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ABSTRACT

The non conservative terms that appear in systems of conservation laws poses an extra
difficulty when managing practical cases. The influence of this terms in the stability region
for finite volume schemes is analyzed under the hypothesis of a well balanced scheme, based
in the C-Property. It is demonstrated that in each particular situation the stability region is
amplified or reduced, and how in some special cases depends on the initial conditions. The
time step requirements for stability are defined at the cell edges, related with the traditional
Courant-Friedrichs-Lewy (CFL) condition. It is applied to the shallow water equations, to the
shallow water equations with solute transport and to sediment transport problems.

INTRODUCTION

In the basis of a one-dimensional mathematical model for debris flow, Brufau et al., 2000
presented a Godunov-type finite volume scheme, based on Roe’s numerical approach (Roe,
1986). Hudson and Sweby, (Hudson and Sweby, 2003) investigated the equations governing bed-load
sediment transport for steady and an unsteady approaches using a flux-limited version of Roe's scheme and and
extended it to the two-dimensional case (Hudson and Sweby, 2005) requiring an exact
balance between the flux gradient and the source term, following the idea of exact
conservation (C-property) introduced by Bermudez and Vazquez (Bermudez and Vazquez,
1994). Crnjaric-Zic et al, 2004 extend another type of Godunov-type schemes, ENO and
WENQO, to the one dimensional sediment transport equations, using the mathematical model
presented by Hudson, (Hudson, 2001) requiring the C-property. In their work the trust term
was included in the Jacobian matrix of the flux assuming by means of a local linearization,
remaining the system hyperbolic. Also the C-property was required in the case of quiescent
flow. Rosatti and Fraccarollo, 2006 presented a mathematical model for high sediment
transport that was solved by means of a Godunov-type scheme requiring C-property leading to
accurate results.

In Murillo et al., 2006 the stability region for systems of conservation laws was analyzed,
making emphasis in the numerical conservation and in the preservation of the positivity
property of the solution when necessary in the presence of source terms. The numerical
approach was based in the approximate Roe’s solver, and applied to the shallow water
equations, where the source term treatment satisfied C-property including both bed and
friction terms, leading to an exact balance among fluxes and non conservative terms, not only
in the case of quiescence flow over discontinuous bed topography, also in the case of steady
fluid in motion.

1. SCALAR EQUATION WITH SOURCE TERMS



This is a conservation law expressing that a function u varies and is transported according to
both the distribution of a flux function f'and to a source term s, in the form:

ou+0o_f =s(u,x) (1)
At this point, the source term is assumed to follow s =0 7, and the advection, or transport,
velocity A is:

daf
A=— 2
i (2)
To introduce the upwind finite volume scheme, (1) is integrated in a volume Q:
aj u(x,y)dQ+j 0.(f-7)dQ=0 3)
otJa o

where dQ denotes the contour line. If Gauss’s theorem is applied to the second integral in

(3):
;J. udQ+§ (f-7)dl=0 4)

In the one-dimensional case plane, the volumes are actually lines, and considering a regular
mesh, Q=Ax and d/ become unity. Now, a cell-centred finite volume method can be
formulated where all the dependent variables of the system are represented as piecewise
constants (first order). Therefore quantities u, fand 7 are uniform per cell of lengthAx . In
particular, the first integral in (4) can be approximated by:

n+l _ _n
O wd =" pp = M1 (5)
otJo ot At
In the second integral of (16) the flux fis:
§~Q S =ta—Sa =0 nt+d fian (6)

Witho [0 = f i) = f(u) = fi = /-
Using (2), the linearized advection velocity 4., can be defined (Roe, 1986) as:

7 ( i+l i)
A :u (7)

(. —u;)
Following the upwind philosophy, which discriminates the sense of propagation according to
the sign of the advection velocity, the flux difference is split (Roe, 1986) as a sum of waves

travelling in and out of a given cell:
O finin =0 it S (= A 2O thiyn + A0 20Uy )]

with 1% = (Zi‘z‘)/z Zi+l/2 = 7’1’11/2 +/T;1/2- 0
In the case of the source term 7 :

§ T =T, —7;, =0T, +07, ), )

Ax
The edge source term o7,,,,, 1s also split into in-going and out-going contributions
OTp12 = (00) 12 +(00) 12 (10)

where

(67)1)n = %(lisgn(zil/z))(é‘f)iﬂ/z (11)

The updating scheme for cell i includes only the in-going contribution of flux and source term
to that cell.



