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Second-order statistics of non-Gaussian fluctuations of coherent waves
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We show that the second-order statistics of speckle patterns of scalar waves, multiply scattered on
reAection by disordered media, may be non-Gaussian, even though the first-order statistics are Gaussian.
This occurs at intermediate sizes of the illuminated samples of the medium that are large enough to pro-
duce Gaussian first-order statistics of the scattered field but are small enough to break down the so-
called factorization approximation in directions of the incident and scattered wave vectors at which
there are enhanced long-range angular-correlation peaks. We propose joint probability distributions of
the scattered intensity that are given in terms of modified Bessel functions of the second kind.

Coherent effects associated with the multiple scattering
of classical waves in dense media' and by rough sur-
faces ' have been a subject of great interest in the last
few years. " ' An important property of the speckle
fluctuations is that they generally follow Gaussian first-
order statistics; namely, the real and imaginary parts of
the complex amplitude are Gaussian-distributed and un-
correlated, its modulus has a Rayleigh probability density
function (PDF), and its intensity has a negative exponen-
tial PDF. Conversely, it has been shown' ' that strong
disorder may cause this statistic to be non-Gaussian.
Also, small samples (namely, illuminated areas of the
medium with sides of a few wavelengths) have been
shown to produce, both in multiple scattering' and in
single scattering, ' ' speckle fluctuations with non-
Gaussian first-order statistics.

In this paper we address some properties connected to
the existence of long-range intensity correlations of the
second-order statistics of the speckle fluctuations of
reflected waves. These correlations have been hy-
pothesized and observed' for small illuminated sam-
ples of the medium, both in reflection and transmission;
in addition, the effect on them of time-reversal symmetry
has also been studied. ' Recently, we predicted
enhanced long range angu-lar correlation (ELRC-) peaks in
scattering from rough surfaces. These functions de-
scribe the degree of correlation between the successive
speckle patterns of the scattered wave, which result as
the direction of the incident wave vector varies. For
small samples that produce multiple scattering, due to
both this small size of the sample and the crossing of
scattering paths, there is a low number of independent
scatterers, hence these correlations can be interpreted in
terms of the failure of the so-called factorization approxi
mation and of the time-reversal symmetry that holds for
multiple scattering paths on reflection (see Ref. 25 for
more details). These peaks possess the very interesting

(5I(k;,kI)5I(k,', kI) )
C(k, ,kI, k,', kf ) = (I(k„kI)) (I(k,', kI)) '

of the waves reflected from small samples of the random
medium has two ELRC peaks, respectively, at

k; +kI =+(k'; +kI ) . (2)

In Eq. (1), 5I=I—(I) and ( . . ) denotes ensemble
average.

We shall next show that the joint probability density
function (JPDF)

P(I(k;, kf ),I(k,', kf ) )

property of being produced by the interference of multi-
ple scattering paths and their time-reversed counterparts,
thus consitituting an enhanced backscattering generaliza-
tion to higher statistical moments of the intensity (cf.
Refs. 8 —10, 25, and 26).

Specifically, we shall show that there are sizes of the il-
luminated samples of the random medium such that even
if they are sufficiently large to produce Gaussian first-
order statistics for the scattered field, these samples may
still be small enough so that their second- and higher-
order statistics are non-normal. We also state that this is
what breaks down the factorization approxirnati on, thus'
giving rise to the ELRC peaks.

We shall consider the speckle pattern at a direction of
observation characterized by the wave vector kf pro-
duced by scattering of a plane wave with wave vector k;,
incident on the random medium. We shall then address
another speckle pattern in the scattering direction kf due
to reflection of a second plane-wave incident with wave
vector k,'. .

It was shown in Ref. 25 that the intensity angular-
correlation function (IAC)
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is not jointly Gaussian for values of the wave vectors near
those satisfying Eq. (2). This is the origin of the failure of
the factorization approximation in these regions of the k
vectors and, hence, of the appearance of the ELRC
peaks.

