of defects does not strongly depend on H.

6.14). logα is the entropy of the Skyrmion strings. 14 Numerically we have
obtained Ec = 7.05Tc. This value is slightly smaller than the value obtained
for the Heisenberg model [182, 186, 183] EHeis

c = 8.7 Tc (see Fig. 6.15(b)). At
T ∼ Tc the number of defects increases sharply 15and it becomes very difficult to
pair up defects with opposite charges in an unambiguous way. The core energy
practically does not depend on H, in agreement with the result obtained for pure
two-dimensional Skyrmion strings [187]. The entropy logα is related with the
degeneracy of the Skyrmion strings in the orientation of P and with thermally
activated twist and dilation soft modes. We have obtained that for H=0, α=51
while αHeis ∼ 230. 16 For finite H, the six {1, 0, 0} 17 directions for the dipoles
remain degenerated, but some of the twist soft modes become more gapped and
the value of the entropy is reduced.

In general, the qualitative description of the defects is the same for DE and
Heisenberg models but we have seen that there is a quantitative difference in

14To understand why logα is the entropy of the Skyrmion strings, see Appendix E.
15Lau and Dasgupta [182] concluded that d〈n〉/dT diverges at Tc by analysing the sample-

size dependence of this quantity. More recently, Holm and Janke [186] claimed that d〈n〉/dT
behaves like the specific heat, thus being finite in the infinite-volume limit.

16This is smaller than the value estimated in [174] using a plot in [182].
17{1, 0, 0} includes the six different moments along the cubic axis: (±1, 0, 0), (0,±1, 0) and

(0, 0,±1). Equivalently for {1, 1, 0} and {1, 1, 1}.
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Figure 6.15: (a) Plot of the logarithm of the average defect pair density as a
function of the inverse temperature for a system of size 16×16×16 with and
without external magnetic field H. The dashed lines are linear fits to the data
below Tc. Their slope is the core energy Ec = 7.05Tc and does not depend on the
magnetic field applied. The entropy logα is the y-intercept of the curve. It is
reduced in the DE model with respect to Heisenberg. Its value also decreases for
finite applied field because the number of allowed configurations is made smaller
in this case. (b) The same as before for double exchange and Heisenberg models
with H = 0. The slope below Tc, namely, the core energy, is not the same in both
cases, being the one for the Heisenberg model larger: EHeis

c = 8.7 Tc.
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Figure 6.16: The core energy of the defects is plotted versus the distance between
positive and negative topological charges. The relation is linear, as found in the
Heisenberg model [180].

entropy meaning that some internal degrees of freedom are ’hardened’ in the DE
model.

To completely characterise the defects, we have performed calculations at T ∼
0.75Tc in a system constrained to get a unique Skyrmion string with a given
dipole P, in order to calculate the energy of isolated Skyrmion strings. In this
way we have checked that in the absence of spin-orbit coupling the energy of
the Skyrmion string only depends on the modulus of P and not on its direction.
We have obtained that the core energy of a Skyrmion string with P={1,0,0}
(P = 1) is E

{1,0,0}
c =7.05 Tc, with P={1,1,0} (P =

√
2) is E

{1,1,0}
c =8.65 Tc and

for P={1,1,1} (P =
√

3) is E
{1,1,1}
c =10.11 Tc. The dependence of the energy

on P confirm the strong confinement energy of the topological defect [180]. We
have plotted these data in Fig. 6.16 where it is clear that the binding energy
is linear with the modulus of the dipole (distance between positive and negative
topological charge) [180]. The increase of the Skyrmion string energy with P is
in agreement with the fact that for T < Tc the only relevant pairs are those with
P=1. This is shown in Fig. 6.17, where the correlation function g± versus the
modulus of the dipoles is plotted. g± is an average of the distances among all
the positive and negative charged defects. For low T , the small Skyrmion strings
clearly dominate as there are only two peaks, one for P = 1 and the other, much
smaller, for P =

√
2. However, for high T , the correlation function is practically

constant so there are not defect pairs but a soup of ±1 monopoles.

From all these calculations we arrive to the conclusion that the defects interact
strongly so that a Skyrmion string typically includes only 12 sites (2 neighbouring
cubes) of the lattice as already seen by Ostlund [180] for the Heisenberg model.
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In addition, by diagonalising the electron Hamiltonian, we have calculated the
electronic charge in every site. We have found a defect of electronic charge as-
sociated to the Skyrmion strings but it is indistinguishable from the fluctuations
of the charge happening outside the defects at temperatures around T = 0.5Tc,
which is the temperature at which defects start to arise. At this temperature, as
the pairs of defects are tightly bound, the localisation of charge, if any, should
be maximum. The lack of this correlation is due to the fact that configurations
with different local magnetisations can give the same b. This is in contrast to the
quantum Hall ferromagnetic systems where the topological and electrical charge
are equivalent [187].

As we have seen, the Skyrmion strings appear when increasing T but it would
be interesting to know if spin defects in the system, as a spin-flip, can produce
this kind of non-trivial spin textures at T = 0. In fact, a spin-flip can relax into
a Skyrmion string at low temperatures but, at absolute zero, we found that the
spin textures are not favoured.

In the case of zero spin-orbit coupling, the Skyrmion string core energy does not
depend on the direction of P and the average internal gauge magnetic field is
zero, 〈b〉=0. In particular, this means that P is not necessarily parallel to m,
otherwise we would have a collective behaviour of the dipoles in the ferromagnetic
state (see Fig. 6.18). The spin-orbit coupling determines a preferred orientation
for the Skyrmion strings and it results in a finite value of 〈b〉, as shown below.

6.5 Topological defects in the presence of spin-

orbit interaction.

The spin-orbit coupling is due to the interaction of the spin of the carriers with the
ion electric field. In the JH → ∞ limit, the relevant coupling term is [172, 174]:

Ĥso = λso
x

2

a2

φ0
S
∑

i

mi · bi , (6.14)

where x is the carriers concentration. This equation is the discrete version of Eq.
6.6. For λso 6= 0 and m 6= 0, the Skyrmion strings are preferentially oriented.
18 If H ‖ ẑ, m ‖ ẑ and a net z component of 〈b〉 results. This term acts as a
local Zeeman coupling. The number of defects 〈n〉, and hence, all the conclusions
about defects explained in the last section, have been found not to significantly
depend on the spin-orbit coupling.

We have included the spin-orbit interaction in the Monte Carlo simulation and
we have obtained that 〈bz〉 is linear with λso in all range of T . In Fig. 6.19 we

18As bi involves four sites, the mi used numerically is the mean value of the same four sites.
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Figure 6.17: Correlation function for the ± topological charges for two dif-
ferent temperatures below and above Tc respectively. The peaks at P = 1
(P = {1, 0, 0}), P =
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Figure 6.18: The Skyrmion strings on the left and on the right are equal (both
correspond to P = (0, 0,−1)) but all the spins of the system have been rotated
by π/2. For the system to be invariant under spin rotation (as it is for H = 0) P
and m cannot be coupled.
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plot for a system of size 12×12×12, φz=〈bz〉a2/φ0 as a function of T . For T < Tc

our results are free of finite size effects. For T > Tc the increase of the system
size does not change the overall shape.

It is interesting to analyse the results for φz as a function of the density of defects
〈n〉. The main effect of the spin-orbit coupling is to prefer the appearance of
Skyrmion strings polarised parallel to m, 〈n−〉, with respect to Skyrmion strings
with P anti-parallel to m, 〈n+〉. Assuming that the Skyrmion strings are inde-
pendent,

〈n±〉 =
1

6
αe−β(Ec±ε0). (6.15)

where

ε0 =
λsox

2
m̃(T ) , (6.16)

is the spin-orbit energy interaction of a Skyrmion string with P = (0, 0, 1) and
m̃(T ) is the spin polarisation (or averaged magnetisation) inside the Skyrmion
string. The 1

6
factor appears (see Eq. 6.13) because logα is the entropy for all

the possible Skyrmion strings defined in the previous section (mainly there are
six of the type P = 1) and here only the dipoles P = (0, 0, 1) and (0, 0,−1) are
considered respectively. This asymmetry produces a z-component of the internal
gauge field, 〈bz〉=φ0/a

2(〈n−〉−〈n+〉). From 6.15

〈n−〉 − 〈n+〉 = −1

3
〈n〉 sinh(ε0/kBT ) . (6.17)

Finally, within the independent Skyrmion strings picture, after linearising 19 Eq.
6.17,

φind
z = −〈n〉

6

λso

kBT
x m̃(T ) . (6.18)

m̃(T ) is expected to be a function of m(T ). By comparing the expression for
φind

z with the Monte Carlo results, Fig. 6.19, we obtain that for T ≤ Tc,
m̃(T )=m(T )/5. That means that the spin polarisation inside the Skyrmion
strings is five times smaller than the average spin polarisation. Surprisingly,
the independent Skyrmion strings picture describes not just the low temperature
regimen, but also the trends of 〈bz〉 at T ≥ Tc, though the Skyrmion strings dis-
sociate above Tc (Fig. 6.17). In the model of independent Skyrmion strings, Eq.
6.13, we have considered α to be independent of T and the fitting is very good.
This means that α is not strongly dependent on T , at least, for T ≤ Tc.

The sign of φz depends on the sign of λso. Physically we expect that the motion
of the electrons leads to an internal gauge field which acts to cancel the applied
field, and therefore a negative sign for 〈bz〉 is expected.

19The linearisation is justified because λso ∼ 5K and thus λso < kBT can be considered.
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Figure 6.19: Plot of φz as a function of T for a system of size 12×12×12 and
gµbH = 0.067Tc. The interaction of the spin magnetisation and topological de-
fects via spin-orbit coupling has been included. The dashed line corresponds to
an independent Skyrmion strings picture (see Eq. 6.18).
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Figure 6.20: Plot of RA/RO as a function of temperature. This is our main result.
We recover the sign, order of magnitude and shape of the measured anomalous
Hall resistance.
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6.6 Quantitative results for the anomalous Hall

coefficient

The internal field b produces a Hall effect in the usual way an external magnetic
field does. Therefore, the Hall resistivity can be written as ρH = (H + 〈b〉)/nec.
Comparing this expression with the definition of RA we obtain

RA

RO
= − a3

gµb

〈bz〉
m

. (6.19)

By using the appropriate parameters, we plot in Fig. 6.20RA/R0 for La0.7Ca0.3Mn
O3. We take Tc ∼ 270K [45], we use λso=5K [174] and gµbH = 0.067Tc.

Fig. 6.20 is the main result of our calculation. We obtain an AHR which i)
is negative, ii) increases exponentially and becomes evident at T ∼ Tc/2, iii)
at temperatures close to Tc, is around 20 times bigger than the ordinary Hall
resistance, and iv) has a maximum at temperatures slightly higher (∼ 30K)
than Tc. The subsequent decrease is due to thermal fluctuations that destroy
the directional order of the Skyrmion strings. This decreasing behaviour above
Tc should be steeper if localisation of carriers (not included in the DE model)
were taken into account. In this regime, conductance is mainly due to polaron
hopping and an extra factor of 1/T 2 is expected [174]. Our results are in good
agreement with the data obtained experimentally [45, 47]. We have checked that
these results do not depend significantly on the magnetic field applied.

6.7 Conclusion

We were interested in computing the contribution of non-trivial spin textures to
the anomalous Hall resistance that has been measured in colossal magnetoresis-
tance manganites. This contribution appears due to the coupling of the spin-
textures with the magnetisation via spin-orbit interaction. These spin-textures
consist on pairs of ± monopoles (Skyrmion strings). We have studied them in
the frame of the double-exchange model and have compared to the known results
in the Heisenberg model. Differences in entropy and core energy of the Skyrmion
strings have been found. We have characterised the defects that, at low T , are
always found in strongly bound pairs (Skyrmion strings) of different topological
charge Q = ±1 (as dipoles). As T increases through Tc, the number of Skyrmion
strings increases exponentially and the positive and negative charges dissociate
leading to a uniform distribution of monopoles. Our results apply to the metal-
lic regime as the double-exchange model does not present any metal-insulator
transition.
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Without spin-orbit interaction, the Skyrmion strings have not a preferred ori-
entation. By introducing a spin-orbit interaction, we have obtained a coupling
between the Skyrmion strings orientation and the magnetisation which results in
the appearance of an anomalous Hall resistance. The anomalous Hall resistance
obtained within the double exchange model is in agreement with the experimental
information in sign, shape, and order of magnitude, not just for T < Tc but also
in the paramagnetic region. Note, however, that the double exchange model alone
is not able to explain the metal-insulator transition close to Tc. In the insulating
phase ( T > Tc) localisation effects introduce new physics [175, 168, 76] which
have not been included in our model.