”z‘n+l =u; _[ O(f=1) nto(f=1) i ]2; (12)

Equation (14) is the later so called unified discretization. This can also be expressed in a
compact form as:

n+ n + - " 0 A
u™ =u] _[ VOt g + V00U, ], Viiz = iﬁ”za (13)
with
* + + + t 51’ i 5T_ i
ﬂ“i,{l/Z = ﬂ“i_il/Z 9i+1/2 01/ :1_(75 ] :1_(5 ) J (14)
U )iz ! ¥1/2

Note that v-,, is a dimensionless quantity that plays the role of a local CFL number

generalized to cases involving source terms. The coefficient 8-

iFl/

, expresses the discrete ratio

of source term to flux differences. They will be key parameters in our discussion of stability
conditions.

Influence of 6,,, on the stability condition

In the homogeneous case ,,, =1. Then, numerical stability for scheme (14) is ensured if

0<v',,,<1, -1<v.,,<0 (15)
At the same time, the following condition on the monotonicity of the solution holds
Z/lmin < U;HI < umax (16)
where u™* = max {u”,u ,u", } and «™ = min{u’,u u’,}.

The aim of the following analysis is to find the criterion that preserves (16) in presence of
source terms. For that reason, first it is necessary to enforce (16) by requiring
25220, 4,50 (17)
this is possible when
051, 20 (18)
Given a grid mesh and initial data values, (16) is a limit on the value of the time step to meet
the stability criterion. For the sake of simplicity, assume that all the u,,, and u, ,values are

equal but u, >u,,, . The size of the allowable incoming contributions are bounded by

_ . At
Vi Oy + Vi+/25ui+/2‘ < A OU, Ar (19)
where 2 =max { |27 ,|.JA,,| } and Su, =u, —u,,,. As the updating flux must be limited

by the quantity that ensures that the final state is included between the initial valuesou,, the

following is also true:
A OU, A <ou, (20)
Ax
Under these conditions maximum allowable time step is formulated in terms of the edge-time
steps as follows:

At=CFL At ., CFL<1
. Ax
Al = mln{ Aty }k:I,N Aty = 7 s 00220 (21)
i+1/2

If 6,

i+1/

case is automatically recovered. Otherwise, (21) states a more general rule. At this point it is

, 1s set equal to one in (21), the basic CFL stability condition for the homogeneous



worth remarking the relevance of the source term discretization when analysing the stability
region defined by (23). If a unified formulation has been used so that in equilibrium

O6(f=1))mn =0 (6(f-7)), =0 (22)
This means that 65, =0 and therefore A7, =0. The numerical scheme becomes
unconditionally stable at steady state, and C-Property is achieved.

At(A*,y)

(ST)(S )0 (01)(0f)=0

67| >[5 ] |57]<|5 1]
Figure 1. Stability region. First order scheme in presence of source terms

Figure 1 represents the stability region of the scheme as a function of 8. The point & =1 on
the curve corresponds to the homogeneous case (no source term) and Af(1,,,,) is the

maximum time step compatible with stability in this case or CFL condition (Courant et al.
1952). The rest of the curve corresponds to cases with source terms. In Figure 3 the sign
relations among fluxes and source terms are displayed. The dashed zone (0 <@ <1) is the set
of situations in which it could be possible to use larger time steps than the limit of the
homogeneous stability: both fluxes and source terms have the same sign so the net
contributions are reduced. In the case @ > 1, stability requires a reduction of the time step size
over that dictated by the CFL condition, as fluxes and source terms have an opposite sign, so
the net contribution increases.

On the other hand it is possible to find situations where 8,,,,, < 0. In that case the source term

contribution dominates over the flux difference,

or ‘ I ‘5f" ..1,, and a different line of

reasoning must be followed. Depending on the requirements over the solution different
strategies can be tackled. If preservation of the sign of the variable is the main objective,

u™ <0 when u',u’, <0 , u™'>0 when u',u’, >0 (23)
the contributions between cells are also limited by the initial values stored in the cells so that
the stability condition is determined also by the initial condition:

:min{ 5”;41/2‘}

‘51’!1‘4—1/2‘

u.|,

i ui+l

b

Aty =7 ) Hiiﬂ/z <0 (24)

b

ﬂ:Jrl/Z
If u is a gradually varied function, the coefficient y is 1 and the time step limit in (24)
reduces to (21). Otherwise, 0 <y <1 and an actual reduction in the time step is required. In

the special case y =0 the local time step At,,,,, would be zero according to (24). This is
absurd and must be interpreted as condition of no information crossing that cell edge. In



practice, a threshold value equal to the machine accuracy is defined for the minimum value of
y before imposing the condition that no information crosses the edge.

