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ABSTRA CT

The performanceof an external-cavity mode-locked semiconductorlaseris analyzedtheoretically and numerically.
Passive mode-locking is described using a fully-distributed time-domain model including fast e®ects spectral hole
burning and carrier heating. We provide optimization rulesin order to improve the mode-locking performance,
such as reducing the pulsewidth and time-bandwidth product as much as possible. Timing jitter is determined
by meansof extensive numerical simulations of the model, demonstrating that an external modulation is required
in order to maintain moderate timing-jitter and phase-noisdevels at low frequencies. The e®ectof the driving
conditions is investigated in order to achieve short pulsesand low timing jitter. Our results are in qualitativ e
agreemen with reported experiments and predictions obtained from the master equation for mode-locking.

Keyw ords: Semiconductorlaser, Mode-locking, Timing jitter, Short pulse generation

1. INTR ODUCTION

Mode-locked semiconductorlasersare a °exible sourceof intenseshort optical pulses® The viabilit y of these
devicesin high-speed communication systemsusing optical time-division multiplexing (OTDM) relies on the
possibility of achieving short pulsewidths and low timing jitter levels. For example, transmission at 640 Gbit/s

imposeshard requiremerts, namely, pulsewidths » 0:4 ps and timing jitter lessthan 100fs. To date, it is still

unclear what the ultimate performance of mode-locked semiconductor lasersis. In particular, it is important
to understand the fundamenrtal limitations to the minimum attainable pulsewidth. Also, the stability of such a
pulsed sourceagainst noiseis a question of crucial interest.

From the modelling point of view, pulse formation and noise properties of mode-locked semiconductorlasers
are challenging problems, sincethey involve the interplay of seweral mechanismsincluding, dispersion, self-phase
modulation, nonlinear dynamics, and ampli ed spontaneous emission (ASE). Mode-locking in semiconductor
lasers has been described by means of lumped-elemen models, partially-in tegrated models, fully-distributed
time-domain models, and frequency domain models. Passive mode-locking using saturable absorbers is most
corveniertly analyzed in the time domain, although a many-mode interacting framework has been recertly
established? The master equation for mode-locking (MEML) describesthe lumped e®ectby any one of the
mechanismsacting on the pulseper roundtrip. >° The MEML hasbeenextensively usedin the literature owing to
its simplicity and the possibility of obtaining analytical predictions for the pulse shape, stability and attainable
pulsewidths. In addition the perturbation theory of the MEML, establishedin references»'° describes the
ewlution of four orthogonal °uctuations driven by spontaneous emission, namely, timing, emissionfrequency
pulse energy and carrier density °uctuations, that in turn fully determine the pulse jitter. In spite of these
achievemerts, there exists a number of e®ectsthat are dizcult to treat using the MEML, suggestingthat more
general descriptions are required. Someof these e®ectsinclude, i) origin of the pulse train and its instabilities,
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i) synchronization locking, iii) colliding e®ects,iv) material dynamics occurring at pulsewidth time scales,and
v) timing °uctuations induced due to gain depletion'? and carrier-induced changesin group velocity.

The aim of this paper is to develop a detailed theoretical description for mode-locked semiconductorlasersthat
enablesa direct comparisonbetweentheory and experiments. Among the di®ereri possibledescriptions, we usea
fully-distributed time-domain model describingthe optical propagation within the ertire deviceby including gain
nonlinearities, bandwidth limitation and spontaneous emission. This approat o®ersseeral advantages when
comparing with the MEML. For instance, it is relatively simple to account for the e®ectsi)-v) discussedabove
and allows for describinga variety of con gurations. Here we investigatethe dynamical properties of an external-
cavity mode-locked semiconductorlaser (ECMLL), wherethe absorber is placedin a self-colliding con guration.
The ECMLL o®ersthe possibility of tuning the repetition rate and emissionwavelength in intervals much larger
than monolithic constructions. The interestin ECMLL is also motivated by the relatively short pulsewidths and
timing jitter levelsthat have beendemonstrated! In section 2 we describe our model for passive mode-locking.
In Sec.3, we usethe model to analyze the performance of a 10 GHz repetition rate device. The ewlution of
the pulsewidth and timing jitter is investigated when varying the injection current and the reversebias in the
saturable absorber. In Sec.4, we analyze the timing jitter for the caseof passive mode-locking, and hybrid
mode-locking that is introduced to reduce the low-frequency jitter. We put special emphasisin explaining the
numerical method usedto determine timing jitter. Finally, Sec.5 is devoted to concluding and summarizing our
paper.