Chapter 7

Stability and dynamics of free
magnetic polarons

7.1 Magnetic polarons

The effect of magnetic fluctuations on the resistivity of a metallic ferromagnet
or antiferromagnet has been known for years. An early work by de Gennes and
Friedel [188] criticised and extended by Fisher and Langer [189] stated that short-
range fluctuations of the magnetisation near the critical point Tc produces a
singularity (cusp-like peak) in the resistivity just above this point. Scattering
from spin fluctuations arises due to the Hund’s interaction between the carriers
Se and the spin of the localised ions Si.

1 Fisher and Langer assumed JH << t
so their conclusions do not apply to double-exchange model [57]. Moreover, as
discussed by Majumdar and Littlewood [18], the spin fluctuations at the magnetic
transition lie close to zero momentum (because close to Tc the correlation length
is large). As the important modes for transport are those close to the Fermi
surface, only when the Fermi momentum is low enough, namely in a low-density
carrier system, spin fluctuations strongly affect the electrical resistance. The limit
of low-density of carriers and JH ∼ t is of interest here.

These magnetic fluctuations arise simply from the nature of the magnetic phase
transition. As Tc is approached from above the magnetic correlation length ξ in-

1In theses references, the authors calculated the scattering from spin fluctuations within
the first order Born approximation and used the Orstein-Zernike approximation to calculate
the spin-spin correlation function. An extension of this work was recently used by Majumdar
and Littlewood [18] to get a general relation between the magnetoresistance and the density of
carriers n of various metals. As explained in Chapter 1, ∆ρ/ρ = C(M/Ms)

2 where M is the
magnetisation, Ms is the saturation M and C is a constant. Majumdar and Littlewood got
that C ∼ n−2/3. This result fits various metallic ferromagnets but manganites which have a
very large C and large n.
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creases and becomes infinite as T → Tc. ξ is a measure of the effective range of the
spin-spin correlation. Therefore, upon cooling towards Tc magnetic fluctuations
give rise to the formation of ferromagnetic clusters whose size is determined by ξ.
In the same way, the small-q, or long ranged, magnetic susceptibility grows. In
systems where there is a strong exchange coupling between the spin of the carriers
and the spins background, the carriers will tend to localise in such ferromagnetic
clusters. The entity formed by a carrier localised in this kind of deformation of
the spin lattice is called a magnetic polaron.2 Two kinds of magnetic polarons
are distinguished: the free and the bound.

A free magnetic polaron is a ferromagnetic cluster embedded in a paramagnetic
background, namely, a piece of order in a disordered matrix of the localised core
spins. This local ordering creates a magnetic potential well where the carrier gets
trapped (see Fig. 7.1) due to the Hund’s coupling that tends to align the core
spins with the conduction electron spin. On the other hand, the electron’s wave
function ψ behaves as a local site-dependent magnetic field (proportional to |ψ|2)
enhancing the local magnetisation of the ferromagnetic cluster and thus the depth
of the potential well. Hence, a self-consistent process is taking place and we say
that the carrier gets self-trapped.

There is also another kind of magnetic polarons: bound magnetic polarons (BMP).
In this case the driving force that is trapping the carrier is the Coulomb interaction
between the carrier and an impurity ion.3 The formation of the ferromagnetic
cluster described above happens as a second order process as the magnitude of
the Hund’s coupling is much smaller than the Coulomb interaction.

For the electron to delocalise, namely, to go out of the potential well (no matter
what its exact nature is), we need to give it a minimum amount of energy, the
activation energy ∆ which is equal to the energy which bounds the electron.
Therefore, the existence of this kind of localised states is related to an activated
type resistivity (ρ ∼ e∆/kBT ).

Magnetic polarons have been largely studied in connection with magnetic semi-
conductors. In particular, this study was motivated by the anomalous transport
properties in Eu-chalcogenides (such as EuO, EuS, EuSe, etc): above Tc the main
conduction mechanism is of hopping type (activated); close to Tc there is a large
peak in the resistivity and below Tc the resistivity decreases and it is no more
of activation type. This “strange” behaviour was also accompanied by a large
negative magnetoresistance. This is just the same behaviour we find in colossal
magnetoresistive materials. Kasuya and Yanase [191] studied the formation of a

2A polaron is, in general, a quasiparticle composed of a particle and some kind of deformation
adhered to it. The deformation can be in the lattice (lattice polaron), in the magnetisation
(magnetic polaron) or in the charge (charge or dielectric polaron).

3Some authors [190] distinguish between impurities which are deep or shallow donors. This
refers simply to the strength of the Coulomb interaction which bounds the carrier.
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giant spin molecule bounded to an impurity atom (hence a BMP) by means of
the s− f exchange interaction (or Hund’s coupling) to account for the magnetic
properties of the Eu-chalcogenides. 4 The application of a magnetic field would
induce the overlapping of different ferromagnetic clusters and hence it would lead
to a negative magnetoresistance. Moreover, the same authors and Takeda [192]
studied the stability of a paramagnetic polaron (an FMP in our language) which
had been proposed by von Molnar and Methfessel [193] to explain the same kind of
behaviour. They found that a self trapped polaron (an FMP) is not stable in the
Eu-chalcogenides. The stability was studied by means of a mean-field approxima-
tion which will be explained in Sec.7.4. Later, Dietl and Spavlek [194, 195] studied
the effect of thermodynamic fluctuations of the magnetisation in the formation of
BMP in diluted magnetic semiconductors. They claimed that the magnetic po-
laron is formed not only by the molecular field produced by the impurity electron
but also by the thermodynamic fluctuations of the magnetisation.

There are several experimental evidences for the existence of magnetic polarons.
I only enumerate a representative list of those. Golnik et al [196] measured the
photoluminescence spectra of Cd1−xMnxTe and Pb1−xMnxTe and saw two lines
which they ascribed to a bound and a free magnetic polaron respectively. Mag-
netic polarons can also explain the temperature-dependent spin-splitting 5 seen
in magneto-optical experiments [197]. Photoinduced magnetisation has been
observed in various diluted magnetic semiconductors (namely, semiconductors
slightly doped with magnetic ions [198]) [199, 200, 201]. This is interpreted in
terms of magnetic polarons as follows: photon absorption increases the number of
carriers in the system. Then, spin interactions produce the formation of ferromag-
netic clusters around the carrier. These clusters can live around 400 picoseconds
if the energy of the photon coincides with the magnetic polaron energy [200]. The
lifetime of this excitation is much longer than the desexcitation time of the carrier.
Spin-flip Raman scattering has been also used to study the formation of magnetic
polarons in diluted magnetic semiconductors [202] and in EuB6 [90]. Both free
and bound magnetic polarons have been reported but it is well established that
BMP are much more stable.

In manganites magnetic fluctuations can dramatically affect the resistivity be-
cause the interaction between the conduction electrons or holes and the localised
spins, namely, the Hund’s coupling, is large. In fact, magnetic polarons have
been reported in manganites [59, 203, 204]. But the existence of Jahn-Teller and
breathing distortions cannot be forgotten. When carriers get localised by mag-
netic fluctuations they are accompanied by lattice distortions. Therefore, part of
the bound energy, maybe the greatest, is due to the lattice.

4An Eu-chalcogenide has the form Eu1−xRxA where R is a rare earth and A is O, S, Se or
Te.

5The spin splitting arises because the electron in the localised state induces a space-
inhomogeneous local magnetisation in its neighbourhood.
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7.2 Low carrier density ferromagnets and mag-

netic polarons

In Chapter 1 materials presenting colossal magnetoresistance other than mangan-
ites were introduced: manganese oxides pyrochlores and europium hexaborides. I
explained there that it is necessary to find a different explanation for the magne-
toresistance phenomenon in these new materials as they present neither double-
exchange interaction nor Jahn-Teller distortion. Their common feature is the very
low carrier density in contrast to manganites, where magnetoresistance is max-
imised for carrier concentrations of around 0.3. Thus, ferromagnetic ordering is
not mediated by the carriers (as in double-exchange systems) but must arise from
exchange (superexchange) between localised ions. The low carrier concentration
in addition to the large Hund’s coupling between the magnetic ions core spins and
the carrier spins suggests that the carriers could self trap into non-overlapping
free magnetic polarons [205].

The process of formation of a free magnetic polaron would be as follows: the
size of the magnetic polarons is controlled by the magnetic correlation length
ξ(T ) that diverges as T → Tc from above. This quantity gives the size of the
ferromagnetic clusters that form in the system just due to random fluctuations
of a few neighbouring spins into near-alignment. When decreasing temperature
toward Tc, thermal fluctuations become weaker while magnetic interactions get
stronger leading to ferromagnetic ordering at Tc. An electron can be trapped
by one of those ferromagnetic clusters and then the self-consistency process de-
tailed above works to give rise to the magnetic polaron. For this to happen it
is necessary that the density of carriers n fulfils the condition n << ξ−3. The
electron wave-functions will overlap and delocalise when n ∼ ξ−3. Therefore, the
expected qualitative behaviour is as follows: below a temperature Tp above Tc

a ferromagnetic polaron forms by self-trapping into a ferromagnetically aligned
cluster of spins. As the temperature is lowered toward the Curie temperature Tc

the polaron grows in size and becomes more stable, because the small-q magnetic
susceptibility is growing. Near and below Tc the polaron will again become unsta-
ble because of the ease of motion in the background ferromagnetic spin alignment.
This picture has been understood in previous mean-field analysis as we will see
below [192, 205].

In this chapter the stability and dynamics of free magnetic polarons is studied
by means of a Monte Carlo simulation. Monte-Carlo allows us to take account
of thermal fluctuations and to analise the region close to Tc which cannot be
reached in mean-field. Moreover, it permits to study how the magnetic polaron
moves in the system.



7.3. Model Hamiltonian 127

Figure 7.1: The spin background acts as a potential well for the carrier and,
at the same time, the carrier’s wave-function behaves as a local-site dependent
magnetic field. This effect is due to Hund’s coupling.

7.3 Model Hamiltonian

As just mentioned, low carrier density ferromagnets can be modelled as formed
by two independent sublattices: the magnetic and the conducting one. Therefore
the Hamiltonian describing these systems is:

H = −t
∑

〈i,j〉σ
c†iσcjσ − J ′

∑

i

~σi · ~Si − J
∑

〈i,j〉

~Si
~Sj (7.1)

Here c†iσ creates a conduction electron on site i with spin σ, ~Si refers to the
localised core spin of the magnetic ion (S = 3/2 for manganese and S = 7/2 for
europium), ~σi = c†iα~σαβciβ is the conduction spin operator, and 〈i, j〉 denotes sum
over the nearest-neighbours pairs. t is the hopping parameter, J ′ is the exchange
coupling between the magnetic ion spin and the conduction electron and J is a
Heisenberg ferromagnetic coupling that sets the scale for the magnetic critical
temperature Tc.

6

As magnetic and transport properties are based on different sublattices, in par-
ticular in pyrochlores, carriers do not come from manganese sites but from the
T l−O band [82]. Therefore, J ′ is not the Hund’s on-site coupling but a coupling
between Tl and Mn sites.

6Within a mean-field approach the relation between J and Tc is given by Tc ∼ zJS2, where
z is the number of nearest neighbours.
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Then, there are two competing energies : the kinetic energy that the electron
gains when it is delocalised and the potential energy gained when localised. We
also have to take into account the magnetic entropy of the background spins. The
final equilibrium of all these forces depends on the actual values of the parameters
t, J ′ and J .

Note that I have focused my attention on ferromagnetic coupling of spins because
the systems we are interested in are ferromagnetic at low temperatures. The treat-
ment of this problem with a negative Heisenberg coupling (anti-ferromagnetic)
would be straightforward. 7 There is, anyway, a different qualitative aspect: in
this case magnetic polarons may remain stable well below the magnetic order-
ing temperature where we would have a ferromagnetic cluster embedded in an
anti-ferromagnetic matrix. 8

A dynamical simulation of the Hamiltonian of Eq.7.1 is developed. We show that
polarons may be distinguished (when they exist) by a spectroscopic gap to band-
like states, and that they move diffusively. As temperature is raised, the polaron
level moves toward the band edge, and begins to resonate with states in the band
tail, leading to a crossover to hopping conductivity.

7.4 Mean-field approach

Theoretical models of FMP have been developed within a mean-field approach
[191, 159, 209] and generalised to a fluctuation-dominated regime [194].

More recently, Majumdar and Littlewood [205] applied this model to pyrochlores.
They argued that a simple model of scattering of carriers by ordering moments
can yield large MR when the carrier density is low. They also studied, within
a mean-field approach, the self-trapping of carriers as magnetic polarons giving
the general trends for the binding energy and the size of the polaron versus
temperature.