We have made a numerical simulation of the multiple
scattering of an s polarized electromagnetic wave from a
one-dimensional random rough surface, of profile
z =D (x), separating the vacuum from a perfect conduc-
tor (hence, the surface being constant in the y direction).
The plane of incidence is the OXZ plane. The lack of a
third-dimension dependence is made in order to save
computation time, and since no depolarization effects will
be accounted for, it is not relevant. Also, the assumption
of a hard wall, or perfect conductor, renders a much less
difficult (numerically) problem than a penetrable medi-
um. "

Using the Monte Carlo procedure reported in Refs. 9
and 10, we generate random profiles with Gaussian statis-
tics, zero mean, rms height o. =1.9A, , and a Gaussian
correlation function of the random heights with correla-
tion distance T=3. 16K,. Each realization of the il-
luminated surface contains 300 sampling points and has a
length I.=31.6A, . This involves ten sampling points per
wavelength which is known to be accurate enough. '

Averages are made over 4000 realizations. In order to
get smoother results, we choose Gaussian beams of width
W=L cos8o/'4, propagating in the k; and k,' directions,
at angles 00 and 00 with the OZ axis, respectively. We
shall denote by L9 and 0' the scattering angles of kf and

kf with the OZ axis, respectively. In our notation,
0 Op and 0' = —00 represent backscattering direc-
tions. It should be emphasized that the first-order PDF
of the intensity scattered from these surface samples is a
negative exponential.

Figure l shows the JPDF: P(I(0,0 ); I(5, —5 )). At
these values of the arguments, which satisfy Eq. (2), the
IAC is enhanced and has a value approximately equal to
0.3. As I and I' approach zero, this function has values
larger than those corresponding to a negative exponen-
tial.

To better visualize the variation of the JPDF, we also

show the sections of two of these functions by the planes
I(80,8)=0 and I(8O, 8)=I(8o,8'). Figure 2 shows
P(I(8c, —80); I(8 c

—80)), for I(80, —8c)=0.06, 8c=0,
and 00=3 and 5, respectively. On the other hand, in
Fig. 3 the section: P(I(8O, —8O); I(8o, —8c)) for 8c=3
and 5, respectively, is displayed. As seen in these
figures, for small values of the arguments, the computed
JPDF has higher values than that corresponding to
Gaussian statistics. The physical meaning of the JPDF
given by Figs. 2 and 3 is a sparse speckle, namely, narrow
sharp peaks and broad dark areas.

In order to give the law followed by these functions, we
have made use of the K distributions. These probability
densities, which have been employed to describe the
first-order statistics of non-Gaussian speckle patterns, '

depend on the modified Bessel functions of the second
kind, K„&. They were introduced to characterize these
spiky speckle Auctuations within the framework of a ran-
dom walk with a finite number of steps, and read

P„(I)= Vn" + '(I /(I ) )" 'K„,[2&n (I/( I ) ) ] .
I n

(3)

In Eq. (3), n ~N, N being the number of independent
scatterers.

We propose a two-dimensional generalization of these
functions as the JPDF of the scattered intensity. Name-
ly, this distribution is given by
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FIG. 1. Joint probability density function P (I/( I );
I'/(I') ), I=I(0,0 ), and I'=I(50, —5O), for reflection from a
surface with T=3.16K, and cr = 1.9A, .

FICx. 2. (a) Section P(I/(I ) =0.06; I'/(I') ), I=I(0,0 ),
and I'=I(3, —3 ). T= 3. 16K, and cr = l.9k. Asterisks: numer-
ical calculation. Broken line: JPDF given by Eq. (4) with
n =2. Full line: JPDF corresponding to Gaussian statistics
[Eq. (9)]. (b) Same as (a) for I'= I(5, —5 ), n =3.
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J+I'S=
(r)(1—

lp, l') ' (5)

In Eq. (4), Io is the modified Bessel function of the first
kind and zero order, I=I(k, ,kf), and I'=I(k';, kf). .