2. THE MODEL

The ECMLL, asshawn in Fig. 1, is composedby a two section laser diode and a di®raction grating as external
mirror. The electric "eld within the laser diode is expressedas the superposition of two counter-propagating
wavesE S (z;t). The ewlution of the two courter-propagating wavesis described by the travelling wave model
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The slowly-varying envelope of the electric "eld is taken with respect to the optical carrier frequency! o. The
group velocity (GV) and group-velocity dispersion (GVD) arising from the badground refractive index are vy,
and ., respectively. j is the optical con nement factor that scaleswith the number of quantum wells (QWSs),
and ®; the internal losses. The material gain and carrier-induced refractive index are denoted by g and ¢ n
respectively. We use the variable 3 = fNqw;ne;Ny; Te; Tv; Vansg to describe the functional dependenceof the
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Figure 1. Sketch of the ECMLL as described in referencel?



gain and index of refraction on, carrier densities, plasma temperature, absorber voltage, etc. We recall that
ead of thesedependenciesewlve at di®erert characteristic time scales.The secondand third terms on the rhs
of Eq. (1) describe, up to secondorder, the gain and refractive index dispersion induced by the QWs. Finally
F 8 (z;t) are Langevin noisesourcesthat describe spontaneousemissionprocessesThesesourceshave zeromean
and correlation®?
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Vy being the volume of the active regionin the gain section,nsy = Nqw=(Nqw i N¢) the inversion factor, and N;
the carrier density at transparency The level of spontaneous emissionis thus determined by the neededcavity
gain and by the degreeof inversion.

We consider the geometry shawvn in Fig. 1, i.e., the left output facet is placedat z = j L, the right laser
facetat z = 0, and the grating position is z = L. The counter-propagating wavesful'll the following boundary
conditions

E*(z=jLit) = rEi(z=jLt); 3)
Ei(z=0t) = rE"(z=0;t) + R(t); (4)

R(t) being the Ttered time-delayed feedbad from the di®raction grating, whereasthe imperfect AR coating r»
is responsible for multiple internal roundtrips. If we considera Gaussian ltering function and only one external
re°ection, the feedbadk term can be written (in time domain) as the convolution of the Tter with the delayed
“eld leaving the laseratime ¢e = 2L=cearlier
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The grating bandwidth is ¢! g, the relative detuning ¢g = (! g i -) =¢ ! g, and the dispersion of the grating
Dgrat = 2®&=¢! 2. r3 is the grating (‘eld) re°ectivity, r is the AR-coating re°ectivity, and » is the coupling
exciency of the external cavity.

The gain model accournts for fast relaxation of the carrier distributions towards quasi-equilibrium Fermi-Dirac
distributions due to spectral hole burning and carrier-heating. For a detailed description of the material model
the readeris addressedto the referencest*'® The carrier-induced refractive index ¢ n(! ;3) is computed from
the material gain using Kramers-KrAnig relations!’ and neglecting fast e®ects.The absorber model is similar to
the gain model, except for including bandgap renormalization with carrier-density and reversebias (Quantum-
con ned Stark e®ect)!® 18 The absorber recovery time decreasesvith the reversebias asfound experimentally 1°;
éabs(Vabs) = éo €XpP(Vaps=Viet) With ¢o = 22 ps, and Vies = 2 V. In order to obtain a better agreemen with the
experimental dependenciesthe polarization dephasingrate in the absorber is slightly increasedwith the reverse
bias 2°

We usea uniform computational meshto integrate Eq. (1) with ¢ z = vg,,¢ t. The electric elds are propa-
gated over the characteristic lines neglectingdispersionterms. Dispersionis applied in a secondstep by discretiz-
ing the temporal derivativesin an explicit way. Boundary conditions are applied at the edgesof the laser diode
and the convolution integral (5) is implemented as a digital Tter. Finally, the material variables are updated
using a fourth order Runge-Kutta method. White Gaussianrandom numbers are generatedusing the numerical
inversion method developed in reference?!