The explanation of the mean-field calculation will help us to fully understand the
Monte-Carlo results. In mean-field a variational ansatz for the electron wave-
function ψ(r) has to be done. The simplest one is that of an electron delocalised
over a region or radius Lp, involving L3

p sites. Therefore, the local magnetic field
produced by the carrier on the spin system is hp ∼ J ′/L3

p. This field produces a
polarised region whose magnetisation is estimated as m = tanhβ(Tcm+hp). The
kinetic energy loss due to the localisation of the carrier in a region of radius Lp

7Anti-ferromagnetic coupling is relevant in manganite perovskites [41, 206, 203], rare earth
chalcogenides [193], or magnetic semiconductors [207].

8These results are consistent with Ref. [208] where a pseudogap in the DOS of manganites is
associated with phase separation, that is the large scale effect corresponding to spin-polarons.
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is +t/L2
p. The resulting free energy is

∆F ∼ L3
p

{
1

2
Tcm

2 − T ln [coshβ(Tcm + hp)]

}
+ t/L2

p (7.2)

where the first term is the magnetic energy and the second is due to the entropy
loss by the formation of an ordered cluster. Lp is calculated by minimising ∆F .
It is assumed that the magnetisation of the polarised region is close to saturation
m ' 1.

The essential mean-field results are : (i) the spin polaron becomes favoured only
below a certain temperature Tp > Tc. Tp increases with J ′/t; (ii) with reducing
temperature toward Tc the size of the polaron Lp and its binding energy ∆p

increase. ∆p increases with J ′/t while Lp decreases.

But there are several deficiencies of the mean field treatment. The most pro-
nounced is a continuum treatment of the spin background where fluctuations are
neglected. This approximation is such that the paramagnetic state leads to a
vanishing exchange coupling, so that the electron is bound in a potential of depth
J ′m, with m the average magnetisation inside the polaron. As J ′/t→ ∞, the po-
tential well becomes arbitrarily deep. This is undoubtedly a severe overestimate.

7.5 Beyond mean-field: Monte-Carlo simulation

Classical Monte-Carlo techniques introduced in Appendix A let us go beyond the
mean-field approach just described in different aspects: (1) the local fluctuations
of the localised spins are taken into account; (2) importantly, the self-consistency
process leading to the formation of the potential that localises the conduction
electrons is readily included, namely, no ansatz is done for the form of the wave-
function; (3) the region around Tc where the mean-field treatment fails can be
explored, and (4) the temporal evolution of the polarons can be observed.

The system is an N × N square lattice of the localised classical spins of the
magnetic ions ~Si . Only one conduction electron is considered. Therefore the
density of carriers is n = 1/N 2. Due to technical limitations, we concentrate
in the two-dimensional problem. This allows us to go to large enough systems
to avoid artificial correlations and explore a large range of parameters that can
lead to very different polaron sizes. The results shown below were calculated in
a 30 × 30 system. Periodic boundary conditions were used. Size effects were
checked to be small comparing with the 40× 40 case. The Hamiltonian used is a
slightly different version of Eq. 7.1:
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H = − t
∑

〈i,j〉σ
c†iσcjσ − J ′

∑

i

~σi · ~Si

− J
∑

〈i,j〉
{(1 − α)(Sx

i · Sx
j + Sy

i · Sy
j ) + Sz

i · Sz
j } (7.3)

where every symbol has already been defined except for α. α is a small anisotropy
parameter (∼ 0.1) included to improve convergence at low temperatures and by
enforcing a nonzero transition temperature Tc in the bidimensional system.

The self-consistency mentioned above consists on the following steps (see Fig.
7.2):

1. At a certain temperature above the critical temperature, namely, in the
paramagnetic phase, the Heisenberg term is considered and we get, after
equilibrium (around 4000 reorientations per spin are used), a background
configuration to start with. The standard Metropolis algorithm is used.
Then, a single electron is added to the system.

2. The electron is placed in the lowest energy eigenstate of the Hamiltonian
consisting of the first and second terms of Eq. 7.3, using the instanta-
neous spin configuration for the classical spins ~Si. To get the lowest en-
ergy eigenvalue and its corresponding eigenstate we have to diagonalise a
(2 ×N2, 2 ×N2) matrix.

3. The electron wave-function ψ(x, y) then acts as a local magnetic field pro-
portional to |ψ(x, y)|2. Then, to get a new equilibrated configuration of the
spin background we consider two terms in the energy:

− J ′
∑

i

|ψ|2 · Sz
i − J

∑

〈i,j〉
{(1 − α)(Sx

i · Sx
j + Sy

i · Sy
j ) + Sz

i · Sz
j } (7.4)

Around 3000 reorientations per spin were used to calculate averages (e.g.
magnetisation) in this step.

4. Steps 2 and 3 are repeated as much as possible in order to have enough
data to do statistics. Convergence is achieved very quickly, within twenty
diagonalisations.

Self-consistency is performed by steps 2 and 3: step 2 considers the influence of
the background spins on the carrier spin while step 3 permits the carrier spin to
influence the background.
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Figure 7.2: Flux diagram of the algorithm followed to study the evolution of the
carrier and the background.
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Each diagonalisation (step 2) defines our time step. It is not actual time but it
allows us to define the course of time. We call it “Monte-Carlo time” to avoid
confusion. In Fig. 7.3 we can see some pictures of the wave-functions at dif-
ferent Monte-Carlo times. I have to remark that the shape of the amplitude of
the wave-functions is more or less conserved while it moves around the system.
Therefore, the carrier is always localised in the most favourable region, namely, in
a ferromagnetic cluster, and they move ensemble. In Fig. 7.4 the wave-function
amplitude squared together with the averaged local magnetisation projected on
the z-direction close to Tc are plotted. We can see that there is a substantial
alignment of the moments in the vicinity of the carrier. Note that far from the
influence of the wave-function the average magnetisation is close to 0, so a large
part of the spin configurations is explored, while for the spins close to the centre
of the wave-function there are few accepted spin reorientations.

In the following, all the quantities are given in units of J , the Heisenberg pa-
rameter. The different parameters have been estimated for the Mn pyrochlores.
t ∼ O(0.1)eV [205] and Tc = 140K. Using the mean field relation Tc ∼ zJS2

(where z is the number of nearest neighbours) Tc = 1.8 J and t = 100 J . Different
values of the ratio J ′/t are explored. In pyrochlores J ′/t ∼ 1 is expected. Note
that we have a Tc in our two-dimensional system due to the anisotropy in the
Heisenberg parameter [210]. This helps us to find a quick convergence but does
not change our conclusions.

7.6 Results and discussion

7.6.1 Stability

In Figs. 7.3, 7.4 the probability density of the electron is plotted in real space. In
these cases J ′/t = 5 and T = 1.1Tc are considered. In Fig. 7.4 the corresponding

averaged magnetisation ~mi = 〈~Si〉
|~Si|

is shown. This is the best representation of a

polaron: a ferromagnetic cluster that follows the wave-function of the electron
(and viceversa). Fig. 7.3 shows the evolution of the wave-function with “Monte-
Carlo time”. Note that the size Lp is quite stable. This means that self-consistency
has been reached.

From these figures we have a visual certainty for the existence of a magnetic
polaron. Anyway, this evidence is purely qualitative and does not allow us to
extract reliable estimates for the polaron size or binding energy, especially at
higher temperatures and lower J ′/t, when the polarons are smaller and fluctuating
in time and this kind of representation becomes confusing.

To estimate the binding energy it is interesting to calculate the density of states.
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Figure 7.3: Evolution of the wave-function. The numbers are “Monte-Carlo
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for J ′/t = 5 and

T = 1.1Tc are plotted.
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Figure 7.5: The density of states (inset) and excitation spectrum at low energies

for J ′/t = 5, T = 1.1Tc and |~S| = 3/2 is plotted.
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As I said above, we placed our single electron in the lowest energy eigenstate.
This makes sense at finite temperature only if there is a gap larger than KBT
between the first and the second eigenvalues. We will see below that this is the
case for the relevant parameters. In Fig. 7.5 the time-averaged density of states
(inset) and the corresponding excitation spectrum are shown. The latter has been
calculated just by subtracting the lowest eigenvalue from all the others and, in
particular, we can easily see the energy difference between the first E0 and second
E1 eigenvalues. In the figure only the lowest 1% of the spectrum is shown. In the
density of states (inset) a sharp low energy feature is pulled from the bottom of
the band containing exactly one state. This is the bound polaron level of the free
magnetic polaron. Its width arises from thermal fluctuations in the energy of the
bound state. This width disappears in the excitation spectrum that shows a clear
gap corresponding to the electronic part of the binding energy of the polaron Ep.
We have checked that the separation between excited states scales as 1/N 2 so
that these are true excited states.

Note that the gap in the excitation spectrum is soft, namely, there are some states
in the band tail. These states are produced by rare fluctuations of nearby spins
into near alignment. The smaller the polaron, the larger chance of existence of
groups of aligned spins of the polaron size where the carrier could go with no
loss of energy. Hence, the gap becomes softer when the fluctuations dominate the
dynamics at large temperature and small J ′/t.

We estimate the electronic binding energy by the gap ∆p = E1 −E0 conveniently
averaged using a large number (∼ 500) of equilibrated configurations. Its value
versus temperature and for various values of the ratio J ′/t is shown in Fig. 7.6.

We are not taking into account thermal excitations of the quasiparticle so our
results are valid only when ∆p is larger than T . This condition is fulfilled for most
of the values of ∆p shown in Fig. 7.6 as they rest above the ∆p = 1.8T/Tc dotted
line. As expected from previous analysis, the polaron binding energy increases as
temperature is lowered from high temperatures, as the thermal spin fluctuations
are reduced. For large J ′/t we find a new behavior on ∆p not found within mean-
field theory, namely, that it has a maximum at some temperature above Tc. The
existence of a maximum can be understood in terms of the correlation length ξ.
9 This quantity increases as we decrease the temperature above Tc. For very
small ξ (large T ) it is very difficult to have a FM cluster for the spin-polaron to
sit in and for large ξ the electron would rather spread out. This will lead to an
intermediate optimum ξ for the existence of the polaron that would happen close
to Tc but not necessarily at Tc.

The size of the polaron may be estimated from the separation between the first

9Note that in a finite system the correlation length does not diverge at Tc but gets a mag-
nitude equal to the size of the system.
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Figure 7.6: We plot here the dependence on J ′/t and temperature of the local
magnetisation in the lattice produced by the polaron (a), its binding energy (b)

and the mobility µ = D
T

(c) for |~S| = 3/2 . The different curves correspond
to different J ′/t such that its value is 1 for open circles, 1.5 for closed circles,
2 for open squares, 3 for closed squares, 4 for open diamonds and 5 for closed
diamonds.
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eigenvalue Eo and the bottom of the band of the uniform ferromagnet. The
bottom of the band 10 in this case is given by − 3

4
J ′ − 4t and the separation

should go roughly as 1
L2

p
being Lp the size of the polaron if we assume saturation

in the local magnetization. The general trend is that the size decreases as T
(above Tc) or J ′ increases. From Fig. 7.6 we can also deduce that the ’window’
above Tc where the spin-polaron is stable increases with J ′/t. These two results
are consistent with previous mean-field calculations explained in Sec. 7.4.

In Fig. 7.6 the absolute value of the local magnetization M (weighted with the
wave-function) on T and J ′/t is also plot. M is defined as

M = 〈|
∑

i

~S ′
i|〉

where ~S ′
i = |ψ(i)|2 ~Si

|~Si|
. Note that, actually, the local magnetisation is not sat-

urated. Saturation was assumed in mean-field treatments. In fact, Kasuya and
Yanase [192] claimed that this saturation was a necessary condition for the sta-
bility of a magnetic polaron. We have seen here that this condition is not so
strong.

Although qualitative comparison is satisfactory there are large quantitative dif-
ferences which point to a great decreasing in the stability of the spin-polarons
when fluctuations are taken into account. To be precise we compare the binding
energy at T = Tc. From mean-field calculations on Ref. [205] the maximum
possible value for ∆p is ∼ J ′S but it is not reached due to the kinetic energy
that is lost with the formation of a polaron. In the present work ∆p/J ∼ 1 while
J ′S/J ∼ 100. So binding energies are reduced by two orders of magnitude com-
pared with the mean-field results because the loss of kinetic energy is not well
taken into account in the latter.

The simulation has been done in a two-dimensional lattice. The effects of dimen-
sionality on self-trapping has been studied by Benoit à la Guillaume [209] within
a mean-field approximation. In that work it is concluded that a lower dimension-
ality favours localisation and hence in three dimensions magnetic polarons are
less likely to happen than in two dimensions.

