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Abstract We make a frequentist analysis of the parame-
ter space of minimal supergravity (mSUGRA), in which, as
well as the gaugino and scalar soft supersymmetry-breaking
parameters being universal, there is a specific relation be-
tween the trilinear, bilinear and scalar supersymmetry-
breaking parameters, A0 = B0 + m0, and the gravitino mass
is fixed by m3/2 = m0. We also consider a more general
model, in which the gravitino mass constraint is relaxed (the
VCMSSM). We combine in the global likelihood function
the experimental constraints from low-energy electroweak
precision data, the anomalous magnetic moment of the
muon, the lightest Higgs boson mass Mh, B physics and
the astrophysical cold dark matter density, assuming that the
lightest supersymmetric particle (LSP) is a neutralino. In the
VCMSSM, we find a preference for values of m1/2 and m0

similar to those found previously in frequentist analyses of
the constrained MSSM (CMSSM) and a model with com-
mon non-universal Higgs masses (NUHM1). On the other
hand, in mSUGRA we find two preferred regions: one with
larger values of both m1/2 and m0 than in the VCMSSM, and
one with large m0 but small m1/2. We compare the probabil-
ities of the frequentist fits in mSUGRA, the VCMSSM, the
CMSSM and the NUHM1: the probability that mSUGRA
is consistent with the present data is significantly less than
in the other models. We also discuss the mSUGRA and
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VCMSSM predictions for sparticle masses and other ob-
servables, identifying potential signatures at the LHC and
elsewhere.

1 Introduction

One of the most favoured possible extensions of the Stan-
dard Model (SM) is supersymmetry (SUSY), which renders
natural the electroweak mass scale [1–3] and accommodates
grand unification of the particle interactions [4–7]. If R par-
ity is conserved it also provides a promising candidate for
astrophysical cold dark matter, which might be the lightest
neutralino, χ̃0

1 [8, 9], or the gravitino [8–18]. SUSY also
predicts the appearance of a relatively light Higgs boson
[19–28], and may provide a welcome correction to the SM
prediction for the anomalous magnetic moment of the muon,
(g − 2)μ [29–38].

However, even the minimal supersymmetric extension
of the SM, the MSSM [39], boasts over 100 free parame-
ters, mostly associated with the mechanism of soft SUSY-
breaking. Hence simplified scenarios with particular restric-
tions on the pattern of SUSY-breaking are often studied. One
example is the constrained MSSM (CMSSM) [40–63], in
which the soft SUSY-breaking gaugino masses m1/2, scalar
masses m0 and trilinear couplings A0 are each assumed to
be universal at the grand unification (GUT) scale, and tanβ
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is unconstrained. This leads to four effectively-free para-
meters, if the gravitino is assumed to be sufficiently heavy
and/or rare that its cosmological decays and its mass are ir-
relevant. Another possibility is to relax the universality con-
straint for common soft SUSY-breaking contributions to the
Higgs masses, yielding the NUHM1 [64–66] with five ef-
fective parameters in addition to the gravitino mass that is
assumed to be irrelevant.

Alternatively, additional assumptions may be imposed,
as in minimal supergravity (mSUGRA) [67–73], in which
there is a specific relation between the trilinear and bi-
linear soft SUSY-breaking parameters and the universal
scalar mass: A0 = B0 + m0, and the gravitino mass is set
equal to the common scalar mass before renormalization:
m3/2 = m0.1 Hence mSUGRA has just 3 free parameters,
namely m1/2,m0 and A0, and tanβ is now fixed by the ra-
diative electroweak symmetry breaking conditions [74–77].
Further, there is a restriction on m0 if the lightest supersym-
metric particle (LSP) is the lightest neutralino, χ̃0

1 , as we
assume here for the reasons discussed below. An interme-
diate scenario is the very constrained MSSM (VCMSSM),
in which again A0 = B0 + m0 but the gravitino mass is left
free, so there is no restriction on m0 [78, 79]. If m3/2 is suf-
ficiently large, and/or the gravitino abundance is sufficiently
low (as we will assume here), there are no related cosmo-
logical constraints, and the VCMSSM also has effectively 3
relevant free parameters, but they are less constrained than
in mSUGRA.

We have previously published frequentist analyses of the
CMSSM and NUHM1 parameter spaces [80–83],2 imple-
menting the experimental constraints from low-energy elec-
troweak precision data and the lightest Higgs boson mass
Mh as well as the lower limits from the direct searches
for SUSY particles at LEP, fitting the measured value of
the anomalous magnetic moment of the muon, (g − 2)μ,
B physics and the cosmological dark matter density, Ωχh2,
assuming that the LSP is the lightest neutralino, χ̃0

1 . In this
paper we extend these analyses to include the VCMSSM
and mSUGRA which have, as discussed above, one or two
additional constraints on the pattern of soft SUSY-breaking,
respectively. An early χ2 analysis in these scenarios can be
found in [63].