3. DEVICE PERF ORMANCE

In this section, we analyzethe performanceof an ECMLL by numerical simulations of the model outlined above,
from which we infer someoptimization rules. It is known that the maximum attainable bit rate, in a OTDM
system, is governedby the pulsewidth and timing jitter levelsaswell asthe appearanceof dynamical instabilities.
We investigate the ewolution of these quantities with respect to the variation of someexperimentally accessible
control parameters. For the sake of clarity, the ewolution of timing jitter shall be preseried in the next section.
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Figure 2. Seweral mode-locking quantities computed as function of the emission wavelength using the gain model. (a)
Threshold current, (b) ratio of saturation energiesin the gain and absorber sections, and (c) alpha-factor in the absorber
(unsaturated). , >« stand for two di®erert working wavelengths.

As an example, we useour model to simulate a 10 GHz repetition rate ECMLL with a 5501 m long ampli er,
30t m reverse-biasedabsorber, and a 20t m transition region.}> 2?2 A long laser chip is preferred becauseof the
reducedmagnitude of the trailing pulsesoriginated by an imperfect AR-coating. For a residual power re°ectivit y
of the AR-coating of 10 °, we obtain trailing pulseswith extinction ratio of the order of » 30 dB whereasonly
» 20 dB is achieved in a 300! m long devicein agreemen with experimental obsenations.'> 23 |t is alsofound
that the extinction ratio improveswith the reversebias due to the faster recovery of the absorption.

We usethe material model to determine the ewolution of the travelling waves, but alsoto nd the variation
of some mode-locking parameters with the operation conditions. In Fig. 2, the threshold current, the ratio
of saturation energiess, and alpha Henry factor in the absorber are calculated as function of the emission
wavelength and reversebias. The minimum in threshold current correspondsto the alignment of the gain peak
with the certral wavelength of the grating. We can also obsene a steeper increasein threshold current at longer
wavelengths, re°ecting the smaller di®ererial gain on the red-side of the gain spectrum. The threshold current
signi cantly increaseswith the reversebias, indicating that the internal and mirror lossesare moderate. The ratio
of saturation energieserters into the pulsewidth determination,® whereasthe sign of the pulse chirp depends
on the sign of the alpha-factor in the absorber.?*

3.1. Stabilit y and pulsewidth

The injection current and reversebias are varied in order to generatethe phasediagrams. An example of such a
phasediagram is shown in Fig. 3(a). We can identify three well di®ereniated regions: below threshold with no
laser radiation (NL), stable mode-locking (SML) and incomplete mode-locking (IML). The onset of incomplete
mode-locking is determined, in time domain, when the pulsetrain is modulated by an irregular envelope and the
pulsescortain a multi-p eaked structure [SeeFig. 7(c)]. Experimertally, this multi-p eaked structure manifests
itself in a coherencespike on top of a pedestalin the autocorrelation function. Two possiblescenarioshave been
identied for this instabilit y>*: For narrow bandwidth, a perturbation grows beforethe leading edgeof the pulse
due to an excessie gain, whereasfor wide bandwidths the instabilit y strongly dependson the cavity dispersion
and self-phasemodulation. We also nd a narrow region of optical bistabilit y for currents close-to-thresholdand
large reversebias on the absorber. The behavior of the output power when the injection current is increasedand
subsequetly decreasedasshawvn in Fig. 4, demonstratesthat bistability leadsto a small hysteresiscycle. The
size of the hysteresiscycles depends on the level of unsaturated lossesand the carriers lifetime.?®> The slope
of the L j | curvesdecreasewith the reversebias due to the decreasein quantum ezxciency due to the higher
losses.

The increaseof reverse bias provides pulse shortening through two mecanisms [Fig. 3(b)]: i) the decrease
in saturation energy of the absorber, and ii) the faster recovery of the absorber. We 'nd that self-phasemodu-
lation (SPM) increasesfor operation far from threshold, leading to large values of the time-bandwidth product
(TBWP). Thus, the optimum situation is likely to occur close-to-thresholdand for large reversebias, as found
experimentally. 12 Pulsewidth investigationsreveal a joint interplay of three di®erert medhanisms,namely, pulse



shaping, self-phasemodulation, and gain saturation due to fast dynamics. The “rst mecanism relies on a nec-
essarycondition for pulseformation, i.e., the larger saturation energyin the ampli er than in the absorber. The
secondis the pulse chirp that originates from the dynamic changesin refractive index and becauseof the disper-
sion of the di®raction grating. As a consequencethe pulsesbroaden and the resulting TBWP is slightly above
the transform-limited value. Finally, the fast e®ectancluded in the material dynamics, spectral hole burning and
carrier-heating, provide a pulsewidth dependert cortribution to the saturation energie€® when the pulsewidth
(» 1 ps) is an intermediate time scalebetweenthe stimulated carrier lifetime and the ultrafast processes.