2. SYSTEMS OF CONSERVATION LAWS WITH SOURCE TERMS

The numerical methods are extended in this chapter to solve hyperbolic non-linear systems of
equations with source terms, of the form:

d,U+0 F(U)=S(U,x) (25)
It will be first assumed that the source term S can be expressed as:
S(U)=0o.T (26)
so (26) becomes:
0,U+V(F(U)-T(U))=0 (27)

The mathematical properties of the hyperbolic system of equations include the existence of a
Jacobian matrix, J, of the flux F defined as
yOF
ou
From its eigenvectors, two matrices P and P ' can be constructed with the property that they
diagonalize the Jacobian J,

(28)

J=PAP"' (29)
where A is a diagonal matrix with eigenvalues in the main diagonal.
The equivalent to (3) for the system is
aj UdQ+J. VF-T)dQ =0 (30)
otJa Q
If Gauss’s theorem is applied to the second integral in (19):

;I UdQ+j; (F=T)dl =0 31)

Now, a cell-centred finite volume method can be formulated where all the dependent
variables of the system are represented as piecewise constants (first order). Therefore the
vector quantities U, F and T are uniform per cell of length Ax . In particular, the first integral
in (20) can be approximated by:

0 ou, Ut -y’
— | U, »)dQ=—"Ax= """ Ax 32
ot IQ (x.) ot At (32)
In the second integral of (20) the flux F becomes:
F=F,-F_ =6F,,+6F, (33)

o0Q

With§Fi+1/2 =F(U,)-FU,)=F,, -F,.

Due to the non-linear character of the flux F, the definition of an approximated flux Jacobian,
J...,» (Roe, 1986) allows for a local linearization and is exploited here. Roe suggested that

the following conditions should be imposed on the approximate matrix J,,,,:

) j;+1/2 = jm/z(UnUm)

i) F,, -F =J,,,(U,.-U)

iii)J,,,,, has real eigenvalues and a set of eigenvectors

VI, =300 =d,,,U) if U, =T, (34)

i+l



~

Matrices P "'and P can be built so that they diagonalize the approximate Jacobian matrix

ji+l/2
+1/2 (PAP_I)H—I/Z’ §i+l/2 :[ él’ ""’EJN/I ]i+1/2 (35)
and A is the diagonal eigenvalues matrix. From the approximate Jacobian (Roe, 1986)
jz+1/2 €12 (ﬂ'e)wl/z m=1,...,NA (36)

where NA is the number of eigenvalues, 2" . Following a flux difference procedure, the
difference in vector U across the grid edge is projected onto the matrix eigenvectors basis

NA
U, = Z(aé):nmz (37)
m=1
Now the contributions in (33) are written as:

ji—l/Zé‘Ui—l/Z—'—ji#—l/z i+1/2 Z(ﬂ’m mNm +l/2+2(2’m Wl~m 1+1/2 (38)

m=1
Since all the variables defined at the cell are uniform, the term T in the second integral in
(31), is approximated by

§ Tndl = Ti+1 _Ti—l = 5T'+1/2 +5Ti—1/2 (39)
oQ

1

The normal source difference 6 T,,,,, can also be expressed in function of the eigenvalues and

eigenvectors of J,,,,, using the approximate matrix P, ,, in order to reach a unified
formulation:

Nl
0T, = Z(,Bém)ﬁl/z (40)
m=1

where the different ™ coefficients are computed as
Biiio =IN):1/2 0T, (41)

with B, :[ g, LB ]HI/Z
In order to discrimlnate the sense of advection linked to the sign of the different eigenvalues,
two matrices A* are defined:

A* =(A=[A])2 42)
The flux difference across each edge i+1/2 is split into contributions directed to cell i+/
(positive waves) and contributions directed to cell i (negative waves):

~

Ji+l/25Ui+l/2 = (FX— F_1)1'-¢—1/25IJ1'-¢—1/2 + (FX+ r)_l)i+l/25Ui+l/2 (43)

For the updating algorithm, as defined for a given cell i, only the contributions directed to cell
i generated at the edges i+1/2 and i-1/2 are of interest. The contour integral of the numerical
normal flux is equivalent to the sum of the in- going waves:

ji—1/25Ui—1/2 +ji+l/2 i+1/2 = Z(lm ") "'Z(ﬂ* "a"e") (44)

where A~ =1 (2 -|4]).
In order to enforce an exact equilibrium in steady state cases the normal source difference
oT,,,,, is be split in two kinds of waves:

0T, =(@Tn);,,, +(6Tn),, (45)
with the same philosophy as before and where



N,
5Tii1/2 = Z(ﬁé)i’rf/z (46)
m=1
with 8" =1 (1+sgn(1"))B".
The first order upwind scheme gets the form:

n+ n At < T+ +\x\ M < - “\zx\ M
Ut =0, —M[Z«z a-B,+ Y (X a-p )e>,.m] (47)
m=1 m=l
This is a compact form with the focus on the waves generated at the cell edges, made of both
the normal flux difference and the normal source term, and governed by the sign of the
eigenvalues of the normal flux Jacobian.