In the case of the VCMSSM, in which A0 = B0 +m0 but
the gravitino mass is free, we assume that the gravitino is
sufficiently heavy or rare that the dark matter is composed
of neutralinos and the cosmological effects of its decays are
unimportant. Under these assumptions, as we show below,
imposing the neutralino dark matter constraint does not in-
crease substantially the χ2 of the global minimum, which is
∼1.2 higher than in the CMSSM, but we find 68 and 95%

1See, for example, remark (b) following (16) of [70].
2See: http://cern.ch/mastercode.

confidence-level (CL) ranges of m1/2 and m0 that are more
restrictive than those found previously in our analyses of the
CMSSM and the NUHM1.

However, the preferred part of the VCMSSM parameter
space has mχ̃0

1
> m0, which within mSUGRA would im-

ply that m3/2 = m0 < mχ̃0
1
, so that the lightest neutralino

would be unstable, and the dark matter would be composed
of gravitinos. In such a case, the usual calculation of the neu-
tralino dark matter density Ωχh2 would be inapplicable, and
one should, instead, consider the constraints on the decays
of long-lived neutralinos or other sparticles into gravitinos
that are imposed by the cosmological abundances of light
elements [16–18, 84–89]. In fact, these constraints are suffi-
ciently strong to exclude, within mSUGRA and assuming a
standard cosmological evolution, the otherwise preferred re-
gions of parameter space with m0 = m3/2 < mχ̃0

1
and hence

gravitino dark matter [84].3 Thus, the surviving region of
the mSUGRA parameter space has m3/2 = m0 > mχ̃0

1
, cor-

responding to neutralino dark matter.
We find within the mSUGRA model two distinct regions

with local minima of the χ2 function, each of which is sig-
nificantly worse than in the VCMSSM, namely �χ2 ∼ 7 or
11 with 19 dof, corresponding to a goodness-of-fit of just
6.0% (or 2.3%) in the mSUGRA hypothesis. This may be
contrasted with the cases of the CMSSM and the NUHM1
studied in [80–83], where the best-fit parameters are con-
sistent with the current experimental constraints at the level
of 32% (31%) fit probability, and with the VCMSSM case
(20 dof, 31% fit probability). One of the regions preferred in
mSUGRA has larger values of both m1/2 and m0 than in the
VCMSSM, CMSSM and NUHM1, and the other has larger
m0 but small m1/2.

2 Notations

Before describing our analyses of the VCMSSM and
mSUGRA in more detail, we first specify our notations,
since different conventions for the MSSM superpoten-
tial couplings and the trilinear and bilinear soft SUSY-
breaking terms are used elsewhere in the literature, includ-
ing in [80]. Our conventions here follow those specified,
e.g., in [91], according to which the superpotential includes
the terms

W � YeεH1LEc + YdεH1QDc

+ YuεH2QUc + μεH1H2, (1)

3See [90] for possible effects of non-standard cosmological histories
that might invalidate these arguments against the gravitino LSP sce-
nario.
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where the Yi are Yukawa couplings, ε is the antisym-
metric 2 × 2 tensor with ε12 = +1, H1,2,L,Ec,Q,Dc

and Uc are superfields, and μ is the Higgs supermultiplet
mixing parameter. The corresponding trilinear and bilin-
ear SUSY-breaking terms in the effective Lagrangian are:

L � −(
AtYtεh2qtc + · · · ) − μBεh1h2, (2)

where the lower-case letters denote the scalar components
of the corresponding superfields. Within this convention,
sin 2β = −2Bμ/(m2

1 + m2
2 + 2μ2) at the tree level, where

m1,2 is the soft SUSY-breaking mass of H1,2, the left-right
mixing term in the stop mixing matrix is m2

LR = −mt(At +
μ cotβ), and the one-loop renormalization of the trilinear
coefficient has the form dAt/dt � − 16

3 g2
3M3 + 6Y 2

t At +· · ·
(where M3 denotes the soft SUSY-breaking parameter in the
gluino sector, and At is the trilinear Higgs-stop coupling).
These choices unambiguously determine the sign conven-
tions for A and B .

Within this convention, A0 = B0 + m0 before renormal-
ization in mSUGRA with its minimal (flat) Kähler poten-
tial.4 Additionally, as already mentioned, the choice of a
minimal Kähler potential also imposes the condition m3/2 =
m0 on the gravitino mass before renormalization, so that
mSUGRA has just three independent parameters.

3 Details of the evaluation

Our analysis has been performed using the Master-
Code [80–83].5 We sample the VCMSSM and mSUGRA
parameter spaces using a Markov Chain Monte Carlo
(MCMC) technique similar to that used in our previous
analyses of the CMSSM and NUHM1 [80–83]. We evalu-
ate the global likelihood using a χ2 function constructed by
combining the likelihoods for the experimental constraints
from electroweak precision data, the anomalous magnetic
moment of the muon, (g − 2)μ, B physics, the astrophys-
ical cold dark matter density, Ωχh2, and searches for the
lightest Higgs boson and supersymmetric particles, in ex-
actly the same way as described previously [80–82]. The
most significant change in our numerical treatments of these
observables since [82] is in (g − 2)μ, for which we use the
estimate aSUSY

μ = (28.7 ± 8.0) × 10−10 [38].
The numerical evaluation within the MasterCode

combines the following theoretical codes. For the RGE
running of the soft SUSY-breaking parameters, it uses

4Note that many of the publicly available packages such as Soft-
SUSY [92] use the opposite sign convention, as may be ascertained
by comparing the signs of the gauge and Yukawa contributions to
the RGEs of the A parameters. In the notation of these codes, the
mSUGRA boundary condition would be A0 = B0 − m0.
5See footnote 2.