The extent of the dynamical instabilities must be reduced to make the device suxciently stable over a
wide parameter range. There exists a large number of possible combinations of parameters, which make the
optimization work cumbersome. Here, we concertrate in describing the metamorphosisof the phase-diagrams
when the properties of the di®raction grating are varied.

Di®raction grating position. The relative position of the di®raction grating with respect to the gain and
absorption curvesis changedfrom 1.551 m to 1.515* min Fig. 5. In the latter case,we nd a strong tendencyto
Q-switching. The presenceof Q-switching can be understood as the enhancedunsaturated lossesintro duced by
the saturable absorber when the wavelength is closeto the absorption edgeand due to the longer carrier lifetime
resulting from the lower threshold. At the onset of Q-switching, relaxation oscillations becomeundamped and
the pulse train is modulated by a low frequency envelope. An interesting obsenation is that the Q-switching
region reduceswhen the ratio Tr=¢; increases,Tr being the repetition period and ¢e the carrier lifetime. The
lower saturation energy leadsto a faster increasein unsaturated gain with injection current, thus favoring the

0.0

(a) (b) r2.0
€
-0.5 Lo £
IML o F1.5 =
> £ g 5
2 -1.0 F = =
><e § 1.0 E g
15 L& g
. O F0.5 &

NL SML
-2.0 0 i i i 0.0
40 60 80 100 120 -2.0 -1.5 -1.0 -0.5 0.0
I[mA] Vaps [V]

Figure 3. (a) Phase diagram in the absorber voltage versus injection current plane. The meaning of the symbols is
NL=no laser emission, SML=stable mode-locking, B=Bistabilit y, IML=incomplete mode-locking. (b) Uncompressed
pulsewidth (solid), spectral width (dotted) and time-bandwidth product (dashed) when moving along the arrow in panel
(a). Conditions ,> = 1:55tm, ¢ g = 8 nm, and Dgrar = O.
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Figure 4. Light-current characteristics for di®erert reverse bias on the absorber. The output power is measuredat the
absorber facet. Conditions ;> = 1:55'm, ¢ . g = 8 nm, and Dgra = O.
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Figure 5. (a) Phase diagram in the absorber voltage versus injection current plane. The meaning of the symbols is
NL=no laser emission, SML=stable mode-locking, Q=Q-switc hed mode-locking, IML=incomplete mode-locking. (b)
Uncompressed pulsewidth (solid), spectral width reduced by a factor 4 (dotted) and time-bandwidth product (dashed)
when moving along the arrow in panel (a). For the same conditions that in Fig. 3 except for , < = 1:5151m.
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Figure 6. E®ect of the grating bandwidth ¢ g and dispersion Dg ot 0N the stability and uncompressed pulsewidth.
The solid (dashed) lines correspond to stable (unstable) mode-locking. Driving conditions: | = 70 mA, Vaps = | 2V,
, = 1:5151m.

incomplete mode-locking instability. When moving to shorter wavelengths the ratio of saturation energiesfor
the ampli'er and the absorber, s = Egag =Esata has a weak dependenceon reversebias, therefore we do not
obsene big changesin pulsewidth in Fig. 5(b). The advantage of this driving condition is that the alpha-factors
are smaller, reducing SPM and in turn the TBWP . Moreover, the optimum situation occurs at bias around j 1
V sincewe have to avoid the Q-switching region. For higher reversebias, the laserhasto be driven far from the
mode-locking threshold, and thus SPM starts to broadenthe pulsesagain.

Di®raction grating bandwidth and chirp. In Fig. 6, we analyze the behavior around zero grating dispersion
when the bandwidth is increased. The range of unstable mode-locking, denoted by dashedlines in the gure,
increaseswhen taking positive grating dispersion, and specially for wide Tters. In the absenceof grating
dispersion, the pulsesare blue-chirp ed due to the unbalancedSPM in the ampli er and absorber sections. When
Dgrat < O, the grating introducesan extra blue-chip that further broaden the pulses. The grating operatesin
the opposite direction when Dg;x > O, i.e., compensating the initial blue chirp and, in turn, shortening the
pulses. The pulse shortening, causedeither by bandwidth enhancemen or chirp compensation, results in a clear
tendency to incomplete mode-locking. We have found that fast e®ectsplay a role in this instability, specially
carrier heating which relaxation occurs at the pulsewidth time-scales.