As was done in the scalar case, the numerical scheme in (47) can be rewritten as:

" N . NA ) . o A
Ut =07 = 2, vila8 U+ D 8 Usy, o ik =2 (48)
m=1 m=1
with
Z’m*,i _ /1mi Hmi emi _ 1_ ﬂ_ . 49
iF1/2 T 7YiFL/2 YiFL/2 iF1/2 I_ ( )
a i¥1/2
where the ratio B/(a) expresses the influence of the source terms over that of the flux
differences.
In absence of source terms, the numerical scheme (47) is stable provided that
-1<v,, <0 o<v™, <1 m=1,.,NA (50)
and the following condition over the conserved variables applies:
urmh <yt <um™ U=U,,....U;,....U,)" (51)

where U™ = max {U;,i ) Ug,m ) U.;‘l,i—l } and U;nin = min {U;'l,i ) Ug,m ) U.;‘l,i—l }
Monotonicity in the conserved variables in presence of source terms requires that for all m
A" <0 >0 m=1,..,NA (52)
which means that
0%, >0 m=1,.,NA (53)
Under these assumptions the numerical stability when 87, >0 for all m, is provided by the

~m

intersection of the stability regions defined for each celerity 1.,

At = CFL At CFL<1

. Ax .
At = mm{ Aty }k=0,N Aty = e (L 05,20 m=1..N2 (54)
mmaX: i+1/2 ;

In the particular case of 0;;, =1 for all m, (54) expresses the stability condition without

max >

source terms (CFL condition).
Equilibrium in steady state cases is ensured if the discretization of the source term has been
constructed enforcing

Aa-p)r,=0 m=1.,NA (55)
which is equivalent to A7, =0, leading to an unconditionally stable scheme in this

particular case.
Equation (47) can also be expressed



U;Hl = Z ﬂ*zm/gé‘])z /2 +Z /11+/25D1+/2 Ax’ oD%y, =01,0UL,, (56)

m=l1 m=l

The stability region for (56) with source terms is enlarged if 0<87,,, <1 for all m, as in this

particular case ‘5 D} \ < ‘5 Uy \ . Equilibrium is achieved when all 6D}’ = 0, condition that can

be automatically derived from (55).

On the other hand, as seen in the scalar case, when 8,,, <0 the source terms dominate over
the flux differences. If (51) is still desired, the definition of y has to be based on the specific
necessities of the physical problem. A direct extension of (24) is not possible, as it is not
feasible to define a /", , coefficient if 87,,, <0 for all m, since there is not a correspondence

between the m-waves and the s-variables. In the special case trying to preserve the sign over
the solution in the s component, expressed as

U”+1<0 with U, U, <0 or U”+1>0 with U’

8,00 §,07

Ul 20 (57)
the time step in the stability region must be computed following
Ax min{‘ U,,

At. S — , “+1/2‘} 58
Liia 7mmax{ 2:172 } 4 ‘5(]571,“/2‘ ( )

where 0 < y <1. If the conserved variable is gradually varied, the coefficient y is 1 and the
time step in (58) reduces to (54).

In the particular case ¥ =0 (58) predicts a null time step. Actually, this means that no flux
can cross the associated edge i +1/2. When y =0 it is necessary to modify the eigenvalues as
follows
e P I DA B I A
AN, otherwise AT, otherwise
When y <<1 condition (58) force to strong restrictions in the magnitude of the time step and

unacceptable computational costs. The reduction of the magnitude of the time step can be
avoided by means of a conservative strategy based on the redistribution of updating fluxes,

involving a the local time step Az, ;, that replaces the y coefficient in (58). The local time step

At ; is defined to keep the sign of the variableU ;. Expressing for each variable (50) as

3
n+ n s 1 F ¥ m
Us,il = U ;T AL (\P” 172 +\Pl i1/2 \Piljil/z = sz((/l a-p )e1);,;1r1/2 (60)

In the case of require the positivity of the variable U, Az, . is computed as:
Un
Us Us
lPi,i—l/Z k \Pz i+1/2,k
It is worth noting that the quantity defined in (61) is always positive due to the condition on

the contributions in the denominator. In the case of require the positivity of more variables
more Az, . s local steps are defined. Then a redistribution factor 7, ;is computed as:

At
r, =\ —<1, At —mm{AtmaX,AUﬂ-} (62)
’ t

max

AtUs,i == > ‘leﬁ-lﬂ <0 (61)




where At is computed as in (79).When in the cell i the ratio r,; <1, we propose to

max

redefine the updating fluxes to cells at those edges where W/, , <0 for one U according to:
U Us Us
\Pi,i;/z =Wy, Vi = \Piisl,iil/Z + Wy, (63)

where, to preserve conservation, the quantities oy, @y, , ®,,, @, are

z1°

Wy = lPil,isil/Z i @uygp = \Pflﬁl/z(l - rt,i) (64)
By means of this technique the variables are updating computing the time step as in the
homogeneous case. In some cases negative values can be obtained, as the truly time step is
various orders of magnitude smaller. In that case it is enough to set Af, ., = %At and

repeat the process until no negative values appear. This reduction has an irrelevant
computational cost, generating always a solution.

max max

3. APPLICATION TO THE 1D SHALLOW WATER EQUATIONS

3.1. 2D mathematical model of the shallow water equations
In this work the schemes are used to solve the following system of equations:
2

T T
q°  gh’ oz 7
U=(hgq ) F=|g—+ S=|0,-gh——— 65
(haq,) [61 p 2} [ gh- j (65)

where / is the water depth, g is the acceleration of the gravity, ¢ = uh the unit discharge with

w

u the averaged velocity. The bed shear-stress 7 can be written using the expressions similar
to the Chézy equation for open-channel hydraulics (Chow, 1973).

3.2. Application of the explicit upwind numerical scheme

As stated in §2, the mathematical properties of the hyperbolic system of equations include the
existence of a Jacobian matrix. In the case of (139) it is convenient to work with the flux
Jacobian matrix J. Upwind schemes were first developed for the Euler equations (Toro,
1997). In those equations the numerical flux is first order homogeneous and (110) holds. This
is not the case for the Saint-Venant equations (Vazquez-Cendon, 1999), and an approximate
flux Jacobian matrix J has to be defined. The approximate matrix is

~ F 0 1
J= 5— = _ 5 (66)
oW \gh—-u" 2w
The eigenvalues and eigenvectors of 60 are:
/T}H/z =(u+ 5)i,k Z1‘2+1/2 =(u— E)i,k

1 1 2 1
Cr= . | > Ci=|_ _ (67)
u-+c ik u-—c ik

17' — , 5 — i i+1 68
ir1/2 \/hil.—k I i1/2 8 ) (68)

where

The difference in vector U across the grid edge is and the expression of coefficients «;",,,, are:

oh,, 1 N
ail-ﬁ/Z = 121/2 T e (0q—udh),,, (69)

Civ1/2

The non conservative term S is included defining ST, ,,, , with



0
0T, = —gﬁﬁz—iAx (70)

pW i+1/2

Here it is remarkable that if the matrix S were constant the equality S(U)=8 T would be
true. Obviously, this is not our case, but the linearization of the non conservative term can be

considered locally for numerical approximation. Now, following (87) the coefficients 8™ are
defined as:

B ::1[552+~?ij (71)
2 pr i+1/2
3.3 Conservation properties and equilibrium at steady state
The unified discretization of the source terms is successfully constructed when it ensures an
exact balance in first order approximation (Bermudez and Vazquez-Cendon 1998). For that
reason, the discretization of the fluxes and source terms proposed in §3.1 is here analysed.
Steady state in the first order scheme is expressed as:

Ji120U )y = 5Ti+1/2 (72)
According to the form of the matrices involved, the first equation in (147) gives
O(hu),;, =6(9), =0 (73)

which means that the normal discharge is constant at the edge. The second line in (147) yields

~ TAx
SR 11 (@% =) 15 +6G0,, Q0), 0 = ~(8h52) )0 _[pj (74)
w Ji+l/2

Considering (148) and expressing the friccion term in functions of the slope energy S, .

T

(j = (gESf)M/z (75)
i+1/2

the expression for the water depth profile for uniform flows appears:

SR 1 (1= Friy5)+ 82,5 = —AXS,, ) (76)
where Fr,,,,, 1is the Roe average Froude number in the normal edge direction,
Fr.,,=u.,,/C, . Equation (152) can be derived directly enforcing

6D}y, =0 (77)
or (A a-p )", =0 form=1 and m=2. Therefore the discretization ensures equilibrium in

steady state cases correctly for first order approximation, and the ‘G-Property is satisfied not

only in the case of quiescence flow over discontinuous bed topography, also in the case of
steady fluid in motion.