SoftSUSY [92], which is combined consistently with the
codes used for the low-energy observables: FeynHiggs
[28, 93–95] is used for the evaluation of the Higgs masses
and aSUSY

μ (see also [96–99]). For flavour-related observ-
ables we use SuFla [100, 101] and SuperIso [102, 103],
and for the electroweak precision data we have included a
code based on [104, 105]. Finally, for dark-matter-related
observables, we use MicrOMEGAs [106–108] and Dark-
SUSY [109, 110]. We make extensive use of the SUSY Les
Houches Accord [111, 112] in the combination of the vari-
ous codes within the MasterCode.

Our MCMC sampling of the VCMSSM parameter space
comprises some 30,000,000 points. The neutralino CDM
constraint on Ωχh2 [113] and the Higgs mass constraint
[114, 115] were applied after the sampling, allowing the
effects of these two constraints to be studied separately.
In the case of mSUGRA, about 17,000,000 of the MCMC
points from the VCMSSM sample survive the mSUGRA
constraint m0 = m3/2 > mχ̃0

1
, and we again applied the neu-

tralino CDM constraint on Ωχh2 and the Higgs mass con-
straint a posteriori.

4 Analysis of parameter planes

We start our analysis with the results in the (m0,m1/2)

planes. Figure 1 displays the global likelihood functions in
the VCMSSM (left panels) and mSUGRA (right panels). In
each case, the upper panel shows results before the Ωχh2

constraint is applied, and the lower panel displays the effects
of imposing the Ωχh2 constraint.6 In all panels, we display
the points with the minimal values of χ2 (green stars) as
well as the 68 and 95% CL contours (red and blue), corre-
sponding to �χ2 = 2.28 and 5.99. Other contours of �χ2

are indicated in shades of grey.
In the upper left panel for the VCMSSM before apply-

ing the Ωχh2 constraint, the triangular region at small m0

and large m1/2 is excluded because there the LSP would be
charged, and a band extending to large m0 at low m1/2 is
excluded by the LEP Higgs constraint. The best-fit point is
at (m0,m1/2) = (30,310) GeV, the 68 and 95% CL con-
tours enclose regions of the (m0,m1/2) planes that are simi-
lar to those favoured in the CMSSM and NUHM1 [81, 82],
and there are no preferred points in the focus-point region at
large m0. Specifically, we find that the focus-point region at
large m0 ∼ 2000 GeV with m1/2 ∼ 200 GeV is subject to a
penalty of �χ2 ∼ 10.

6We recall that the constraints due to the late decays of massive
metastable particles [84] are taken into account implicitly as described
above, i.e., in the VCMSSM by assuming that the gravitino mass is
high and/or its primordial density is low, and by accepting that the de-
cay constraints are so severe in mSUGRA as to forbid m3/2 = m0 <

mχ̃0
1

in that case.
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In the upper right panel for mSUGRA without the Ωχh2

constraint, we see a similar pattern, but with a larger ex-
cluded triangular region at large m1/2 and small m0, as the
allowed part of the (m0,m1/2) plane is now restricted to the
region where m3/2 = m0 > mχ̃0

1
∼ 0.4m1/2. Since the best-

fit VCMSSM point seen in the upper left panel of Fig. 1
lies in the region that is disallowed in mSUGRA, there is
a new mSUGRA best-fit point on the boundary of the al-
lowed region, with (m0,m1/2) = (110,280) GeV. The min-
imum value of χ2 is higher than in the VCMSSM model by
∼1.5, and the �χ2 values in other regions of the (m0,m1/2)

plane are correspondingly reduced, leading to the emergence
of ‘archipelago’ of points at (m0,m1/2) ∼ (700,1000) GeV
that are now allowed at the 95% CL. The fact that the
mSUGRA best-fit point lies on the boundary of the allowed
parameter space indicates that the restrictions in this model
are disfavoured by current experimental data.

We recall that it was shown in [81] that in the CMSSM
the Ωχh2 constraint [113] has a relatively modest impact
on the preferred ranges in the (m0,m1/2) plane. However,

imposing the Ωχh2 constraint has a dramatic effect on the
VCMSSM fit, as we see in the lower left panel of Fig. 1.
The region allowed at the 95% CL is reduced to a narrow
‘WMAP strip’ terminating at (m0,m1/2) ∼ (250,700) GeV.
We recall that similar WMAP coannihilation strips appear
in the CMSSM for fixed values of tanβ and A0, but move
across the (m0,m1/2) plane as tanβ and A0 are varied,
which was why the WMAP strip structure was invisible in
the global likelihood fit to the CMSSM [81]. On the other
hand, we recall that, in the VCMSSM, tanβ is fixed as a
function of m0,m1/2 and A0, and the dependence on A0 is
not very strong. As a result of the loss of the freedom to
vary tanβ independently, the WMAP strip structure is res-
urrected in the VCMSSM.