There, of course,exists many other possiblecombinations of parameters. As already discussed,small unsatu-
rated lossesare preferableto prevert the onsetof Q-switching. The di®erern sourcesof losses,ncluding internal
lossesunsaturated absorption, and mirror lossesshould be minimized for obtaining low threshold currents. Low
threshold currents decreasethe ASE levelsand in turn reducesthe timing jitter. The active region of the presert



Figure 7. Evolution of the pulse for Vaps = | 1:5V in Fig. 5. (a) Fully-developed Q-switched mode-locking | = 58 mA,
(b) stable mode-locking | = 80 mA, and (c) incomplete mode-locking I = 110 mA.
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Figure 8. RF-spectra for the three situations in Fig. 7. (a) Fully-developed Q-switched mode-locking, (b) stable mode-
locking, and (c) incomplete mode-locking.

laseris composedby six QWs. If the number of wells is reduced,the optical con nemert factor reducesleading to
higher inversionand larger saturation energy This caseis particularly interesting becauset provides high-power
and low timing-jitter mode-locked semiconductorlasers?’

4. TIMING JITTER

In order to complete the characterization of the device,the dependenceof timing jitter with respect to variation
of the cortrol parametersis investigated. The rf-spectrum, that is easily accessiblein the experimerts, can
provide valuable information about the dynamicsin the di®eren regimesdescribed in the precedingsection. In
Fig. 8, we plot the rf-spectra corresponding to the operation points ®, ~, ° annotated in the phase-diagramof
Fig. 5. The signature of Q-switching can be easily identi ed in the rf-spectrum as the emergenceof multiple
peaks betweentwo consecutive dominant harmonic peaks. On the other hand, the onset of incomplete mode-
locking can beidenti ed by the suddenincreasein amplitude noisearound the harmonic peaks. RF-spectra can
be usedto quantify timing jitter by meansof the von der Linde method?®; seee.g. reference?® In general,
amplitude jitter and timing jitter are distributed in the rf-spectrum in di®erert frequency intervals, thus the
von der Linde method requiresintegration of noiseskirts around successie harmonic peaksin order to separate
timing jitter and amplitude jitter cortributions. For convenience,we use an alternativ e, although equivalert,
method to determine timing jitter. Our method establishesan analogy betweenthe perturbation theory of the
MEML ®1° and our fully-distributed time-domain model. The timing °uctuations of a pulse train, ¢t,, are
numerically determined with the pulse detection technique described in Appendix A. As we will showv next,
timing jitter can be fully determined from this quartity.

4.1. Timing tra jectories and timing variance

We investigate the ewolution of the timing °uctuation ¢t, de ned in Appendix A. In Fig. 9(a) we plot eight
di®eren realizations of the timing °uctuation, that correspond to di®erent sequenceof spontaneous emission



noise, all measuredwith respect to the samereferenceclock. The timing variance as function of the roundtrip

number is obtained by performing the ensenble averaging of 20 series. The result is showvn in Fig. 9(b), and
it turns out that 20 realizations are still insuxcient to completely smooth the trace. Notwithstanding, we can
obserne a linear increasein variance, similarly to what happensin a random walk process®® The variance is
unboundedat long times, as expected from the absenceof any time referencein passiwe mode—lockirlg. From the
slope of the least squaresline, we can estimate the kick sizeacting per roundtrip on the pulseto be 3§ =N » 5
fs, being in agreemem with typical experimental valuesand predictions from the MEML. ® Small pulse-to-pulse
timing jitter is required when using mode-locked lasersin optical sampling and data conversion applications.
We have found that the kick size of the random walk reduceswith the reversebias, as shown in the inset of the
Fig. 9(b). This dependencecan be understood using the MEML °

q

3/1%:N » p%; (6)

for large N. Henceif we take the pulse energy E as constart, the kick sizereduceswith reversebias becauseof
the reduction in pulsewidth ¢..