3.4 Interpretation of the @ coefficient
In the homogenous case, without source terms, 6>, =1, the original stability region is
automatically recovered. The case8;;,,, =0, correspond to the equilibrium case (‘G-Property
is satisfied) and the numerical scheme becomes unconditionally stable. On the other hand,
when 6, <0 the positivity requirements over the variables are satisfied if the stability
region is defined using:

y = min{hi ’hi+1 > 5hi+1/2 ‘}
‘5 hm/z‘

001, <0 (78)

10



Condition (78) is of special relevance when managing wetting and drying fronts. In the
special case, /,,, =0or h, =0,y isnil and it is necessary to modify the eigenvalues as in (59)
otherwise positivity condition over the mixture depth is not ensured. As no flux can cross the
associated edge i+1/2 the following condition must be applied to the future solution at the
cells sharing edge i+1/2:

u =uly =0 (85)
To avoid strong restrictions in the magnitude of the time step wheny << 1 the redistribution
factor is computed as:

v = A <1, At = min{AtmaX,

where At ; is computed following (61).

At} (88)

Also, to preserve conservation it is necessary to impose (93) in the edges where ¥/, , <0
and 7,; <1.The redefinition of the fluxes according to (63) is done in the cell edges
where ¥/, <0.

Near wetting/drying fronts, characterized by small values of water depth, the bed friction term
may dominate over any other term, leading to numerical instabilities. When 0<y <1

numerical instabilities are avoided by requiring that friction alone is not able to change the
sign of the discharge, so the following conditions are enforced over the unit discharge
function hu

(hu):-’+1 >0  (hu)!,(hu)!, 20 or (hu):-’+l <0 (hw)!,(hu)!, <0 (89)
These conditions must be included to determine the maximum allowable time step, otherwise

the numerical scheme leads to numerical instabilities. Let us assume without lost of generality
the one-dimensional case, where the updated value can be expressed as:

n+ n T n At
(hu)™ = (hu); —(gthAthK; (90)

that can be rewritten as
hS )"

(&S, ©1)
(hu);

The second term on right hand of (91) must be positive to ensure (89). Hence, in general, the
time step A¢, , taking into account also condition (86), is limited by

(hu)!™ = <hu>:{1 -

Uiniia ‘ Ax

2 Fm
gSf,H-l/Z ‘ max{ Al ‘ }
m i+1/2

At,,,,, =min (92)

to prevent instabilities.

4. APPLICATION TO THE 1D SHALLOW WATER EQUATIONS WITH SOLUTE
TRANSPORT

3.1. 2D mathematical model of the shallow water equations with solute transport
In this work the schemes are used to solve the following system of equations:

2 2 T T
U=(hq,.h¢)", F=[q,q+gh q¢] s{o,—ghaz—f,o] (93)

h 27 Ox

where ¢ is the depth averaged solute concentration.

w

11



3.2. Application of the explicit upwind numerical scheme
As stated in §2, the mathematical properties of the hyperbolic system of equations include the
existence of a Jacobian matrix. The eigenvalues and eigenvectors are:

1

JUR ) o o ~
Aty =@ +C) i1y Ay =@ =C)inyn Ay =Wi)s (%94)

1 1 ~2 1 ~3 0
Cr=| . | » Cr=|_ _ Cr = 95)
’ uw+c ik ’ U=<c)x ’ 1 ik

_Glh 4 B
%H/Z_ \/Eﬁ—\/hlj (96)

where

The difference in vector U across the grid edge is and the expression of coefficients «;",,, are:
R N AL N S (OIS MRCONI Ly
Now, following (87) the coefficients 3™ are defined as:
ke =$1(552+1~Ax] , p=0 (98)
2 TPy )it

3.4 Interpretation of the 6 coefficient
When moving to the coupled set of water flow and solute transport equations, y is defined

with the same purpose in this case as:
y=min{y;, 74}

i1 5hi+l/2‘} y :min{(h¢)i’(h¢)i+l’ 5(h¢)i+l/2‘}
Ohp Y 5(h$),1)2)

In presence of solute fronts, that is clean/mixed water boundaries with continuous water level
surface this leads to unrealistic results in the solute advance. If this fact is not considered,
negative values of solute mass and concentration can be obtained and the necessity to tune
and alter the scheme results becomes necessary. This can be avoided using again a
conservative redistribution of the updating contributions (Murillo et al. 2006a) that ensures
adequate bounding properties over the solute concentration.

Now the redistribution factor is computed as:

At,

= <1,  Ar, =min{A¢
LY

max

min{#,,
Vi =

651, <0 (99)

Aty Aty | (100)

max 2

and we propose to redefine the updating fluxes to cells at those edges where
W/, <0according to (63) over the water depth and over the solute mass.