The best-fit point in the VCMSSM with the Ωχh2

constraint has (m0,m1/2,A0) ∼ (60,300,30) GeV and
tanβ ∼ 9. However, as in the previous CMSSM and NUHM1
cases, rather larger values of m1/2, and hence mχ̃0

1
,mg̃ and

other sparticle masses, are allowed at the 95% CL. This
VCMSSM fit has a very good value of χ2/dof = 22.5/20

Fig. 1 (Color online) The (m0,m1/2) planes in the VCMSSM (left
panels) and mSUGRA (right panels), without (upper) and with (lower
panels) the Ωχh2 constraint [113], showing in each case the best-fit

points (green stars) and the 68 and 95% CL contours (red and black,
respectively). The open green star in the lower right panel denotes the
secondary minimum discussed in the text
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(31% probability), similar to the χ2 before applying the
Ωχh2 constraint, demonstrating that there is no significant
tension between this and other constraints. The increase in
χ2 due to inclusion of the LEP Mh constraint [114, 115]
is ∼1.1, demonstrating that there is also no significant ten-
sion between the Mh and other constraints. Moreover, the
fact that the fit probability in the VCMSSM is about the
same as the value of 32% (χ2 = 21.3/19 dof) found in the
CMSSM indicates that applying the extra VCMSSM con-
straint A0 = B0 + m0 is certainly not a source of significant
tension in the fit.

We note that there is no focus-point region visible in the
VCMSSM when the Ωχh2 constraint is applied, since it is
not compatible with the tanβ constraint imposed by the ini-
tial conditions. On the other hand, there is a very narrow
strip at m1/2 ∼ 130 GeV extending to large m0, where the
relic density is brought into the WMAP range by rapid an-
nihilation through the direct-channel light Higgs pole. How-
ever, this strip has �χ2 ≥ 9.

Turning finally to the lower right panel of Fig. 1 for
mSUGRA with the Ωχh2 constraint applied, we see an evo-
lution of the picture. Much of the VCMSSM ‘WMAP strip’

has disappeared, as only a vestige of it has mχ̃0
1

< m0 =
m3/2. Since the minimum value of χ2 in the VCMSSM was
located in the forbidden region with mχ̃0

1
> m0 = m3/2, the

minimum value of χ2 in the mSUGRA region is signifi-
cantly higher, specifically χ2 ∼ 29, a price �χ2 ∼ 7. The
best mSUGRA fit is again on the boundary of the allowed
region. Moreover, as indicated by the open green star in the
lower right panel of Fig. 1, a second local minimum with
χ2 ∼ 33 (which is therefore allowed at the 95% CL) can
be found along the light Higgs rapid-annihilation strip with
m1/2 ∼ 130 GeV and 900 GeV � m0 � 2500 GeV. Along
this strip, the χ2 function is relatively insensitive to m0,
thanks to approximate compensation between the contribu-
tions from BR(b → sγ ), (g−2)μ and the forward-backward
asymmetry of b quarks measured at LEP, decreasing slightly
as m0 increases up to m0 � 2100 GeV.

Figure 2 displays the (tanβ,m1/2) planes in the
VCMSSM (left) and mSUGRA (right, where the cut
mχ̃0

1
< m0 was applied), both without (upper) and with

(lower) the Ωχh2 constraint. In the upper left panel, we see
that a range of tanβ ∼ 6 to 12—similar to that favoured in

Fig. 2 The (tanβ,m1/2) planes in the VCMSSM (left) and mSUGRA (right), without (upper) and with (lower panels) the Ωχh2 constraint [113],
showing in each case the best-fit points and the 68 and 95% CL contours
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Fig. 3 The (m0, tanβ) planes in the VCMSSM (left) and mSUGRA (right), without (upper) and with (lower panels) the Ωχh2 constraint [113],
showing in each case the best-fit points and the 68 and 95% CL contours

the CMSSM and NUHM1—is preferred in the VCMSSM
at the 68% CL, but with a best-fit value tanβ ∼ 9 that is
rather smaller. A range of slightly larger tanβ ∼ 6 to 13 is
allowed in mSUGRA at the 68% CL, with a best-fit value
of tanβ ∼ 8 before imposing the Ωχh2 constraint. The 95%
CL ranges of tanβ extend to ∼30,35 in the VCMSSM and
mSUGRA, respectively. When the Ωχh2 constraint is im-
posed on the VCMSSM (lower left), the ranges of tanβ

favoured at the 68 and 95% CL are little changed, with
tanβ ∼ 9 at the best-fit point. We again see at higher �χ2

the rapid-annihilation Higgs funnel at m1/2 ∼ 130 GeV, sep-
arated from the favoured coannihilation region. However,
when the Ωχh2 constraint is imposed on mSUGRA (lower
right), the coannihilation region shrinks to a vestigial re-
gion with tanβ ∼ 30 and relatively high χ2, as previously
remarked, and the other minimum along the light Higgs fun-
nel has �χ2 ∼ 4 and tanβ ∼ 5 to 14, and also contains an
area allowed at the 95% CL.