7.6.2 Dynamics

The study of the stability conditions for a free magnetic polaron is interesting
by itself but the MC simulation also opens the possibility of learning about its
dynamics in a spin-fluctuating landscape (see Fig. 7.3). For this purpose, the

10The 3
4 comes from the spins: 1

2 for the electron and 3
2 for the Mn ion. 4t is half the bandwith

of a two dimensional square lattice in the tight binding approximation.
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Figure 7.7: The probability of moving a distance r for different times, t̃ = 1,
10 and 100, taken from a single run, is shown. Solid lines show fits to a two-
dimensional Gaussian, plus an offset. This background is due to the rare appear-
ance of FM clusters away from the polaron location, where the polaron hops a
large distance. The curves for t̃ = 10 and t̃ = 100 are the result of iterations
of the t̃ = 1 curve; thus the rare long-distance hops eventually dominate the
distribution, as can be seen in the trace at the longest times.
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expectation value of the electron position is calculated for each diagonalisation.
This is simply 〈rt̃〉 =

∑
ri
〈ψ(ri)|ri|ψ(ri)〉 where ri denote the lattice sites and the

subindex t̃ stands for “Monte-Carlo time”. Then, the distance r that the electron
moves in a time t̃ is calculated as r(t̃) = rt0+t̃ − rt0 . The probability of moving a
certain distance P (r) is estimated after diagonalising the problem ∼ 500 times,
to get good statistics.

In Fig. 7.7 P (r) for different “Monte Carlo times” is shown. For time t̃ = 1 one
observes dominant short distance motion with occasional rare hops over long dis-
tances. For longer times, the peak of the distribution moves out approximately
with

√
t̃ as expected from a diffusing object. The long-distance hops occur when

unoccupied band tail states (which may be localised anywhere in the system)
temporarily drop below the bound polaron level. In our algorithm - which au-
tomatically populates the lowest energy level 11 - the electron moves to occupy
this new state and restabilises the polaron there. These rare events eventually
dominate the long-time behavior in our simulations. Of course, very long range
hops are unphysical because the tunneling probability will be exponentially small
with distance, and the band-tail states survive in one place for only a short time.
Hops to band-tail states will then be limited to some finite range. As temperature
is raised, and Ep is reduced, hops to band tail states become more frequent; we
cross over to a regime of“passive advection”of the wavefunction in the fluctuating
spin background [211].

Our results correspond to the movement of a diffusing object. The diffusion
equation D∇2P(r) − ∂P(r)

∂t
= 0 is deduced in Appendix F. P (r) is fitted to a

gaussian in two dimensions plus a constant (to approximately take account of hops
to band-tail states). The gaussian dominates for the parameters of interest when

a spin-polaron is well formed. The distribution scales with
√
t̃ as expected for

diffusive motion. 12 We calculate the diffusion constant as D =
∑

i P (r, t̃ = 1)r2

and the mobility, by means of Einstein relation µ = D
T

, of the spin polaron for
different couplings and temperatures (see Fig. 7.6). The mobility decreases as
J ′/t increases. This is reasonable because the potential well where the electron
is self-trapped gets depper for larger values of J ′/t. Hence the effective mass of
the polaron must be larger and its mobility smaller. The mobility also decreases
with increasing temperature. This arises because D itself is weakly T-dependent.
This is surprising because the polaron size decreases with temperature (tending
to increase D). But this tendency is counterbalanced by a reduced probability of
favourable FM spin configurations near its boundary as T/Tc is increased.

11Therefore, we are doing an adiabatic approximation. Equivalently, the electron moves much
quicker than the spin background.

12The peak of the distribution would give the mean value of the displacement 〈r〉 =
∫
rP (r).

Using the result of Appendix F in two dimensions, P (r) = rp(r), 〈r〉 ∼
∫
∞

0 r2exp(−r2/4Dt̃) ∼√
t̃.
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7.7 Summary and conclusions

In conclusion, our dynamical simulations have revealed a picture of the FMP
in a ferromagnet above Tc which is considerably more complex than given by
the mean field pictures. Provided the exchange coupling is large enough, FMP’s
are stable above Tc, but considerably more weakly bound than found by mean
field calculations. This by itself raises some doubts about the interpretation
given earlier for the Mn pyrochlores, because we require an exchange coupling
comparable to the bandwidth for a well-formed polaron with nearly saturated
magnetization, whereas in the Mn pyrochlores this coupling is expected to be not
large. In fact, there are not, as far as I know, direct evidences of the existence of
magnetic polarons in Mn pyrochlores. However, spin-flip scattering measurements
in EuB6 [90] shows a peak within a window above Tc whose magnetic field and
temperature dependences are consistent with the existence of magnetic polarons
[212]. We find that the motion of the polaron is diffusive, but as temperature is
raised the electron fluctuates out of the self-trapped configuration into band-tail
states formed by opportunistic fluctuations of the moments.



Concluding Remarks

Properties of manganites and other colossal magnetoresistive materials have been
studied. Our attention has focused mainly on double-exchange model, its scope
and limitations. Double-exchange underlies the behaviour of manganites and has
shown to be valid in those regimes where other interactions are softened with
respect to it. This includes the case of manganites with large bandwidth as
La1−xSrxMnO3 in the optimally doped regime, and low temperature properties,
where lattice degrees of freedom are not expected to be important.

Magnetic critical temperature Tc in the optimally doped regime, where colossal
magnetoresistance was first found, can be estimated just by means of double-
exchange (Chapter 2). Tc is directly related to the width of the conduction band
(but fine adjustments can be ruled by electron-phonon coupling in low bandwidth
systems [58]). Monte-Carlo simulations developed in square lattice systems have
allowed us to determine the Tc as well as the influence of the spin fluctuations
(not taken into account in mean-field treatments) on its value. A decrease on Tc

of around a 20% has been found. The energy of the double-exchange has been
calculated in a second order perturbative approach. This expression has enabled
the increase of the size of the systems studied numerically as diagonalisation of the
problem is avoided. This approximated expression for the energy has revealed to
be very useful to develop further numerical investigations of the double-exchange
model.

A very different frame concerns transport properties. The metal-insulator tran-
sition ocurring simultaneously with the ferroparamagnetic transition cannot be
explained by the only means of double-exchange. We have shown this in Chapter
3. There, Kubo formalism was applied to calculate the conductivity numeri-
cally. Spin configurations for different temperatures were achieved making use of
Monte-Carlo simulations. Hence, spin fluctuations are guaranteed to be properly
taken into account so we can claim that off-diagonal spin disorder is not enough
to produce localisation of the carriers not even above Tc, where the bandwidth is
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small. This result was anticipated in Chapter 2 where it was shown that neither
the bandwidth nor the kinetic energy of the system presented any discontinuity
in their values close to Tc as should be expected for such an abrupt transition as
the metal-insulator is.

Extrinsic magnetoresistance has become the most interesting property to be used
for designing devices for technological applications. Surfaces and interfaces are
playing a very important role, not forgetting the half metallic character of the
carriers. In Chapter 4, the simplest modification on a surface respect to the
bulk is considered. Double degeneracy of eg orbitals is included. In the surface,
the translational cubic symmetry is lost and the degenerate levels are splitted.
Double-exchange interaction is, thus, weakened at the surface and antiferromag-
netic correlations dominate the surface. There is also a redistribution of charge
between the surface and the first layers within the bulk. Conductance between
two ferromagnetic bulks separated by an antiferromagnetic surface is also com-
puted. Conductance is visibly reduced from its bulk value and, when a magnetic
field is applied, it increases linearly and finds saturation at ∼ 60T . To be rigorous,
there are a lot of other defects in a surface which have not been taken into ac-
count here. In fact, a dead layer of some lattice parameters deep has been found.
But we have shown that the only consideration of spin and charge is enough to
give a strongly modified surface. This result can maybe help the design of better
behaved surfaces.

It has been already stated that the metal-insulator transition cannot be explained
by double-exchange. Close to Tc lattice degrees of freedom gains relevance as the
width of the conduction band decreases as T increases. But we can assume that, at
low temperatures and, at least, for manganites with large Tc, transport properties
are only ruled by spin degrees of freedom. These properties are studied in Chapter
5. Experimentally, the resistivity versus temperature curve shows a positive slope
given by a low power of T . The large Hund’s coupling binds the carrier spin to
that of the ions, leading to a special kind of spin waves that we call composite
spin-waves. The main characteristic of manganites at low temperatures is the
half-metallic nature of the carriers. Thus, single spin-wave scattering is forbidden
but two spin waves scattering gives a resistivity dependence ∼ T 4.5 which is not
appropriate to fit, by itself, the resistivity curves at low T . But the interaction of
spin waves with off-diagonal disorder produced by ionic size mismatch and other
defects of the cubic lattice has shown to lead a T 1.5 behaviour of the resistivity
with the right order of magnitude. Therefore, quantitative agreement of the quick
increase of the resistivity with T is reproduced.

Manganites research is full of striking results. One of those is the form of the
anomalous Hall resistance which does not follow the previously known for con-
ventional ferromagnets. Spin-orbit coupling has always been considered to explain
the anomalous Hall resistance. But the traditionally considered skew-scattering
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is not relevant in manganites because it comprises spin-flip scattering which is
prohibited in half-metallic materials. In Chapter 6, the interaction of topological
defects of the double-exchange model with spin-orbit coupling is studied. The
Berry’s phase acquired by the electron when moving within a spin texture acts
as a local magnetic field which interacts with the magnetisation and leads to an
anomalous Hall resistance whose form fits the experimental result. The approx-
imation of independent defects used is valid for low temperatures but it fits the
form of the anomalous Hall resistance even at Tc where a peak is found.

Spin fluctuations dominate the magnetic system close to Tc. In low density carrier
ferromagnets (as magnetic oxide pyrochlores and europium hexaboride which also
present colossal magnetorresistance), when the correlation length ξ and the den-
sity of carriers n fulfill the relation n ξ3 << 1, the carriers can self-trap and form
free-magnetic polarons (see Chapter 7). In the cases of interest, Hund’s coupling
is not as large as in manganites but rather JH ∼ t, hence, double-exchange is not
assumed here. The model is that of a spin background which orders ferromag-
netically independently from the conduction electrons which are coupled to the
spin background by means of Hund’s coupling. These polarons have been stud-
ied for years within mean-field theory where spin fluctuations are not correctly
taken into account. This difficulty is overcome with Monte-Carlo simulations.
The conditions for stability and the dynamics of magnetic polarons are studied.
Spin fluctuations harden the required strength of the Hund’s like interaction to
achieve stability. Dynamics have been looked into for the first time. When stable,
polarons have a diffusive motion. Magnetic polarons are also found in manganites
but the strong lattice coupling found in these materials can further bind them to
lattice distortions.

In summary, double exchange model has appeared to be the underlying process in
manganites. It dominates the physics in those regimes where lattice and charge
degrees of freedom are hidden by a large bandwidth, namely, at low temperatures
and for large Tc materials as La1−xSrxMnO3. If a complete understanding of
manganites is pursued, the complex study of the interactions among spin, charge
and lattice has to be faced. Other colossal magnetoresistive materials, as magnetic
oxide pyrochlores and europium hexaboride, cannot be classified with manganites
as neither double-exchange nor Jahn-Teller distortions are present on them. The
formation of self-trapped magnetic polarons in the paramagnetic region close to
Tc can be crucial to understand the magnetoresistance in low carrier density
ferromagnets.
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Appendix A

Classical Monte Carlo method

Numerical simulations allow us to calculate macroscopic quantities from micro-
scopic theories. 1 We have two ingredients to study a system: the Hamiltonian
function which governs its behaviour and a thermal reservoir which represents
the interaction of the system with the environment. Monte Carlo is the most
important of numerical simulations used for solving statistical mechanics prob-
lems. Hence, instead of looking for exact solutions, the interest is focused on
the probabilities of the system being in one state or another. The probability
is represented by a weight ων(t) where ν is the state and t is time. When this
weight is independent of time, thermal equilibrium has been reached. We shall be
concerned with studying systems in equilibrium. To reach thermal equilibrium,
we only need to wait long enough. The equilibrium values of the weights are the
equilibrium occupation probabilities pν. Gibbs showed that for a system in ther-
mal equilibrium with a reservoir at temperature T the equilibrium occupation
probability of state ν is given by the Boltzmann distribution:

pν =
1

Z
e−βEν (A.1)

where Eν is the energy of state ν that is calculated by means of the Hamiltonian
of the system, β = 1/kBT and Z is the partition function

Z =
∑

ν

e−βEν (A.2)

from which several different quantities, as the entropy and the free energy, can
be deduced.