The phase-noisespectrum is determined from the timing realizations through Egs. (10)-(11). The phase-noise
spectrum displays a linear increasewhen approaching to the harmonic peak as consequenceof the asymptotic
behavior of the variance for long times [Fig. 10(a)]. This is the typical 1= ? spectrum characteristic of a random
walk. We use the phase-noisespectrum to determine the timing jitter in a frequency range of interest. The
minimum frequencyresolution that allows for a statistical analysiswith reasonableintegration times corresponds
to » 300kHz. Although timing jitter below this value is always presen, it canbe corrected using electronics. We
useEg. (12) to determine the timing jitter accunulated from 300 kHz and beyond, up to the Nyquist frequency
at 5 GHz. The integrated timing jitter increasesbefore reaching a saturation value that corresponds to the
root-mean-square(rms) timing jitter. Note however that, in passive mode-locking, the rms timing jitter would
increasewhen taking nner frequency resolution. The result, shavn in Fig. 10(b), indicates that frequencies
below 10 MHz provide the dominant contribution to timing jitter, thus justifying the integration interval [100
Hz, 10 MHz] taken in experiments.??

From the above results we can concludethat passive mode-locking displays large timing jitter at low frequen-
cies. In order to reducethe timing jitter of the ECMLL, one employs a modulation of the reversebias (hybrid
mode-locking). We considera modulation as

Vaps(t) = Vaps + ¢ Vaps COS(Z4 i t) : @)

The electrical noise from the synthesizeris neglectedhere, sinceit starts to be important only below 100 kHz.
It is interesting to determine the syndhronization locking range as function of the modulation strength ¢ V.

2000 ‘ ‘ ‘ ‘ ‘ 8.10° ‘ ‘ ‘ ‘ ‘
(a) » (b)

215
£ 1000 & 610 1 L
= = < s
g 3 :
S o y ! v J % 4 105 -2.0 -1.8 -16\/-;’:[\&12 -1.0 -0.8
Q T 5 = . - L
=2 W ‘ b g

5
£ -1000 - £ 2.10% -
— SNZ
slope= N
-2000 ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘
0 10* 210 3.10* 0 10 2.10* 3.10*
Roundtrips Roundtrips

Figure 9. Passive mode-locking. (a) Eight realizations of the timing °uctuation corresponding to di®erert sequencesof
the spontaneous emission. (b) Linear increasein timing variance characteristics of a random-walk process. Parameters:
Vabs = i 1:5V and | = 60 mA.
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However, this issueis out of the scope of this paper. We instead considerthat f, is closeto the passive mode-
locking frequencyand always within the synchronization locking range. As a result of the modulation, the phase
noise, depicted in dashedlinesin Fig. 10, deviatesfrom the straight line for frequenciesbelow 10 MHz. This roll-
o®characteristic frequencydependson the strength of the modulation and the pulsewidth.3 The accunulated
timing jitter is reduced owing to the reduction in phasenoise. We 'nd however a slight increasein pulsewidth
owing to an extra chirp induced by the modulation.

4.2. Dep endence of timing jitter on driving conditions

Sofar we have provided a practical example of the method implemented to determine the timing jitter in passiwe
and hybrid mode-locking. Next, we make usethis method to determine the variation of the timing jitter in the
phase-diagramsf Sec.3. Among the seweral situations described, we concerrate with the onedescribedin Fig. 3
becauseit combines relative short pulsewidths with wide stability regions. Furthermore, the larger saturation
energy of the ampli er inducessmaller changesin carrier-density during a roundtrip and thus we expect better
timing jitter performance.

Fig. 11 shows the ewlution of timing jitter when the reversebias and injection current are simultaneously
varied closeto the mode-locking threshold. The rms timing jitter decreasesconsiderablewhen increasingthe
reversebias, although the pulsewidth decreasesswell. This obsenation may be related to the shorter pulse-to-
pulsekick sizeof the random walk for higher reversebias. This fact con rms that the optimum driving conditions
takes place closeto the mode-locking threshold and for high reversebias. When a modulation is applied, at the
passiwe frequencyand ¢ Vs = 0:25V, the timing jitter is considerablyreduced. The relative reduction is more
noticeable for low reversebias.

There exist a number of physical medanisms cortributing to timing jitter in passive mode-locked lasers?
We restrict ourselvesto brie°y recall someof them. For example, the gain depletion in the ampli'er can induce
a net time shift of the pulse owing to the leading and trailing edgesexperiencedi®erert ampli cation. 1  We
note that the ampli er and absorber sectionstend to operate in opposite way. On the slow time scale,there exist
at least two ways in which carrier density variations couple to timing jitter. Carrier-density variations induce
a changein the index of refraction, that in turn inducesa slight variation in emissionfrequency and nally a
changein group velocity dueto group velocity dispersion (similar to Gordon-Hausjitter). The secondmecdanism
is based,again on gain saturation, but now relies on the direct variations in group velocity with carrier density.
A changein group velocity will provide slightly di®erent roundtrip propagation times, henceintro ducing timing
jitter.
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Figure 11. Evolution of the rms-timing jitter following the arrow in Fig. 3. Passive mode-locking (stars) and hybrid
mode-locking (triangles).