Figure 3 displays the corresponding (m0, tanβ) planes in
the VCMSSM (left) and mSUGRA (right). In the absence of
the Ωχh2 constraint (upper panels), we see regions allowed
at the 95% CL that are restricted to m0 ∼ 300 GeV in the

VCMSSM case (left) and ∼500 GeV (∼1000 GeV includ-
ing the ‘archipelago’) in the mSUGRA model (right), the
larger range being expected from the restriction m0 > mχ̃0

1
.

Imposing the Ωχh2 constraint on the VCMSSM (lower left),
we find a band at low m0 that can be identified with the
WMAP-compatible coannihilation strip in the correspond-
ing panel of Fig. 1. Turning to the case of mSUGRA with
the Ωχh2 constraint (lower right), only a vestige of the low-
m0 band remains at relatively large tanβ , and the χ2 in this
region is ∼4 smaller than in the rapid-annihilation region at
larger m0 and smaller tanβ values.7

Finally, Fig. 4 displays the (A0/m0, tanβ) planes for the
VCMSSM (left) and mSUGRA (right). In the VCMSSM,
a wide range of values extending from A0/m0 ∼ +2 down
to ∼ −3 (corresponding to the case of very small m0) lies

7Because the rapid-annihilation region is very narrow in m1/2, and
quite broad in m0 and A0, it is difficult to sample fully using the
MCMC approach, even with the high statistics of our full sample.
Moreover, the MCMC approach samples the input variables m1/2,m0
and A0, contributing also to the uneven sampling in the derived quan-
tity tanβ seen in the lower panels of Fig. 3.
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Fig. 4 The (A0/m0, tanβ) planes in the VCMSSM (left) and mSUGRA (right), without (upper) and with (lower panels) the Ωχh2 con-
straint [113], showing the best-fit points and the 68 and 95% CL contours in each case

within the 95% CL contour, whereas in mSUGRA only pos-
itive values are favoured at the 95% CL before the Ωχh2

constraint is applied. On the other hand, when it is applied,
large negative values of A0/m0 are disfavoured also in the
VCMSSM, and values of A0/m0 ∼ 2 with tanβ ∼ 30 are al-
lowed at the 95% CL. Two distinct populations of preferred
points are apparent in mSUGRA when the Ωχh2 constraint
is applied. There is a vestigial coannihilation region with
A0/m0 ∼ 2 and tanβ ∼ 28, and the rapid-annihilation fun-
nel region has A0/m0 ∼ 0.4 and tanβ ∼ 7.

We recall that the simplest Polonyi model of SUSY
breaking [67] predicts that |A0/m0| = 3 − √

3, a possibil-
ity that is quite consistent with the VCMSSM both before
and after applying the Ωχh2 constraint (left panels), but only
marginally consistent with the 95% CL region of mSUGRA.

5 Comparison of likelihood analyses

We gather in Table 1 some important aspects of the best-fit
points in mSUGRA, the VCMSSM, the CMSSM and the
NUHM1 (the latter being adapted from [81, 82], with the

inclusion of the updated values of (g − 2)μ and mt : we
find that the values of the different parameters at the best
fit points in the CMSSM and the NUHM1, as well as the fit
probabilities, remain essentially unchanged with respect to
the analysis in [81, 82]). In the case of mSUGRA, we list the
properties of two local minima of the χ2 function: one is in
the coannihilation region and one in the light Higgs rapid-
annihilation funnel with �χ2 ∼ 4, as discussed earlier. We
see in the first column that the mSUGRA fits have substan-
tially higher χ2 than the other models, which is reflected in
the second column by a significantly lower probability. The
CMSSM and NUHM1 gave comparable fit probabilities of
32 (31)% and the VCMSSM fit has a probability of 31%,
while mSUGRA, with a probability of 6.0% in the coanni-
hilation region and 2.3% in the light Higgs funnel region,
provides a worse description of the data considered in this
analysis. As a result, the mSUGRA scenario is somewhat
disfavoured compared to the other SUSY scenarios we con-
sider. The source of tension in mSUGRA is seen by com-
paring the third and fourth columns. The best VCMSSM
fit has very similar values of m1/2 and m0 to those in the
CMSSM, and in both cases m0 � m1/2. The conflict be-
tween this preference and the cosmological requirement on
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Table 1 Comparison of the best fits found in this paper within the
mSUGRA and VCMSSM frameworks with previous results [81, 82]
in the CMSSM and NUHM1 frameworks. In addition to the minimum
value of χ2 in each scenario, we include the values of m1/2,m0,A0
and tanβ at all the best-fit points, as well as Mh (for the latter the direct

bounds from LEP and the Tevatron are not included). All masses are in
GeV units. We list two very different mSUGRA fit results with similar
χ2 values: the first is in the coannihilation region, and the second is in
the light Higgs funnel region. Note that we use here the convention for
A0 described in the text, which differs from that in [80]