1There is a lot of literature about Monte Carlo methods. See, for instance, Refs. [213, 214]
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As I said above, we are interested in calculating macroscopic quantities Q. The
expectation value of Q in equilibrium is defined as:

〈Q〉 =
∑

ν

Qνpν (A.3)

Apart from the expectation value it is very important to calculate its standard
deviation which tells you how good is the approximation of giving just the mean
value for the expectation, in other words, it determines the importance of fluctu-
ations. This is defined as:

〈(Q− 〈Q〉)2〉 = 〈Q2〉 − 〈Q〉 (A.4)

Fluctuations decrease as the system becomes large, namely, in the thermodynamic
limit.

A Monte Carlo simulation simulates the random thermal fluctuation of the sys-
tem from state to state so to explore part of its configurational space. In practise,
there is no need to take account of every possible state to calculate a good ap-
proximation for Z but only a finite number of states are chosen. The technique
for picking out the important states among the huge number of possibilities is
called importance sampling: states have to be picked in such a way that the prob-
ability that a particular state ν gets chosen is pν = Z−1e−βEν (as it is in real
systems). To do this we have to generate a Markov process that has to fulfil two
requirements: the condition of ergodicity, namely, it should be possible to reach
any state of the system from any other state if we wait long enough, and the
condition of detailed balance (the rates at which the system makes transitions
into and out of any state should be equal). This is equivalent to the condition of
time reversal symmetry:

pνP (ν → µ) = pµP (µ→ ν) (A.5)

where P (ν → µ) is the transition probability for the transition from ν to µ.
Consequently,

P (µ→ ν)

P (ν → µ)
=
pν

pµ

= e−β(Eν−Eµ) (A.6)

One of the best algorithms fulfilling this condition is the “Metropolis algorithm”.
Basically, it always accepts a change in configuration if the energy is lowered
and, if the energy is increased, the new configuration is accepted with probability
e−β(Eν−Eµ).
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ϕ

θ

Figure A.1: Every spin in the lattice is considered as a classical vec-
tor of constant mudulus and direction determined by Euler angles: ~Si =
(sin θi cosφi, sin θi sinφi, cos θi)

Implementation of a Monte Carlo simulation for

a magnetic system

Let me now specify how we have actually used this technique to study spin lattices.
I explained in Chapter 1 that the Mn core spins can be considered as classical
as they are “large” (S = 3/2). Therefore, we see the spins as classical vectors
with constant modulus and direction determined by Euler angles θ and φ (Fig.
A.1). Our system is a simple cubic lattice of spins. The number of spins is N d,
d being the dimension of the system. Periodic boundary conditions are usually
considered because they soften the finite size effect with respect to open boundary
conditions.

The configurational space is examined by doing single spin reorientations. This
consist in randomly choosing a site and modify, also randomly, the angles θ and
φ which determine the direction of the localised spin on the site. Every single
change is evaluated with the Metropolis algorithm that decides which changes are
to be accepted. After “a Monte-Carlo step” the whole system has been modified
(“Monte-Carlo step”∼ 5 ∗N 3 single spin reorientations).

Ergodicity guarantees that a particular choice of initial configuration is irrelevant
for reaching equilibrium. We assume that equilibrium is reached when fluctua-
tions get small enough, in other words, when a calculated macroscopic quantity
have a small standard deviation compared to its mean value. To make sure we
are doing a good average the first, say 200, Monte-Carlo steps are not included
in it. The quantity we are interested in, e.g. magnetisation, is calculated once
per Monte-Carlo step. After having calculated it several times, typically a few
hundreds, the average has a steady value and it is accepted as a valid expectation
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value. Its standard deviation is also calculated and it has to be much smaller
than the mean value.

The practical way of implementing the Metropolis algorithm is as follows:

1. The difference in energy between a new configuration and the previous
one is computed ∆E (for double-exchange model the problem has to be
diagonalised).

2. The corresponding Boltzmann factor is e−β∆E.

3. A random number ran between 0 and 1 is generated.

• If ran ≤ e−β∆E the new configuration is accepted (this includes choices
that lower the energy of the system).

• Otherwise, it is rejected.

Hence, for instance, at large temperature (ie. paramagnetic phase of the
ferromagnetic system), almost every new configuration is accepted (β is
small leading to large e−β∆E). On the other hand, at low temperatures
(ie. ferromagnetic ordering) only small changes on the energy fulfils the
requirement (β is large so e−β∆E is small).

In applying these methods we have to pay special attention to finite size effects.
Our computers limit us to small enough lattices to be able to manage them2.
Finite size includes extra correlations in the problem so, as shown in Chapter
2, a paramagnetic phase never gets a zero magnetisation. In other words, the
divergence in the magnetic correlation length at Tc does not make sense in a
finite system.

2In the cases in which it is necessary to diagonalize to calculate the energy of the system,
we are limited to a 6 × 6 × 6 lattice



Appendix B

Approximated expression for the
DE energy

In Chapter 2 an approximated expression for the DE energy is developed. This
expression has been used all along this work as it allows the increase of the system
size (there is no need to diagonalise the problem). In this Appendix the second
order term of the perturbation is calculated.

The Hamiltonian is

H =
1

2

∑

〈ij〉
tij(C

+
i Cj + C+

j Ci) (B.1)

The site dependent hopping parameter can be written as t̄+ δtij. Therefore,

H = H0 + V

H0 =
t̄

2

∑

〈ij〉
(C+

i Cj + C+
j Ci) (B.2)

V =
1

2

∑

〈ij〉
δtij(C

+
i Cj + C+

j Ci) (B.3)

The expectation value 〈V 〉 is to be calculated using perturbation theory as sketched
in Fig. B.1. The first order term 〈k|V |k〉 = 0. Let us see this. Using Bloch states
(Eq. 2.13) and j = i+ R being R the lattice vector

〈k|V |k′〉 =
1

2N0

∑

m,n,i,R

δti,i+R〈m|C+
i Ci+R + C+

i+RCi|n〉e−ikme−ik′n

=
1

2N0

∑

m,n,i,R

δti,i+R (δm,iδn,i+R + δm,i+Rδn,i) e
−ikme−ik′n
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k

k
k

k’

k

Figure B.1: First and second order of the diagrammatic perturbation expansion.
⊗ denotes the interaction V .

=
1

2N0

∑

i,R

δti,i+R

(
e−ikRi + e−ik′(R+Ri) + e−ik(R+Ri)e−ik′Ri

)
(B.4)

As momentum is conserved k = k′

〈k|V |k〉 =
1

2N0

∑

i,R

δti,i+R

(
eikR + e−ikR

)
(B.5)

Remember that 〈δtij〉 = 1
N0

∑
ij δtij = 0. In particular, for fixed R, 〈δti,i+R〉 = 0.

Hence, 〈k|V |k〉 = 0.

We have to go to second order to get a correction to the zeroth order approxima-
tion. The term is 〈k|V G0(k

′)V |k〉 where

G0(k
′) =

∑

k′

| k′〉〈k′ |
εk′ − εk

(B.6)

is the propagator.

E2 = −
occ∑

k

〈k|V G0(k
′)V |k〉 =

∑

k,k′,k′′

〈k|V |k′′〉〈k′′|G0(k
′)|k′′〉〈k′′|V |k〉

= − 1

4N2
0

∑

k,k′

∑

i,j,R,R′

δti,i+Rδtj,j+R′

εk′ − εk

(
eik′Rie−ik(Ri+R) + e−ikRieik′(Ri+R)

)

×
(
e−ik′Rjeik(Rj+R′) + eikRje−ik′(Rj+R′)

)
(B.7)

Only diagonal terms (i = j and R = R′) are different from zero. Hence,
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x 〈C+
i Cj〉0 a2 Tc/t

0.1 0.069 0.091 0.066
0.2 0.1126 0.170 0.101
0.3 0.1419 0.230 0.122
0.4 0.1589 0.260 0.142
0.5 0.1670 0.268 0.151

Table B.1: Coefficients of the perturbative form for the energy and Tc calculated
for a 20 × 20 × 20 system using this approach.

E2 = − 1

4N2
0

∑

k,k′

∑

i,R

δt2i,i+R

εk′ − εk
(2 + 2cos [(k + k′)R]) (B.8)

Assuming we can approximate t2i,i+R by t2i and using the dispersion relation for
the tight binding ε(k) = 2t̄ (cos(kxao) + cos(kyao) + cos(kzao))

E2 = − 1

2N2
0

occ∑

k

∑

k′

1

εk′ − εk

(
6 + 2

ε(k + k′)

2t̄

)∑

i

δt2i (B.9)

From where Eq. 2.20 is found.
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Surface Green functions

We outline the calculation of the surface Green function in the presence of antiferro-
and ferromagnetic interactions. As discussed in section 4.3, we assume that there
is a direct antiferromagnetic exchange, JAF between spins at the surface. These
spins have a ferromagnetic coupling, J ′

F with those at the next layer. The re-
maining layers have the ferromagnetic coupling appropriate for the bulk, JF .

Cutting off the last layer, n = 0, we can write for the remaining layers the
equations:

ω2G1,1(~k‖, ω) = JF [G2,1(~k‖, ω) − G1,1(~k‖, ω)] (C.1)

if n = 1, and:

ω2Gn,1(~k‖, ω) = JF [Gn−1,1(~k‖, ω) + Gn+1,1(~k‖, ω) − 2Gn,0(~k‖, ω)] (C.2)

if n > 1. These equations can be solved by standard methods, and we obtain:

G1,1(~k‖, ω) =
1

ω−JF ε~k‖
2

−
√

(ω−JF ε~k‖
)2

4
+ JF (ω − JF ε~k‖

)

(C.3)

where ε~k‖
= 4 + 2 cos(kx) + 2 cos(ky).

Once we know the Green’s function for the first bulk layer, we can include its
coupling to the surface layer by defining an effective selfenergy. We find:

G−1
0,0(

~k‖, ω) =

[
ω − λ− J ′

F cos(θ/2) − β(~k‖, ω) JAF sin(θ)γ~k‖

−JAF sin(θ)γ~k‖
ω + λ+ J ′

F cos(θ/2) + β(~k‖ + ~Q‖,−ω)

]

(C.4)
where
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γ~k‖
= 2 cos(kx) + 2 cos(ky)

β(~k‖, ω) =
J ′2

F cos2(θ/2)

G−1
1,1(

~k‖, ω) − J ′
F cos(θ/2)

β(~k‖ + ~Q‖,−ω) =
J ′2

F cos2(θ/2)

G−1
1,1(

~k‖ + ~Q‖,−ω) − J ′
F cos(θ/2)

The canting angle, θ is:

cos(θ) =
J ′

F√
J ′2

F + J2
AF

(C.5)

The parameter λ is a Lagrange multiplier, which, at zero temperature, ensures
that the spectral weight begins at ω = 0, or, alternatively, that 〈b†i,j,↑bi,j,↑ −
b†i,j,↓bi,j,↓〉 = 2S [215]. Equation C.4 was used to obtain the surface spin waves
shown in Fig. 4.10.
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Appendix to Chapter 5

D.1 Calculation of the scattering rate

The scattering rate is computed using Fermi’s Golden rule:

P12 =
2π

~
|〈2|Hint |1〉|2δ(E2 − E1) (D.1)

where |1〉 is the initial state, |2〉 is the final state and Hint is the interaction
Hamiltonian. In the case of two magnon processes (diagram in Fig. 5.4(b))

Pk,k+q =
2π

~

∑

q′

|〈k + q |Hint |k〉|2 δ(Ek+q + ~ωq′−q − Ek − ~ωq′) (D.2)

The calculation can be simplified assuming ~ωq′−q − ~ωq′ << Ek+q − Ek. But
when the electrical resistivity of metals is to be calculated it is necessary to do a
weighted average of the scattering time:

1

τ
=
∑

q

Pk,k+q (1 − cos θk,k+q) (D.3)

where it has been taken into account that forward scattering (k ‖ k+q) does not
contribute to resistivity. Simple geometric considerations lead to

1 − cos θk,k+q = − q
k

cos Θk,q (D.4)
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|k+q| = |k| has been assumed (elastic scattering). In fact, at low T , only carriers
close to the Fermi surface can conduct and the elastic approximation assures that
the carrier is kept close to it.

D.2 Canonical transformation of DE model

In Chapter 5, a canonical transformation is applied to the Hamiltonian to get rid
of the unphysical single magnon terms of Eq. 5.2. The following transformation
has to be done

H̃ = e−UHeU . (D.5)

where U is defined in Eq. 5.24. U must fulfil that U+ = −U . We are interested
in the terms of the order 1/S and independent of JH .

