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Instituto Mediterráneo de Estudios Avanzados (IMEDEA), E-07071 Palma de Mallorca, Spain

Angelo Vulpiani
Dipartimento di Fisica, Universita` di Roma ‘‘La Sapienza,’’ P.le A. Moro 2, I-00185, Roma, Italy
and Istituto Nazionale Fisica della Materia, Unita` di Roma 1, P.le A. Moro 2, I-00185, Roma, Italy

Enrico Zambianchi
Istituto di Meteorologia e Oceanografia, Istituto Universitario Navale, Via Acton 38, I-80133 Napoli, Italy

~Received 14 August 2000; accepted 19 March 2001; published 18 May 2001!

A discrete-time model of reacting evolving fields, transported by a bidimensional chaotic fluid flow,
is studied. Our approach is based on the use of a Lagrangian scheme wherefluid particles are
advected by a two-dimensional symplectic map possibly yielding Lagrangian chaos. Eachfluid
particle carries concentrations of active substances which evolve according to its own reaction
dynamics. This evolution is also modeled in terms of maps. Motivated by the question, of relevance
in marine ecology, of how a localized distribution of nutrients or preys affects the spatial structure
of predators transported by a fluid flow, we study a specific model in which the population dynamics
is given by a logistic map with space-dependent coefficient, and advection is given by the standard
map. Fractal and random patterns in the Eulerian spatial concentration of predators are obtained
under different conditions. Exploiting the analogies of this coupled-map~advection plus reaction!
system with a random map, some features of these patterns are discussed. ©2001 American
Institute of Physics.@DOI: 10.1063/1.1371285#
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The spatial structure of passive fields transported by a
fluid flow is an important question in fluid and nonlinear
dynamics. Many important situations require in addition
to take into account chemical or biological interactions
between the substances transported by the flow. In par-
ticular, our motivation comes from the general question
on the mechanisms for plankton patchiness in the ocean
and more specially for the spatial patterns that would be
reached by plankton or marine herbivores grazing from
a localized source of nutrients. We present a genera
methodology, based in coupled discrete-time dynamica
systems describing reaction or population dynamics and
advection in the Lagrangian framework, and apply it to a
model of logistic population dynamics in the presence of a
localized source of nutrients and chaotic advection. Frac-
tal and random spatial features develop in the concentra-
tion patterns, which can be understood in terms of an
analogy with random maps.

I. INTRODUCTION

Patchiness, or the uneven distribution of substance
organisms, is ubiquitously observed in the ocean.1–4 In com-
plex situations such as the marine ecosystems, characte
by the interplay of population dynamics and an ambient fl

a!Electronic mail: clopez@imedea.uib.es
3971054-1500/2001/11(2)/397/7/$18.00
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motion which may differently affect individual populations
the question of how a localized availability of nutrients~or
preys, or, in chemical terms, activators! may affect the dis-
tribution of primary producers~or predators, or inhibitors
respectively; in the following we refer to preys and pred
tors! is a crucial and challenging problem.

According to Ref. 2, the possible causes originati
patchiness in marine ecosystems may be grouped in diffe
categories: fluid motion, biological growth coupled with di
persive processes, less ubiquitous mechanisms like sw
ing, vertical migration, and others. In addition to patchine
localized availability offoodmay occur in correspondence o
localized sub-ecosystems, such as Posidonia Oceanica
~for a review see Ref. 5!: they display a quite complex struc
ture in which the most important features arise from dir
consumption of the plant and epiphyte–herbivore inter
tions, although a portion of the trophic chain is based
suspended matter.5

A comprehensive description of such processes lead
the study of the so-called advection–reaction–diffus
equations. These are partial differential equations of the t

]Ci~x,t !

]t
1~v~x,t !•¹!Ci5Ri~C1 , . . . ,CN ,x,t !