Model Minimum χ2 Probability m1/2 m0 A0 tanβ Mh (no LEP)

mSUGRA 29.4 6.0% 550 230 430 28 107.7

33.2 2.3% 130 2110 980 7 116.9

VCMSSM 22.5 31% 300 60 30 9 109.3

CMSSM 21.3 32% 320 60 −160 11 107.9

NUHM1 19.3 31% 260 100 1010 8 119.5

mSUGRA that m3/2 = m0 > mχ̃0
1

leads to a best fit in the
coannihilation region with larger values of m1/2 and tanβ

as well as a larger value of m0, and the other local mini-
mum with small m1/2 and much larger m0.8 As seen in the
sixth column, the values of tanβ favoured in the VCMSSM,
CMSSM and NUHM1 are much smaller than that favoured
at the best-fit point of mSUGRA in the coannihilation re-
gion. The last column shows the best-fit values of Mh, not
taking into account the LEP and Tevatron limits. It can be
seen that the best-fit values of Mh in mSUGRA in the coan-
nihilation region, the VCMSSM and the CMSSM are sim-
ilar, and somewhat below the LEP lower limit, leading to
increases in χ2 of 3.9 (1.1) (1.4) when the LEP constraint
is applied. On the other hand, we find rather higher best-fit
values of Mh in the NUHM1 and mSUGRA in the funnel
region. Finally, we note that the largest variations between
the different models occur for A0 (fifth column), reflecting
the relative insensitivity of our fits to this parameter.

In Fig. 5 we display the spectra in the VCMSSM (top)
and mSUGRA (middle and bottom) with the Ωχh2 con-
straint applied, complementing the CMSSM and NUHM1
spectra shown in Fig. 3 of [82]. In the case of the VCMSSM,
the spectrum is qualitatively similar to those in the CMSSM
and NUHM1 [81, 82]. The two mSUGRA spectra are in the
coannihilation (middle) and funnel region (bottom), reflect-
ing the coexistence of two qualitatively different (near-)best-
fit points with relatively similar χ2. The spectra in these re-
gions are significantly different from each other and from
the VCMSSM, CMSSM and NUHM1. This is because the
coannihilation region has m1/2 significantly larger than in
the other models, whereas the funnel region has a signifi-
cantly smaller and very well-defined value of m1/2 and rel-

8On the other hand, the best NUHM1 fit has a value of m1/2 similar
to those in the VCMSSM and CMSSM but a somewhat larger value
of m0, which is possible because an acceptable value of Ωχh2 may be
found along a funnel in the (m0,m1/2) plane at lower values of tanβ ,
due to χ̃0

1 χ̃0
1 annihilation through direct-channel H,A poles. This op-

tion is not available in the CMSSM except at large tanβ and m1/2, and
it is absent completely in mSUGRA.

atively large values of m0. This bimodality affects directly
the preferred values of mχ̃0

1
and mg̃ , and affects the other

sparticle masses via renormalization effects. These spectra
show that the coloured particles are within the reach of the
LHC for the VCMSSM and mSUGRA in the coannihiliation
region, whereas more integrated luminosity would be nec-
essary for mSUGRA in the funnel region (except for gluino
production). In each scenario some SUSY particles should
be accessible at an e+e− collider, even with a center-of-mass
energy as low as 500 GeV.

We display in Fig. 6 the one-dimensional χ2 likelihood
functions for (top panels) mg̃ and mχ̃0

1
, (middle panels) the

mass differences mq̃R
− mg̃ and mτ̃1 − mχ̃0

1
, and (bottom

panels) BR(Bs → μ+μ−) and σ SI
p , the spin-independent

neutralino scattering cross section. The NUHM1 curves are
shown as purple dotted lines, the CMSSM curves as green
dash-dotted lines, the VCMSSM curves as red dashed lines,
and the mSUGRA curves as blue solid lines. In each plot, we
display the �χ2 contribution of each model relative to the
best-fit point in that model. Thus the secondary minimum
of the χ2 function for mSUGRA has the appropriate �χ2

relative to the absolute minimum in that model.
We see that the likelihood functions for mg̃ and mχ̃0

1
in the VCMSSM are similar to those in the CMSSM and
NUHM1 [81, 82], with the most likely range of mg̃ ∼ 700
to 800 GeV and mχ̃0

1
∼ 120 GeV. The corresponding likeli-

hood functions in mSUGRA, on the other hand, are very dif-
ferent, reflecting once more the bimodality in m1/2 and m0.
In the VCMSSM, as in the CMSSM and NUHM1, the pre-
ferred range of mg̃ (top left panel) suggests that there may
be good prospects for observing first hints of SUSY at the
LHC in 2011/2012, although values of mg̃ > 2000 GeV
are permitted in the NUHM1 with �χ2 ∼ 5. In the rapid-
annihilation strip of mSUGRA, mg̃ ∼ 400 GeV and mχ̃0