Doing a series expansion of eU

H̃ = H − [U,H] +
1

2
[U, [U,H]] + ... (D.6)

This gives an expansion in 1/
√
S. We are only interested in those terms inde-

pendent of JH . Let us see what happens when the canonical transformation is
applied to the Hamiltonian in Eq. 5.2.

H = Ho +H1 +H2 (D.7)

Ho = Ha
o +Hb

o

Ha
o =

∑

kσ

εkC
+
kσCkσ (D.8)

Hb
o = −JH

∑

kσ

σ C+
kσCkσ (D.9)

H1 = −JH

√
2

SN

∑

q,k

(
b+q C

+
k↑Ck+q↓ + bq C

+
k+q↓Ck↑

)
(D.10)

H2 =
JH

NS

∑

k,q1,q2,σ

σ b+q1
bq2
C+

k−q1σCk−q2σ (D.11)

The term H1 (order 1/
√
S) is eliminated because H1 = [U,Ho].

The next terms in the 1/
√
S expansion (namely ∝ 1/S) areH2, [U,H1],

[
U,
[
U,Hb

o

]]

and [U, [U,Ha
o ]]. The first three are proportional to JH/S while the last one is
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just proportional to 1/S. The two magnon terms ∝ JH/S cancel each other and
the two magnon terms which remain, to order 1/S, are

H ′ =
JH

2NS

∑

k,q,p

εk − εk+p

ε↑k − ε↓k+p

C+
k↑Ck+p−q↑b

+
p bq

− εk − εk+p

ε↑k − ε↓k+p

C+
k+q↓Ck+p↓b

+
p bq +H.c (D.12)

Eq. 5.25 is recovered by manipulating the term with spin up fermions and its
hermitic conjugate. The limit JH → ∞ is also considered:

ε↑k − ε↓k+p = εk − εk+p − 2JH ⇒ lim
JH→∞

JH

ε↑k − ε↓k+p

= 1/2 .

D.3 Canonical transformation of the diagonal

disorder term

In this section we want to show that the diagonal disorder term Eq. 5.31 com-
mutes with the canonical transformation U .

[U, Vd] = JH

√
2

NS

∑

q,q′,σ

∑

k,p

1

ε↑k − ε↓k+p

[
C+

k↑Ck+p↓b
+
p −H.c., Vq−q′C+

qσCq′σ

]

(D.13)

where Vq−q′ =
∑

i εie
i(q−q′)Ri is the Fourier transform of the diagonal disorder

parameter εi. Using
[
C+

α Cβ, C
+
α′Cβ′

]
= C+

α Cβ′δα′β − C+
α′Cβδαβ′ (D.14)

it is straighforward to show that Eq. D.13 leads to
∑

p,q,q′

Vq−q′b+p
(
C+

q−p↑Cq′↓ − C+
q↑Cq′+p↓

)
= 0 (D.15)

Hence, diagonal disorder is not coupled to magnons.

D.4 Why does τ not renormalise?

To be precise, why does τ not renormalise in first order of the electron-two magnon
interaction while the mass does?
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In the case of electron-phonon interaction both the effective mass and the scat-
tering time are equally renormalised. Therefore, the resistivity does not depend
on the renormalisation of the mass. On the other hand, in the case of the inter-
action with two magnons, only the effective mass is renormalised. Let us see this
carefully.

Electron-phonon interaction 1

Generically, the Green function is defined as

G(ω,p) =
1

ω − ε(p) − Σ(ω,p)
(D.16)

where Σ is, in general, a complex self-energy Σ = Σ1 + iΣ2. The spectral function
is defined as A(ω,p) = 1

π
| ImG(ω,p) |. Hence,

A(ω,p) =
1

π

Σ2

(ω − ε(p) − Σ1)
2 + Σ2

2

(D.17)

The electron-phonon mass enhancement factor is defined as λ = − ∂ReΣ
∂ω

|ω=EF
.

This definition is valid because the self-energy is energy dependent but not very
wave vector dependent. Therefore,

Σ1 = −λω (D.18)

Using this in Eq. D.17

A(ω,p) =
1

π

Σ2

(1 + λ)2

1(
ω − ε(p)

1+λ

)
+
(

Σ2

1+λ

)2 (D.19)

Hence the energy ε(p)
1+λ

(or the mass m∗ = m∗
0(1 + λ)) and 1/τ = Σ2

1+λ
are renor-

malised on equal footing and ρ ∼ m∗

τ
does not depend on the renormalisation

factor λ.

Electron-two magnon interaction
The electron self-energy in first order due to this interaction is written in Eq.
5.28. In this case, the real part of the electron self-energy Σ1 does not depend on
ω and the definition for λ given above does not apply. The mass enhancement is
thus due to the shift of the band ε(p) → ε(p) + Σ1(p). On the other hand, the
imaginary part of the electron self-energy Σ2 is zero and hence, τ is not affected
by spin wave scattering. Therefore, in this order, the only τ which appears is
that due to the intrinsic disorder and does not depend on T .

1This is also discussed in Ref. [111]
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Density of Skyrmion strings

Eq. 6.13 can be deduced as follows. 1 Let us consider n0 pairs of defects in a
system with N sites. As n0 is an extensive thermodynamic variable, its size can
be estimated by minimising the free energy F = U −TS where U is the potential
energy and S is the entropy. The entropy has two parts: Sconfig which is related
to the position of the defects and Sint which is the entropy of the internal degrees
of freedom for a single pair of defects. Therefore, the total internal entropy is
n0S

int and

Sconfig = kB log
(N + n0)!

N !n0!
.

We have to minimise F with respect to n0

∂F
∂n0

=
∂U
∂n0

− kB log
N

n0
− kBTS

int

where the second term is ∂Sconfig/∂n0 in the dilute limit n0 << N . In the same
limit, ∂U/∂n0 ≈ ∂U/∂n0|n0=0 = Ec where Ec is the energy required to create a
pair of defects. The solution of the equation ∂F

∂n0
= 0 is

n0 = Ne
− Ec

kBT
+Sint

Therefore

n =
n0

N
= αe

− Ec
kBT

where

α = eSint

.

1This kind of argument is done for point defects in a Bravais lattice in page 617 of Ref. [39]
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Diffusion equation

Diffusion occurs when there are processes whose time dependence is controlled by
random movements. 1 Consider diffusion on a lattice. The probability that site
i is occupied at time t is P(i, t). R(i, i′,∆t) is the probability that the particle is
at site i at time t+∆t given that it was at site i′ at time t. Then, the probability
that the particle is at site i at time t + ∆t is

P(i, t + ∆t) =
∑

i′

R(i, i′,∆t)P(i′, t) (F.1)

As ∆t goes to zero, the probability of leaving site i must go to zero. Therefore
we can write:

R(i, i′,∆t) =

{
1 −

∑
i1
pi→i1∆t if i = i′

pi′→i∆t if i 6= i′
(F.2)

pi→i1 is the transition rate that is defined to be zero when i = i′. Using the two
previous equations we get a differential equation for P(i, t):

∂P(i, t)

∂t
=
∑

i′

pi′→iP(i′, t) −
(
∑

i1

pi→i1

)
P(i, t). (F.3)

This is the master equation. If detailed balance is considered pi′→i = pi→i′ and
doing a Taylor expansion of P(i′, t) around i the diffusion equation is recovered:

D∇2P(i, t) − ∂P(i, t)

∂t
= 0 (F.4)

where D is the diffusion constant that in one dimension is

D =
∑

x

p(x)x2 (F.5)

1To know more about diffusion see, for instance, Refs. [179, 216, 217].
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and p(x) is the transition rate to move a distance x = i− i′.

The solution of the diffusion equation is a Gaussian. In one dimension the solu-
tion is easily achieved by Fourier transforming P̂(q, t) =

∫∞
−∞ dxP(x, t)eiqx. The

diffusion equation is then reduced to

∂P̂(q, t)

∂t
= −Dq2P̂(q, t) (F.6)

Hence, P̂(q, t) = exp(−Dq2t) and

P(x, t) =
1√

4πDt
exp

(
− x2

4Dt

)
(F.7)

In Chapter 7 the system is two-dimensional. In such case p(x)p(y)dxdy =
rp(r)drdφ. Therefore, P (r) = rp(r), where r =

√
(x− x0)2 + (y − y0)2, is the

quantity plotted in Fig. 7.7.
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[187] H.A. Fertig, L. Brey, R. Côté and A.H. MacDonald, Charged spin-texture
excitations and the Hartree-Fock approximation in the quantum Hall effect,
Phys. Rev. B 50, 11018 (1994). 67, 69

[188] P.G. de Gennes and J. Friedel, Anomalies de résistivité dans certains mé-
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[210] P.A. Serena, N. Garćıa and A. Levanyuk, Monte Carlo calculations on
the two-dimensional anisotropic Heisenberg model, Phys. Rev. B 47, 5027
(1993). 7.5

[211] E. Kogan, M. Auslender and M. Kaveh, (1998), unpublished. 82

[212] M.J. Calderón, L. Brey and P.B. Littlewood, (2001), work in progress. 7.7

[213] M.E.J. Newman and G.T. Barkema, Monte Carlo Methods in Statistical
Physics (Clarendon Press, Oxford, 1999). 1

[214] K. Binder, Monte Carlo methods in Statistical Physics (Springer-Verlag,
Berlin, 1979). 1

[215] D. Arovas and A. Auerbach, Functional integral theories of low-dimensional
quantum Heisenberg models, Phys. Rev. B 38, 316 (1988). C

[216] S. Chandrasekhar, Brownian motion, dynamical friction and stellar dynam-
ics, Rev. Mod. Phys. 21, 383 (1949). 1

[217] G.H. Weiss, Aspects and applications of the random walk (North-Holland,
Amsterdam, 1994). 1





Agradecimientos

Este trabajo es el resultado de unos cuantos años de mi vida. Ha sido posible y
gratificante gracias a mucha gente a la que me gustaŕıa darle las gracias.
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Propiedades eléctricas y
magnéticas de sistemas con
magnetorresistencia colosal

Introducción

La magnetoresistencia es una propiedad muy interesante de los materiales magné-
ticos desde el punto de vista tecnológico ya que permiten el diseño, por ejemplo,
de sensores magnéticos. Hace unos años, en 1994, se encontró una magnetorresis-
tencia muy grande -colosal- en las perovsquitas de óxido de manganeso dopadas
(o manganitas). Desde entonces, estos materiales se han estudiado muy a fondo y
también se ha encontrado otros con magnetorresistencia similar, como las dobles
perovsquitas, los pirocloros de óxido de manganeso o el hexaboruro de europio.
Estos materiales no son sólo importantes por las posibles aplicaciones tecnológicas
de la magnetorresistencia colosal sino que, además, presentan una complejidad
tal que suponen un reto tanto teórico como experimental.

Antes de aparecer estos materiales, ya se hab́ıa conseguido obtener valores grandes
de magnetorresistencia en superestructuras de capas alternas de metales magné-
ticos y no magnéticos. Se denominó magnetorresistencia gigante. De hecho, estos
sistemas ya se están utilizando en la industria para hacer cabezas lectoras de
grabaciones magnéticas. Valores mayores de la magnetorresistencia permitiŕıan
el aumento de la densidad de almacenamiento de datos en memorias magnéticas.

La magnetorresistencia colosal (desde ahora utilizaré las siglas en inglés CMR) se
encontró en las manganitas dopadas que presentan una transición metal-aislante a
casi la misma temperatura que la transición magnética. Por tanto, a bajas tempe-
raturas, el sistema es ferromagnético y metálico y por encima de la temperatura
de la transición magnética Tc es paramagnético y aislante. Las temperaturas
cŕıticas experimentales van desde 100 K a 500 K. En el punto de la transición,
la resistividad presenta un pico muy abrupto que desaparece progresivamente
cuando se aplican campos magnéticos del orden de Teslas (ver Fig. 1). Es decir,

III
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la CMR está limitada a la región próxima a Tc y, además, precisa de campos
muy altos para ser realmente grande. Esta es la llamada magnetorresistencia
intŕınseca. Más interesante desde el punto de vista práctico es la magnetorresis-
tencia extŕınseca de muestras policristalinas y multicapas. Aparece para campos
magnéticos pequeños, mucho menores que 1 Tesla y en un rango de tempera-
turas amplio por debajo de Tc. La magnetorresistencia extŕınseca está asociada
con la polarización de esṕın de los materiales. De hecho, tanto las manganitas
como las dobles perovsquitas, entre otros, son medio metálicos. Esto significa
que todos los portadores de corriente tienen un mismo esṕın. Esto se da en la
fase ferromagnética ya que el acoplo Hund obliga a todos los electrones de un
orbital parcialmente lleno de un ion a colocarse paralelos unos a otros. Es decir,
tanto los electrones localizados en el ion (que configuran el esṕın del ion) como
los de conducción tienen la misma orientación de esṕın. Por tanto, dos de estos
sistemas ferromagnéticos puestos en contacto, ofrecerán una resistencia al paso
de corriente muy grande si no están paralelos. Un pequeño campo magnéti-
co los orientaŕıa convenientemente y reduciŕıa la resistividad dando lugar a una
magnetorresistencia grande. Dominar este carácter medio metálico es crucial para
conseguir tener magnetorresistencia extŕınseca con campos bajos a temperatura
ambiente. Desafortunadamente, la polarización de esṕın se anula a temperaturas
mucho más bajas que la cŕıtica. La solución puede estar en los materiales con Tc

muy alta, como las dobles perovsquitas (Tc > 500K).