5. CONCLUSIONS

A detailed theoretical description of an external-cavity mode-locked laser has been developed. The approad
describes the cortribution of gain saturation arising from ultrafast dynamics. The model has been used to
characterize the mode-locking performance: identi cation of the limiting factors to the shortest pulsewidth and
the timing jitter.

Concerning the rst point, we found that the pulsewidth results from a joint interplay of fast and slow sat-
uration e®ectstogether with self-phasemodulation. A thorough understanding of this complex relationship can
be usedfor obtaining shorter pulsesand extending the regime of stable mode-locking. We have mentioned some
strategiesto avoid dynamical instabilities that a®ectthe mode-locking quality and consequetly the performance
of the system.

In the secondpart, we have usedthe ECMLL model to investigate the timing jitter when the laser operates
within a regime of stable mode-locking. It has been demonstrated that the timing variance in passive mode-
locking increaseslinearly with time, similarly to what happensin a random walk process. From the slope of
the timing variance, we have estimated the kick size per roundtrip. The results indicate that the pulse-to-pulse
kick size is generally small (1{20 fs), despite the fact that the rms timing jitter displays larger values (50{
1000fs). Timing jitter is reducedby nearly a factor of two, when applying a rf-modulation to the reverse-bias
of the absorber. Our model correctly describes the dependenceof pulsewidth and timing jitter over a wide
parameter range. The shortest pulsewidth with optimum timing jitter takesplacefor currents close-to-threshold
and large reverse bias. From the numerical point of view, the determination of timing jitter belon 300 kHz
would require huge computational resources.Although the low frequencyjitter is always presen, it is not very
relevant from the systemspoint of view becauset can be corrected using electronics. The fully-distributed time-
domain description could be used for analyzing the e®ectof seweral physical medanisms intro ducing timing
jitter, namely, net time shifts due to gain depletion, changesin group velocity initiated by emission-frequency
°uctuations, carrier-induced group-velocity, etc. The understanding and quanti cation of thesesourcesof timing
jitter desenesfurther investigation.

APPENDIX A.

The pulse detection technique is implemented to numerically determine the timing jitter. A run time script looks
for maxima above a prede ned threshold, and determines the peak of eath pulse. Once a peak is found, the
program integrates the pulseintensity and the time weighted with the intensity, in order to determine the pulse
energy and the mean pulse position

Z tpk +Tr=2 1 Z tpk + TrR=2

Ug = jEout (Dj? dt; and ty = O jEout ()j? t dt; (8)
tpk i TR=2 K toxi TrR=2

tpx beingthe time wherethe peak maximum wasfound, Eq (t) the electric eld at the output (absorber) facet,
and Tr an approximated repetition time.



The deviation of the pulsetrain from an ideal clock with repetition Tc de nes the timing °uctuation ¢ty =
tki kTc. For passive mode-locking, wetake T asthe averageof all the pulseto pulse separations,which roughly
corresponds to the round-trip propagation time of the cold cavity. Note that the sameclock hasto be usedfor
all the noiserealizations. For hybrid mode-locking we simply take T¢ = 1=f, f, the frequency of the external
modulation. Timing jitter can be characterized from the timing °uctuation ¢ ty. The ewlution of the timing
variance is obtained from

Y% (k) = hie t(Ti + To) i ¢ t(To)j%i ; 9)

with Ty = kT¢ and h¢iaverageover trajectories. The timing spectral density is numerically computed using M
noiserealizations of the timing °uctuation

1
>
I

A g, 1R - i
hi*t(f )j%i v ¢Te fenge 124 T (10)
j=1 k=1

with ¢ T = NTc the time span. The massiwe data sets are Fourier transformed using the FFTW libraries.?
The phasenoise spectrum reads

H 1112
L(f) = %“ hic*t (f )j?i ; (11)

and the timing jitter integrated in a frequencyrange of interest is determined from

S %
f

TC hig h
Yoc:t (flow;fhig h) = 21, 2L(f)d : (12)
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