1
∼

55 GeV, putting the discovery of the gluino at the LHC
within the reach of the LHC in 2011/2012, and making
mg̃ potentially a powerful diagnostic tool for mSUGRA.
However, discovery of the gluino would be delayed in the
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Fig. 5 Spectra in the VCMSSM
(top), and mSUGRA in the
coannihilation region (middle)
and the funnel region (bottom),
implementing all the constraints
including that on Ωχh2. The
horizontal solid lines indicate
the best-fit values, the vertical
solid lines are the 68% CL
ranges, and the vertical dashed
lines are the 95% CL ranges for
the indicated mass parameters

(more probable, but still disfavoured scenario compared to
VCMSSM, CMSSM and NUHM1) coannihilation region of
mSUGRA, where the best fit has a gluino mass around 1200
to 1400 GeV.

The bimodality of the mSUGRA likelihood function is
reflected again in the predictions for mq̃R

−mg̃ (middle left)
and mτ̃1 − mχ̃0

1
(middle right) in Fig. 6. The two differ-

ent mSUGRA minima yield different signs for mq̃R
− mg̃ ,

whereas mg̃ > mq̃R
is favoured in the VCMSSM, as was

shown previously to be favoured in the CMSSM [81, 82],

and to a rather lesser extent in the NUHM1 [81, 82]. Thus,
the sign and magnitude of mq̃R

−mg̃ are potential diagnostic
tools for discriminating between different models.9 We note
also the different predictions for mτ̃1 − mχ̃0

1
: the VCMSSM

9We recall that dijet + missing energy events due to the decay chain
g̃ → q̃R + q̄, q̃R → q + χ̃0

1 are in general favoured when mq̃R
< mg̃ ,

whereas there are expected to be a larger fraction of four-jet + missing
energy events when mq̃R

> mg̃ , and different decay chains occur via
q̃L, t̃1,2 and b̃1,2.
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Fig. 6 (Color online) The likelihood functions for (top) mg̃ and mχ̃0
1

,

(middle) mq̃R
− mg̃ and mτ̃1 − mχ̃0

1
, and (bottom) BR(Bs → μ+μ−)

(normalized to the SM estimate) and σ SI
p . In each case, we compare the

predictions in mSUGRA (blue solid line), the VCMSSM (red dashed
line), the CMSSM (green dash-dotted line) and the NUHM1 (purple
dotted line)

predicts a very small mass difference, as was shown previ-

ously in the CMSSM, and so does mSUGRA in the coan-

nihilation region. However, in the rapid-annihilation region

mSUGRA predicts mass differences that may be large, as

was previously shown to be possible (to a lesser extent) in

the NUHM1 [82]. Thus discovery of a light gluino at the

LHC and/or a light neutralino LSP would not necessarily

imply that the lightest slepton would have a mass close to

that of the LSP, and the lighter stau could be too heavy for

an e+e− collider with
√

s = 1 TeV. However, in this sce-
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Fig. 7 (Color online) The χ2 functions for Mh in the VCMSSM
(left) and mSUGRA (right), including the theoretical uncertainties
(red bands), as well as the SM prediction for Mh based on a pre-
cision electroweak fit (blue band). Also shown is the mass range
for a SM-like Higgs boson excluded by LEP (yellow shading), and

the mass range that is theoretically inaccessible in TeV-scale SUSY
(beige shading). Note in right panel the secondary minimum at
Mh = 121.1 GeV,�χ2 = 3.9 and the accompanying narrow hori-
zontal red band

nario the whole chargino and neutralino spectrum would
be accessible at an e+e− collider with

√
s = 1 TeV, see

Fig. 5.
We see in the bottom left panel of Fig. 6 that in the

VCMSSM a value of BR(Bs → μ+μ−) slightly lower than
the SM value is favoured, although larger values cannot be
excluded. On the other hand, in mSUGRA in the coanni-
hilation region, with its relatively large values of tanβ , we
find a preferred value of BR(Bs → μ+μ−) that is slightly
larger than in the SM, whereas a range around the SM level
is favoured in the light Higgs funnel region. As already seen
in [82], the minimum of χ2 in the NUHM1 is at a some-
what higher value of BR(Bs → μ+μ−) than in the SM,
whereas the best-fit value in the CMSSM is again slightly
smaller, albeit with considerable uncertainty. The values be-
low the SM prediction arise from chargino-induced Zbs

penguin diagrams, that yield analogous but smaller reduc-
tions in BR(K → πνν̄). However, the SM prediction has an
uncertainty of about 10%, and O(100) Bs → μ+μ− decays
would be needed to match this error, so the differences be-
tween the mSUGRA, VCMSSM and best-fit CMSSM pre-
dictions are probably unobservable.