Estos materiales no son sólo interesantes por las posibles aplicaciones tecnológicas.
Las manganitas son por śı mismas muy interesantes porque son el prototipo de
sistema en el que muchas interacciones distintas compiten de igual a igual y dan
lugar a unos diagramas de fases muy complejos. La fórmula de estos óxidos de
manganeso con estructura de perovsquita es A1−xBxMnO3 donde A es una tierra
rara trivalente y B es un alcalino divalente. El ox́ıgeno está en el estado de
oxidación O2− y tiene su última capa p llena. x nos da la proporción de iones
A y B en el compuesto. El manganeso puede presentar valencia +3 ó +4. Su
proporción se controla directamente con x: por neutralidad de carga, el número de
iones A3+ es igual al de iones Mn3+ y el de B2+ al de Mn4+. La última capa d del
Mn está incompleta. Los cinco orbitales d están degenerados en el átomo aislado
pero en una red cúbica, como la de las manganitas, se separan en tres t2g y dos eg

(ver Fig. 2). Los t2g tienen menor enerǵıa por razones de simetŕıa. El Mn4+ tiene
tres electrones en su última capa que se colocan paralelos (regla de Hund) en los
niveles t2g. Estos electrones están localizados en el ion y sus espines se suman
para dar un esṕın total |S| = 3/2. Los orbitales eg son los únicos activos para el
transporte (se hibridan con p del ox́ıgeno dando lugar a la banda de conducción)
y en el caso del Mn4+ están vacios. Por otra parte, el Mn3+ tiene un electrón
extra que se coloca en un orbital eg con el esṕın paralelo al de los t2g (|S| = 2).
x es, por tanto, la densidad de huecos en la banda de conducción. Los orbitales
eg del Mn3+ rompen su degeneración debido al teorema de Jahn-Teller que dice
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Figure 1: Magnetización, resistividad y magnetorresistencia para diferentes cam-
pos magnéticos aplicados en La0.75Ca0.25MnO3. Tomado de Ref. [19]. La mag-
netoresistencia grande a bajo campo se explica por el efecto de las caras entre
granos de muestras policristalinas (ver Caṕıtulo 4).
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Figure 2: La última capa ocupada de los iones de manganeso es la 3d. Los cinco
orbitales se separan en los eg (dos orbitales degenerados, dx2−y2 and d3z2−r2) y
t2g (tres niveles degenerados, dxy, dyz and dzx) debido a la simetŕıa cúbica del
cristal. Esta separación se ha estimado en 1eV [49, 50]. Las distorsiones Jahn-
Teller producen otra ruptura de la degeneración de niveles en el Mn3+ (ver Fig.
4). Los dos niveles eg se separan ∼ 0.25eV . Cuál de los dos orbitales es el
que disminuye su enerǵıa con respecto al otro depende del modo de distorsión
activo del octahedro. También los niveles t2g se ven afectados pero esto no tiene
relevancia para el sistema porque los electrones que los ocupan están localizados.

que un estado fundamental degenerado se deforma de manera espontánea para
disminuir su simetŕıa a no ser que la degeneración sea sólo de esṕın (más abajo
veremos en qué consisten las deformaciones Jahn-Teller).

La estructura cristalina es la de perovskita (Fig. 3). Los Mn forman una red
cúbica. Cada Mn está rodeado de seis ox́ıgenos que forman un octahedro. Tene-
mos entonces una red cúbica de octahedros. Los iones A y B están en los huecos
entre octahedros. Lo más importante a destacar por ahora es que los iones de
Mn están unidos por medio de un O.

Entonces, si x = 0, sólo hay Mn3+ en el sistema, por tanto, la banda de con-
ducción está llena y el sistema es aislante. Además es un antiferromagneto. La
interacción antiferromagnética proviene de la interacción de superintercambio en-
tre los espines localizados en los orbitales t2g. Si, por el contrario, x = 1, sólo hay
Mn4+, la banda de conducción está vaćıa y también es aislante y antiferromagné-
tico. Para x intermedio, la banda está parcialmente llena y el sistema es metálico
y ferromagnético. La correlación estre ferromagnetismo y metalicidad la explicó
Zener [7, 8] en los años 50 por medio de su modelo de doble intercambio. En el
estado de valencia mixta, es decir, cuando hay tanto Mn3+ como Mn4+, el proceso
de conducción se produce por medio del orbital p completo del O: un electrón se
transfiere de un Mn al O a la vez que un electrón del O se transfiere al otro Mn. El
nombre de doble intercambio se debe a la necesidad de dos procesos simultáneos.
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Figure 3: Esta es la estructura de perovskita cúbica de las manganitas. Los
octahedros están ligeramente inclinados debido a los diferentes tamaños de los
iones A y B. ao ∼ 4 es el parámetro de red.
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Figure 4: Q2 y Q3 son los modos Jahn-Teller de distorsion de los octahedros de
ox́ıgeno asociados a la ruptura de degeneración delos orbitales eg del Mn3+ [61].
Q1 es el modo respiratorio que está relacionado con la diferencia de tamaño de
los iones Mn4+ y Mn3+.
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Mn4+ Mn3+O 2−

S s

Figure 5: Modelo semi-clásico del doble intercambio según Anderson y Hasewaga
[9]. Los espines S se consideran grandes (clásicos) y se les trata como vectores
tridimensionales.

Los estados

ψ1 : Mn3+O2−Mn4+

ψ2 : Mn4+O2−Mn3+

están degenerados en enerǵıa si los espines localizados en los t2g están paralelos
(es decir, ordenados ferromagnéticamente). Entonces, los electrones de los eg, que
están fuertemente acoplados a los t2g por la regla de Hund y que no cambian su
esṕın en el proceso, se pueden mover fácilmente por el sistema. Si los espines
localizados estuvieran antiparalelos, los electrones eg no podŕıan pasar de uno a
otro y el sistema seŕıa aislante.

Ya he comentado que los espines localizados en los Mn son grandes (3/2) por lo
que es una buena aproximación considerarlos clásicos. Esto lo hicieron Anderson y
Hasewaga [9] para formalizar el modelo de doble intercambio partiendo de un solo
par de Mn. En la Fig. 5 podemos ver que si tratamos los espines como clásicos,
el electrón, cuando se transfiere de un Mn al vecino, se tiene que projectar en
la dirección del nuevo esṕın ~S2. Generalizándolo a una red cúbica de espines,
tenemos el Hamiltoniano

H = t
∑

ij

cos
θij

2
d+

i dj (8)

donde i y j son primeros vecinos y θij es el ángulo relativo entre ~Si y ~Sj. d
+
i es el

operador de creación de un electrón en el sitio i con su esṕın paralelo al del ion.
t es el parámetro de “hopping” que está directamente relacionado con el ancho de
la banda de conducción W = 12t.
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Más recientemente, Müller-Hartmann y Dagotto [62] señalaron la importancia de
considerar la fase de Berry, es decir, la fase que adquiere un electrón cuando se
mueve en circuitos cerrados. Partiendo del Hamiltoniano tipo Kondo

H = −t
∑

〈i,j〉σ
C+

i,σCj,σ − JH

∑

i

~σi
~Si (9)

donde JH es el acoplo Hund, C+
i,σ es el operador creación de un electrón en el sitio

i con esṕın σ =↑, ↓. Haciendo el ĺımite JH >> t, es decir, proyectando el esṕın
del electrón de conducción en cada sitio sobre el correspondiente esṕın localizado,

H = −t
∑

〈ij〉

(
cos

θi

2
cos

θj

2
+ sin

θi

2
sin

θj

2
ei(φi−φj)

)
d+

i dj (10)

donde θi y φi son las coordenadas polares de los espines clásicos. 2

El modelo de doble intercambio puede explicar la correlación entre ferromag-
netismo y metalicidad que ya se hab́ıa descubierto en los años 50 pero la mag-
netorresistencia colosal queda fuera de su alcance: la transición metal-aislante
precisa de la existencia de interacción con la red (fonones) (Millis et al [57]). Aśı
mismo, el estado de valencia mixta es sólo ferromagnético para 0.2 < x < 0.5
y para valores diferentes de x se han encontrado distintas fases aislantes. Estas
nuevas fases aparecen porque hay otras interacciones, aparte de la de doble in-
tercambio, que pueden dominar el sistema en algunos casos. Para empezar, la
fuerza del doble intercambio se ve mermada por el desorden del sistema. Los
iones A y B suelen ser de distintos tamaños y esto hace que los octahedros se
inclinen con respecto a la red cúbica. Entonces, las ligaduras Mn-O-Mn dejan
de estar en ĺınea recta y forman ángulos distintos de 180o. Consecuentemente,
el solapamiento de los orbitales disminuye y la banda de conducción se estrecha.
Esto es muy importante porque en el modelo de doble intercambio, la Tc depende
de la anchura de la banda. Por ejemplo, la Tc del La0.7Sr0.3MnO3 es 350K y la del
La0.7Ca0.3Mn3O es ∼ 250K. Otra fuente de desorden es la diferencia de tamaño
entre los iones Mn3+ y Mn4+ que da lugar al modo respiratorio de distorsión de los
octahedros. Los iones de Mn3+ también sufren deformaciones Jahn-Teller (Fig.
4) que llevan asociado el desdoblamiento de los niveles eg. Todas estas deforma-
ciones de la red compiten energéticamente con el doble intercambio. También
está la interacción de superintercambio entre los espines localizados que es de
carácter antiferromagnético.

El caso del La0.5Ca0.5MnO3 puede ayudarnos a ilustrar la competencia de la que
hablo. En principio, x = 0.5 corresponde al estado de valencia mixta ideal ya

2En el proceso de proyección del esṕın del electrón de conducción sobre el esṕın localizado
se pasa continuamente del operador C+

i,σ a d+
i que está en la base local de cada ion.
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x=0.5

Figure 6: Configuración de orbital y de carga del compuesto La0.5Ca0.5MnO3.
Sólo se muestra el plano xy y hay invariancia translacional en la dirección z. Los
ćırculos pequeños representan los iones de Mn4+. Este tipo de orden se corres-
ponde con antiferromagnetismo de tipo CE [13]. Las ĺıneas de puntos son cadenas
zig-zag ferromagnéticas acopladas antiferromagnéticamente entre śı. Por tanto,
la carga, los orbitales y los espines están fuertemente relacionados.

que hay tantos Mn3+ como Mn4+. Sin embargo, el sistema no es ni metálico ni
ferromagnético. Por el contrario, presenta orden de carga, de esṕın y de orbital,
como muestro en la Fig. 6. Este es el estado fundamental. Cuando se aplica un
campo magnético grande, el sistema pasa a una fase ferromagnética y metálica,
dando lugar a CMR.

Además, los sistemas no son homogéneos [43]. Con esto quiero decir que fases
ferromagnéticas y de orden de carga, por ejemplo, pueden coexistir al mismo
tiempo. Esto es una prueba más de la competencia estricta entre los grados de
libertad de esṕın, de carga y de la red. Las fases aislantes aparecen con más fuerza
en los sistemas de banda de conducción estrecha. Además, la CMR es mayor
cuanto más estrecha es la banda (o más pequeña es la Tc). Esto es consistente
con algo que ya he comentado: el modelo de doble intercambio no puede explicar
la CMR.