(I ) = (I' ) . Also, s stands for

0.0

1.0
(b)

p being the angular complex coherence factor for the
complex amplitude A (k, , kf) of the scattered field.
Namely,

( A *(k;,kf ) A (k,', kf ) )
p(k;, kf,'k,', kf ) =

(&I(k„k,) ) &I(k,', k' ) &)'"

0.0
0 a

t/(t)

PIG. 3. (a) Section P(I/(I); I'/(I') =I(I ) ), I=I(0,0 ),
and I'=I(3, —3 ). T=3.16K, and o.=1.9A, . Asterisks: numeri-
cal calculation. Broken line: JPDF given by Eq. (4) with n =2.
Pull line: JPDP corresponding to Gaussian statistics [Eq. (9)].
(b) Same as (a) for I' =I(5,—5 ), n =3.

l'exp[i(k; —k';) r(]exp[ &'(kf kf) r ]

and their time-reversed counterparts, and also of terms

l A& l exp[i(k, . +kf ) r&]exp[ —i(k,'+kf ) r ] (8)

The index n should increase both with W (which limits
the number of independent scatterers) and with the in-
verse of the magnitude of the ELRC peaks. Since, how-
ever, these peaks are due to the interference between
terms of the form

XIC (2&ns )I
)

(4)

and their time-reversed counterparts, then n should in-

crease with the inverse of the degree of coherence v of
these terms. In a continuous approach, this degree of
coherence may be expressed as [cf. Eq. (6) of Ref. 25]

v(k, , kf, k';, kf)= J J dr dr (5I (r, r'))exp[i((k, . +kf)+(k,'. +kf)) ~ (r —r')] . (9)

In Eqs. (7) and (8), A& represents the complex ampli-
tude from the initial scattering point at r& to the terminal
scattering point at r [cf. Eqs. (2)—(8) of Ref. 25]. On
t ie other hand, these two points are represented by r and
r' in Eq. (9).

It should be observed that for k vectors out of an angu-
lar interval of width A, /8' centered at k; —k,

' =kf —kf,
the scattered field coherence factor p is zero; it should be
remarked in this connection that the memory effect is
then zero, and hence the Io factor of Eq. (4) becomes one.
[We briefiy recall that the memory effect, which
represents a deterministic relationship between the ampli-
tudes and phases of the incident wave and those of the
scattered wave, thus being manifested by a correlation be-
tween the resulting speckle patterns as the incident wave
vector varies, is given by the square modulus of p (Refs.
21 and 23).]

In the limit n ~ ~ the JPDF corresponding to
second-order Gaussian statistics [cf., e.g., Eq. (2.94) of
Ref. 28] is retrieved:

exp( —s) 2&rr'l pl
&r&'(1 —pl') '

&r&(1 —Ipl')
(10)

Due to the aforementioned dependence of the index n on
W and on the degree of coherence given by Eq. (9), this
limit is obtained either by increasing the size of the
scatterer, or by choosing the k vectors out of the ELRC
line shape, namely, in directions where the angular de-
gree of coherence v vanishes. Observe that, for both
choices of this limit, Eq. (10) holds in particular for an-
gles inside the memory effect line shape of the angular in-
tensity correlation, namely, for k vectors in proximity to
those satisfying k,. —k,'. =kf —kf. Our numerical calcula-
tions confirm these statements.

In Figs. 2 and 3 we show the fitting of two sections of
the JPDF with the distribution of Eq. (4) for n =2 and
n =3 in the cases Ho=3 and Oo=5 . As seen, there is
good agreement for low values of the arguments, al-
though at intermediate values of these intensities, the
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fitting is better for the sections of Fig. 2 than for those of
the example chosen in Fig. 3.

In summary, we have shown that there exists an inter-
mediate regime in the size of illuminated samples of a
random medium, such that the first-order statistics of the
reAected wave speckle pattern are Gaussian, but the
second-order statistics are not. This occurs at angles
where there is interference between time-reversed paths,

and it is in accordance with the existence of the ELRC
peaks. Our proposed EC-joint probability distributions
agree well with the numerical results.
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