Turning to the likelihood functions for σ SI
p in the bot-

tom right panel of Fig. 6 (calculated assuming a π -N scat-
tering σ term ΣN = 64 MeV: see, e.g., [116] for a discus-
sion of the implications of modifying this assumption) we
see that a range between 10−45 and 10−44 cm2 is favoured
in the VCMSSM, whereas in mSUGRA a range between
2 × 10−46 cm2 and 5 × 10−45 cm2 is favoured.

Finally, in Fig. 7 we display the one-dimensional χ2

likelihood functions for Mh in the VCMSSM (left) and
mSUGRA (right), not including the direct limits from LEP
and the Tevatron.10 For each model we display the like-

10See [80–82] for the corresponding plots in the CMSSM and
NUHM1.

lihood functions, including the theoretical uncertainties
(red bands), which we take to be 1.5 GeV in all models.
For comparison, we also show the mass range excluded
for a SM-like Higgs boson (yellow shading) obtained at
LEP [114, 115]. This limit is valid since the VCMSSM and
mSUGRA are sub-spaces of the more general CMSSM pa-
rameter space, where the LEP limits have been shown to be
valid [117, 118]. Values somewhat below the LEP exclu-
sion are favoured in the coannihilation region of mSUGRA,
in the VCMSSM and the CMSSM, entailing χ2 prices of
3.9 (1.1) (1.4), as discussed previously. In the mSUGRA
coannihilation case, the global minimum of χ2 found when
the LEP constraint is disregarded is in an isolated region at
low (m0,m1/2). When the LEP Higgs constraint is applied,
this region is strongly disfavoured, and the global minimum
moves to the green star shown in Fig. 1, located at much
larger (m0,m1/2) and with �χ2 = 3.9. This other mini-
mum is reflected in the blue point at Mh = 121.1 GeV with
�χ2 = 3.9 and the corresponding horizontal red line visi-
ble at the top of the right panel in Fig. 7. Comparably large
values of Mh ∼ 117, 120 GeV are favoured in the funnel re-
gion of mSUGRA and in the NUHM1, so these models are
naturally consistent with the LEP bound on a SM-like Higgs
boson.

6 Conclusions

We have completed in this paper the frequentist analysis
of a nested sequence of variants of the MSSM: NUHM1 �
CMSSM � VCMSSM � mSUGRA, discussing in each case
the best-fit point, the minimum χ2/dof, the 68 and 95% CL
regions and aspects of the favoured ranges of particle masses
and other observables. We found previously that the restric-
tion from the NUHM1 to the CMSSM does not change
drastically the position of the best-fit point or the favoured
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ranges of parameters and observables. This reflects the fact
that the present data do not constrain significantly the heav-
ier Higgs bosons of the MSSM, and so there is no significant
tension in the CMSSM fit arising from that sector. Likewise,
we found in the present paper that the restriction from the
CMSSM to the VCMSSM does not have a large impact on
the position of the best-fit point or on the favoured ranges.
This reflects the fact that the present data also do not con-
strain significantly the trilinear soft SUSY-breaking parame-
ter A0, and so there is no significant χ2 price to be paid when
setting A0 = B0 + m0 as in the VCMSSM. Fits in all three
of the NUHM1, CMSSM and VCMSSM frameworks have
good absolute probabilities in our frequentist analyses.

On the other hand, in mSUGRA two almost equally good
best-fit points coexist, with rather different MSSM para-
meter values, significantly higher values of χ2 and lower
absolute probability, somewhat disfavouring this scenario.
This reflects the fact that the neutralino LSP constraint
mχ̃0

1
< m3/2 excludes the best fit found in the VCMSSM

and forces instead either rather larger values of m0,m1/2

and tanβ or points along the narrow light Higgs rapid-
annihilation funnel with small m1/2 but large m0.

In each of the NUHM1, CMSSM and VCMSSM there is
a significant chance of observing first hints of SUSY in the
2011/2012 run of the LHC, whereas this may be more prob-
lematic in mSUGRA, depending on whether its parameters
lie in the rapid-annihilation funnel or in the higher-mass
coannihilation region. Correspondingly, early hints of SUSY
at the LHC in this first run might further favour the NUHM1,
CMSSM and VCMSSM frameworks over the higher-mass
mSUGRA option in the coannihilation region. In the rapid-
annihilation funnel region of mSUGRA one would expect
abundant production of gluinos, whereas the first appear-
ances of squarks, having masses in excess of 1 TeV, would
only happen at a somewhat later stage. If no sign of SUSY
particles shows up in the early LHC run, in particular if
the integrated luminosity (and energy) goes significantly be-
yond the currently foreseen 1/fb at 7 TeV, the scenarios pre-
dicting a relatively low SUSY scale could soon come under
pressure. At the time of writing, the ATLAS and CMS col-
laborations are each examining some 35/pb of analysable
data.
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Note Added in Proof Since the submission of this paper, the first re-
sults of searches for supersymmetry have been published by the CMS
and ATLAS Collaborations [119, 120]. These change somewhat the pa-
rameters of the best-fit points and the 68% and 95% CL regions in the
models studied here, but do not disfavour any of them strongly [121].
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