Hay otros materiales que presentan también CMR pero son distintos de las man-
ganitas. Aqúı me interesan principalmente los pirocloros de óxido de manganeso.
El compuesto padre es el Tl2Mn2O7. Su Tc = 140K. El Tl tiene valencia +3.
Cuando se sustituye el Tl por otros iones trivalentes, como el Sc, la magnetorresis-
tencia aumenta considerablemente. Sin embargo, este compuesto sólo tiene Mn4+.
Por tanto, no tiene valencia mixta ni efectos Jahn-Teller. Además el número de
portadores, que vienen de la hibridación de orbitales del Tl y del O [82], es muy
pequeño. La conclusión más directa es que la red magnética (de los Mn) y la
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Figure 7: Diagrama de fases del La1−xCaxMnO3 tomado de [64]. FM: metal
ferromagnético, FI: aislante ferromagnético, AF: antiferromagnético, CAF: AF
canteado y CO: orden de carga y orbital.

de conducción (del Tl-O) son independientes. Por tanto, el ferromagnetismo no
tiene nada que ver con los portadores, como pasa en las manganitas, sino que
es debido a superintercambio. Otro material con CMR y baja densidad de por-
tadores es el hexaboruro de europio (EuB6). Las fluctuaciones magnéticas que
ocurren cerca de la temperatura de Curie son muy importantes para los sistemas
ferromagnéticos con baja densidad de portadores y pueden explicar el pico en la
resistividad y la CMR.

Las dobles perovsquitas que comenté como ejemplo de sistema medio metálico
tienen la estructura de las manganitas pero no tienen manganeso sino dos tipos
de iones ocupando el centro de los octahedros. Sólo presentan magnetorresis-
tencia extŕınseca. Un ejemplo es el Sr2FeMoO6 [23]. El orden en este caso es
ferrimagnético.

En este trabajo, estudiamos las propiedades del Hamiltoniano de doble inter-
cambio con el objetivo de discernir aquellas propiedades de las manganitas que
este simple modelo puede explicar. Además, es indiscutible, que esta interacción
subyace al comportamiento general de las manganitas.

Empezamos estudiando las propiedades de volumen magnéticas y de transporte
del modelo. En el Caṕıtulo 2 [95], utilizamos técnicas numéricas de Monte-Carlo
para estudiar el diagrama de fases magnético. La Tc resultante es del mismo
orden de magnitud que la experimental. Trabajos anteriores a este (por ej. [57])
hab́ıan puesto en duda que esto fuera aśı. También determinamos la poca im-
portancia que tiene la fase de Berry en el cálculo de la Tc. En el Caṕıtulo 3 [96]
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calculamos la conductividad del doble intercambio utilizando la fórmula de Kubo.
Sólo encontramos una fase metálica.

En el Caṕıtulo 4 [97] nos centramos en las propiedades magnéticas y de transporte
de la superficie de una manganita. Este estudio es relevante para entender el
origen de la magnetorresistencia extŕınseca. El mecanismo de doble intercambio
es poco eficiente en la superficie debido a la ruptura de la simetŕıa translacional
y se pierde el orden ferromagnético. La conductividad a través de la superficie
disminuye fuertemente cuando ésta se desordena magnéticamente.

Aunque el modelo de doble intercambio no sea capaz de explicar la transición
metal aislante śı que puede dar cuenta de las propiedades de transporte a bajas
temperaturas. Cuando la temperatura es baja, se puede considerar que los únicos
modos de excitación son los magnéticos, es decir, ondas de esṕın del doble inter-
cambio. También jugará papel el desorden intŕınseco de las manganitas debido a
los diferentes tamaños de los iones. Estudiamos estas interacciones en el Caṕıtulo
5 [98] para estimar la resistividad a bajas temperaturas.

La resistencia Hall anómala medida en las manganitas es diferente a la de otros
materiales magnéticos. En el Caṕıtulo 6 [99] vemos cómo se puede explicar con-
siderando el efecto de la interacción esṕın-órbita con los defectos topológicos del
sistema.

Por último, estudiamos los polarones magnéticos que aparecen en sistemas magné-
ticos justo por encima de la temperatura cŕıtica de la transición (Caṕıtulo 7 [100]).
Nos centramos principalmente en sistemas ferromagnéticos con baja densidad de
portadores. Nuestro objetivo es entender el comportamiento de sistemas como los
pirocloros y el EuB6. Determinamos las condiciones de estabilidad y examinamos
la dinámica de los polarones.
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Conclusiones

Hemos estudiado las manganitas y otros materiales con magnetorresistencia co-
losal. Nos hemos centrado principalmente en el modelo de doble intercambio, su
alcance y sus limitaciones. El doble intercambio subyace las propiedades de las
manganitas y se ha mostrado que es válido por śı mismo en aquellos reǵımenes
en los que domina sobre otras interacciones. Este es el caso de las manganitas
con banda de conducción ancha como el La1−xSrxMnO3 en el régimen de dopaje
óptimo y las propiedades a bajas temperaturas, donde no se espera que los grados
de libertad de la red sean importantes.

Podemos estimar la temperatura cŕıtica de la transición magnética Tc en el rég-
imen de dopaje óptimo, en el que se encontró la magnetorresistencia colosal,
usando solamente el modelo de doble intercambio (Caṕıtulo 2). La Tc está di-
rectamente relacionada con la anchura de la banda de conducción (aunque el
acoplo electrón-fonón es necesario para determinar más exactamente su valor en
sistemas con banda de conducción estrecha [58]). Hemos realizado simulaciones
de Monte-Carlo en sistemas de espines en una red cuadrada. Con esta técnica
hemos podido determinar tanto la Tc como la influencia de las fluctuaciones de
esṕın (que no están incluidas en los tratamientos de campo medio) en su valor.
La Tc disminuye en un 20% debido a estas fluctuaciones. Hemos hecho un cálculo
perturbativo a segundo orden de la enerǵıa del modelo de doble intercambio con
el que hemos podido incrementar el tamaño de los sistemas sin ningún coste com-
putacional, ya que aśı evitamos tener que diagonalizar para calcular la enerǵıa.
Esta aproximación ha sido muy útil para resolver numéricamente otros problemas
en los que el modelo de doble intercambio también estaba implicado.

Las propiedades de transporte son tema aparte. Con el modelo de doble intercam-
bio no se puede explicar la transición metal-aislante que ocurre simultáneamente
a la transición magnética. Esto está demostrado en el Caṕıtulo 3. Alĺı calcu-
lamos la conductividad numéricamente con el formalismo de Kubo. Utilizamos
simulaciones de Monte-Carlo para generar configuraciones de esṕın con las que
calcular la conductancia a distintas temperaturas. Está, entonces, garantizado
que las fluctuaciones de esṕın están incluidas apropiadamente y que el desorden
no diagonal no es suficiente para hacer que los portadores de corriente se locali-
cen ni siquiera por encima de Tc, donde la banda es más estrecha. Ya hab́ıamos
anticipado este resultado en el Caṕıtulo 2 donde se muestra que ni el ancho de
banda ni la enerǵıa cinética del sistema son discontinuas cerca de Tc como cabŕıa
esperar de una transición tan abrupta como la metal-aislante.

Las aplicaciones tecnológicas de las manganitas son posibles, sobre todo, por la
existencia de la magnetorresistencia extŕınseca. Para comprenderla, necesitamos
controlar qué pasa en las superficies y en las intercaras de las muestras. En el
Caṕıtulo 4, estudiamos la modificación más simple que se puede hacer de una
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superficie con respecto al volumen. Consideramos que los orbitales eg están de-
generados salvo en la superficie, donde se pierde la simetŕıa de translación y la
degeneración se rompe. Entonces, la interacción de doble intercambio se debilita
en la superficie y la interacción antiferromagnética de superintercambio domina.
También da lugar a una redistribución de la carga entre la superficie y las primeras
capas del volumen. Calculamos la conductancia entre dos sistemas ferromagnéti-
cos separados por una superficie antiferromagnética. Su valor es bastante más
pequeño que el que encontramos para el volumen, aumenta linealmente cuando
se aplica un campo magnético y satura para campos muy grandes ∼ 60T . No
hemos tenido en cuenta otros defectos de la superficie. Por ejemplo, se sabe que
en las superficies se forma una capa muerta de varios parámetros de red de es-
pesor. Lo que hemos mostrado es que la superficie se ve fuertemente modificada
aunque sólo consideremos el esṕın y la carga. Nuestro resultado quizás pueda
ayudar a crecer muestras con superficies mejores.

Ya hemos dicho que el doble intercambio no puede explicar la transición metal
aislante por śı solo. Cerca de la Tc los grados de libertad de la red se hacen más
relevantes porque la banda de conducción se estrecha al aumentar T . Pero se
puede asumir que, a bajas temperaturas y, por lo menos, en el caso de las manga-
nitas con Tc grande, las propiedades de transporte sólo dependen de los grados de
libertad de esṕın. Estudiamos estas propiedades en el Caṕıtulo 5. Experimental-
mente, la curva de la resistividad frente a la temperatura se puede ajustar con una
potencia baja de T . Como el acoplo Hund es muy grande, el esṕın del portador
está ligado al de los iones de manera que las ondas de esṕın que se forman son
especiales: nosotros las llamamos ondas de esṕın compuestas. La caracteŕıstica
principal de las manganitas a bajas temperaturas es que son medio metálicas.
Entonces, procesos de dispersión de una sola onda de esṕın no están permitidos y
los procesos de dos ondas de esṕın dan una dependencia de la resistividad con la
temperatura del tipo ∼ T 4.5 que no se ajusta a las curvas experimentales. Pero la
interacción de las ondas de esṕın con el desorden no diagonal debido a los defectos
de la red cúbica dan un comportamiento del tipo ∼ T 1.5 con el orden de magnitud
apropiado. Es decir, reproducimos cuantitativamente el rápido crecimiento de la
resistividad con la temperatura.

El campo de las manganitas está repleto de resultados sorprendentes. Uno de
estos es el comportamiento de la resistencia Hall anómala con la temperatura que
no cuadra con el de otros ferromagnetos convencionales. Para explicar la resisten-
cia Hall anómala, siempre se ha requerido la existencia del acoplo esṕın-órbita.
El mecanismo tradicional, la dispersión asimétrica, no puede ser relevante para
las manganitas porque implica procesos de volteo del esṕın que están prohibidos
en sistemas medio metálicos. En el Caṕıtulo 6, estudiamos la interacción de los
defectos topológicos del modelo de doble intercambio con el acoplo esṕın-órbita.
La fase de Berry que adquiere el electrón cuando se mueve por una textura de
esṕın equivale a un campo magnético local que interactúa con la magnetización
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del sistema. El resultado es una resistencia Hall anómala cuya forma se ajusta al
resultado experimental. La aproximación de defectos independientes que consi-
deramos es válida a bajas temperaturas pero se ajusta incluso al pico que aparece
por encima de Tc.

Las fluctuaciones de esṕın dominan el sistema magnético cerca de Tc. En el caso de
sistemas ferromagnéticos con baja densidad de portadores (como los pirocloros de
óxido de manganeso y el hexaboruro de europio), cuando la longitud de correlación
ξ y la densidad de portadores n cumplen la relación nξ3 << 1, los portadores
pueden formar polarones magnéticos libres (ver Caṕıtulo 7). En los casos que
nos interesan, el acoplo Hund no es grande como en las manganitas sino que más
bien JH ∼ t. Por tanto, el modelo de doble intercambio no se puede aplicar.
El modelo adecuado consiste en considerar un sistema de espines sometidos a la
interacción ferromagnética de superintercambio donde se añaden los electrones
de conducción que se acoplan con los espines del sistema por medio del acoplo
Hund. Estudios anteriores sobre estos polarones estuvieron limitados a teoŕıas de
campo medio en las que las fluctuaciones de esṕın no están incluidas. Esta limi-
tación desaparece haciendo simulaciones de Monte-Carlo. Con ellas, estudiamos
la estabilidad y la dinámica de los polarones magnéticos. Las fluctuaciones de
esṕın disminuyen la estabilidad de los polarones. El estudio de la dinámica no
se hab́ıa hecho anteriormente. Cuando los polarones son estables se mueven de
forma difusiva. También se ha encontrado polarones magnéticos en las mangani-
tas pero, en este caso, los portadores también se localizan por la interacción con
las distorsiones de la red.

En resumen, hemos mostrado que el modelo de doble intercambio subyace al
comportamiento de las manganitas. Este modelo domina la f́ısica en los reǵımenes
en los que los acoplos con la red y con la carga son pequeños comparados con
la anchura de la banda, es decir, a bajas temperaturas y en aquellos materia-
les con Tc alta, como el La1−xSrxMnO3. Para entender completamente estos
materiales, es necesario tener en cuenta la interacción entre todos los grados de
libertad de esṕın, de carga y de la red. Otros materiales con magnetorresis-
tencia colosal, como los pirocloros de óxido de manganeso y el hexaboruro de
europio, no se pueden explicar del mismo modo que las manganitas porque no
presentan ni doble intercambio ni deformaciones Jahn-Teller. La formación de
polarones magnéticos puede ser crucial para entender la magnetorresistencia de
los sistemas ferromagnéticos de baja densidad de portadores.
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