5. APPLICATION TO THE 1D BED LOAD SEDIMENT TRANSPORT

The mathematical model used in this work is based in the differential form of the equations
described by Hudson involving the friction term. In this model the solid phase has a velocity
equal to the liquid one and presents a uniform distribution over the flow depth. No exchanges
through the bottom interface are considered. The system of equations are represented by

h hu 80
U=|uh|,F=|@*h+1gh’)|,S= —ghai—i (101)
X p,
z £q, 0
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Where & is the water depth, u is the depth averaged velocity, z is the bottom elevation,
& =1/(1-¢) where ¢ is the porosity, g is gravity, p, is the density of the water, 7 is the bed

shear-stress, and ¢; is the total volumetric sediment rate. The sediment transport flux is
defined using the Grass formulation (Grass,2000)

ql :Au(u2 +v2)1/2(m—1) (102)

where A4 is dimensional constant usually determined by experimental data and 1 <m <4 (3,4).
In this work m is set constant and equal to 3. It is remarkable that to avoid the singularity in

the Jacobian matrix of the flux, the flux F and the slope term S; are modified as follows
(Hudson, 2000)

hu ahO
F=|u’h+Llgh’+ghz|, S= gz——i (103)
ox p,
4, 0
leading to the following Jacobian matrix
oF 0 1 0
3= 9F Ll gthin-u 2 o 104
ow | 8+2) g (104)
—ud d 0

with d, =3A4&u”h™". Hudson defined an approximate Jacobian matrix where the averaged
eigenvalues where computed solving the following third order polynomial,

P =2 2al’+a*~[ gh+z+hd) W+ghuad=0 (105)
where

dHl/z_Cbﬂx/Hhi"‘\/hjhm (U +u; +uu,,) (106)

leading to three real and distinct eigenvalues. Therefore the problem is strictly hyperbolic.
Two eigenvalues have the same sign of the particle velocity &, one is opposite. We name it

in ascending order: with# >0, A'<0,1°>0, 2° >0and1’ > 1%, while 2> =0 only
if @ =0, the condition of fluid at rest. The right eigenvector associated to each A" is
1
€, = A" m=1273 (107)
(—g(h+2)+(2" o) )gh) ™" ).,
where the coefficient &, , is equal to
o [(Z’“/Tb +g(h+2)- ﬁ;)ahj (25— /1 —I)S(hu) + gh 8z
(A" A" -47)

with a # b # k. The different " coefficients are computed as

. [Qu-2"-2")gzsh-7Ax/p,)
e (/Tm _Za)(zm _Zb) i1/2

} m=123 (108)
i+1/2

m=123 (109)

In the case that @,,, becomes nil, u,, =u, =0, A° becomes nil and €> =0, so the
linearization in (30) fails. Also in the case that 4, or 4, are nil the averaged quatities in (24)

become useless. In such cases we consider that no sediment transport is performed and the
system of equations becomes the shallow water equations.

13



The positivity requirements over the water depth is satisfied defining y as in (78). To avoid
strong restrictions in the magnitude of the time step when y << 1, the redistribution factor is
computed as in (88). The redefinition of the fluxes according to (63) is done in the cell edges
where ‘Pif’iil ,, <0 over the water depth and bottom elevation. Also the same restrictions

imposed by the friction term must be observed.
6.APLICATIONS
6.1.Long wave resonance in a parabolic basin.

The analytical solution of a long wave, driven by gravity and resonating in a frictionless, dry
circular parabolic basin was presented by Thacker (Thacker, 1981) for the shallow water
equations, where the free surface displacement is given by

)=, (-4 B —1-r2a?{1- 4*)B7 —1)) (110)

and the bottom elevation is given as
2 t) ==&, (1-r2a?) (111)
where A= (a* —r})a* +7r})",B=1-Acoswt ,o=a"'.|8g ¢, ,{, is the center point water
depth, 7 is the distance from the center point, a is the radial distance from the center point to
the zero elevation on the shoreline and r, is the distance from the center point to the point

where the water depth is initially nil. Those values are represented in Fig. 2. The domain
shape of the two previous examples is used again and the numerical values are ¢, = 20.0 m,

r,= 1200 m, @ = 1500 m. The domain is divided in using cells with Ax=25m.
4

a

—

N

Figure 2. Initial free surface and water depth profile for the parabolic basin test.

The water surface movement will be simulated together with an initial solute concentration:
#(r.1,) =9, expf— r@r,)") (112)
There is no analytical solution for the solute concentration evolution in time but, if no
diffusion is assumed, the solution for each T oscillation period will be:
$(rt =TK) =g expl-r(2r,)"), K=1,..., (113)
The numerical experiment is performed using ¢, =1. This test case illustrates the concepts
described in this work, as it includes wetting/drying fronts and the generation of dry regions
from wet areas. In particular, the advance of the wetting/drying front is produced in the first

half period, during the wave expansion, while during the wave contraction both
wetting/drying fronts and drying process are present.

Figure 3 shows the water depths given by the exact solution and by the proposed method at
times, 1/47T, 2/4T, 3/AT, T, 3/2T 2T, 5/2T , 3T, 77/2 and 47T.. The simulated results prove in
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every case in good agreement with the analytical solution, including water depth and
inundated area, even in the fourth oscillation. Figure 4 shows the comparison between the
exact and numerical solution for the solute concentration distribution at times 7, 27, 3T and
4T. Better accuracy in the final solution can be achieved reducing the size of the cells
generating a better representation of the bottom elevation.

z(m)
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10 42

5 v £ S
(o
-8 4
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-2000 -1000 0 1000 2000 -2000 -1000 0 1000 2000

z(m)

z {m)

-10 4

-2000 -1000 1] 1000 2000 -2000 -1000 0 1000 2000

—gxact =—computed

Figure 3. Water elevation surface (in meters): exact and simulated for times 1/47T, 2/4T, 3/4T,
T, 3T and 4T.
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Fig. 4. Solute distribution results and exact solution at times 7, 27, 37 and 4T.

6.2.Equilibrium.

In the following test case the bed evolution to equilibrium of a channel departing from a
situation of still water is analysed. A domain 100 meters long is divided in cells with Ax =Im,
imposing u = 0, z= 0 m and /4 = 2. From the beginning of the simulation a constant discharge
is imposed upstream, su = 10 m*/s, while downstream a constant water level surface A+ z = 2
m is imposed, assuming £ = 0.5 and 4 = 0.05. The shear stress is defined using the Manning
equation:

rz,owgnzu‘u‘h_”3 (114)
with n = 0.04.Figure 5 shows the final bed and water level surface equilibrium slopes. In case
of use a pointwise discretization for the friction term any remarkable differences appear in the

bed and water surface elevations, but for the pointwise simulation discharge varies along the
domain, as Figure 6 shows.
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Figure 5. Final bed and water surface levels in equilibrium.
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Figure 6. Equilibrium discharge using an upwind and a pointwise formulation foe the friction
term.

6.3.Dam break over movable bed.

The model proposed by Hudson is applied to erosional dam-break problems. A body of water
at rest of constant depth #,, is realised over a flat erodible bed channel extending on both
sides. To different experiments are used to check the performance of the numerical scheme.
The first was performed in the Université Catholique de Louvain (Louvain-la-Neuve) and the
second in the National Taiwan University (Taipei) with coarse granular material of different
densities (Capart and Fraccarollo, 2002). In the Louvain experiment an intermediate density
for the material was chosen (s = p,/p, =1.540) while in the Taipei experiment a much

lighter material was choose (s =1.048), in both cases lighter than natural sediment
(s = 2.65). The initial water depth in both cases is 4, = 0.01 m. It is possible to define the
sediment load as (Rosatti and Fraccarollo, 2006, Summer et al., 1996) we define

q, =c,pu’ (115)
where ¢, is volumetric concentration of sediments in the bed (¢, =1—-¢). In both cases

¢, = 0.5, and the shear stress is obtained using an expression similar to the Chézy equation:

r=p,5C ulul (116)
Following Fraccarollo and Capart2002 £ is defined as
B, =s Cf(gcb(l—s)tan(p)_l (117)
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using in both cases C, =0.014, tang =0.5. In the Louvain case £ is 0.016 and in the Taipei

case 0.125. With this formulation it is possible to estimate the depth of the rich sediment layer

in movement,

h, =B u’ (118)

Figure 7 compares the experimental data and the computational solution for the Louvain test
case, at times ¢t = 5t,, 7.5t,, 10¢,, being ¢, the geomorphologic time scales, approximately
0.101 s. The main differences are attributed to the fact that in the mathematical model mass
and momentum exchanges through the bottom interface are considered.

In the Taipei test case the exchanges through the bottom interface can not be neglected, and
the model predicts unrealistic solutions as Figure 8 shows for time # = 3¢,
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Figure 7. Experimental data and the computational solution for the Louvain test case, at times
t=5t,, 7.5t,, 10t,.
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Figure 8. Experimental data and the computational solution for the Louvain test case, at time ¢
= 31,.

7. CONCLUSIONS
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