1DiDCi , ~1!

whereCi(x,t) ( i 51, . . . ,N) is the concentration of theith
© 2001 American Institute of Physics
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reactive ~in biological or chemical terms! species or sub-
stance, and the functionsRi describe the reaction, or th
population, intrinsic dynamics. The possible explicit spa
and temporal dependence may model the influence of t
poral and spatial inhomogeneities in food, temperature,
The term (v(x,t)•¹)Ci represents advection by a given s
lenoidal ~i.e., incompressible¹•v50) velocity fieldv(x,t).
Finally, the termDiDCi describes diffusion of thei-th spe-
cies or substance with diffusivityDi . In writing ~1! we are
assuming that the evolution of the advected concentrat
does not affect that of the underlying flowv(x,t). This is
definitely reasonable at the scales we are interested in,
though it is worth mentioning that at much smaller scales
presence of organisms may affect the rheological prope
of sea water.6,7

In some situations it would be necessary to conside
different velocity field for each of theN concentrationsCi .
This may happen, for instance, if different organisms live
different mean depths, leading to differences in the exp
enced flow. In such cases one has to replace Eq.~1! by

]Ci~x,t !

]t
1~vi~x,t !•¹!Ci5Ri~C1 , . . . ,CN ,x,t !

1DiDCi . ~2!

In this paper, however, we will only consider the case giv
by Eq. ~1! in which the same velocity field advects all th
substances.

Introducing the Lagrangian time derivatived/dt 5]/]t
1v•¹, Eq. ~1! can be written in the form

dCi~x,t !

dt
5Ri~C1 , . . . ,CN ,x,t !1DiDCi . ~3!

If diffusion is neglected, it is simple to write theCi(x,t) in
terms of the solutions of the Lagrangian evolution equati

dx~ t !

dt
5v~x~ t !,t !, ~4!

and the reactive evolution equation

dCi~ t !

dt
5Ri~C1 , . . . ,CN ,x~ t !,t !. ~5!

This set of coupled ordinary differential equations descr
the advection–reaction process in a Lagrangian frame: F
particles move according to~4!, and reactions among th
Ci ’s occur inside each fluid particle, as expressed by~5!,
whereCi(t) are the concentrations at a particular fluid p
ticle @the one atx(t) at time t, i.e., Ci(t)[Ci(x(t),t)]. De-
noting by St and Lt the formal solutions of~4! and ~5!, re-
spectively @i.e., x(t)5Stx(0) and C(t)5LtC(0), with C
5(C1 ,C2 , . . . ,CN)] we can write the solution of Eq.~1! in
the form ~with Di50)

C~x,t !5LtC~S2tx,0!. ~6!

The caseDiÞ0 needs a more elaborated treatment. In ad
tion to the time dependence,Lt will have also an explicit
space dependence if theRi ’s have it.

Obviously, the detailed understanding of the above cl
of partial differential equations constitute a formidable ta
Downloaded 04 Apr 2012 to 161.111.180.103. Redistribution subject to AIP lic
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However, at this stage of development, we are just intere
in the search for generic behaviors expected when few t
cal characteristics of the flow and of the population dynam
are considered. Thus, if, for example, we concentrate
flows of geophysical nature, horizontal motion turns out
be much more intense than vertical one as soon as one
siders scales larger than a few kilometers. This justifies
stricting in the following to incompressible two-dimension
flows. A turbulent bidimensional flow would be a way t
model the irregular advection process to which suspen
matter is subjected in real oceans. There are, however,
pler classes of flows which share some basic characteri
with turbulence, but are much more accessible to analy
Lagrangian chaotic flows.8,9 These are smooth velocit
fields, with some simple time dependence in the Euler
description, but which lead to chaotic trajectories of flu
elements, with the associated stretching and folding, in
Lagrangian description. In this restricted framework, it
well known that even periodic time-dependence in tw
dimensional incompressible flows leads generically to c
otic motion of fluid particles.

Rather than integrating the full equations describing
continuous in time dynamics, and since our interest l
mainly in a qualitative characterization of the population s
tem, we will resort in this paper to a discrete in tim
mapping-approach in terms of discrete-time dynamical s
tems. This approach is numerically very efficient, and h
proven to be extremely productive to study the impact
chaotic advection on mixing.8–10 The main idea is to mimic
the advection and reaction processes in terms of maps
capture the main features of each aspect. Thus, since we
be looking at processes taking place in two-dimensional~2D!
incompressible flows, the advective part of our model
naturally described by a two-dimensional symplectic map
is well known that Lagrangian motion in such systems
typically chaotic and with a rather rich behavior. In additio
the transported fluid parcel contains concentrations of ac
chemical substances or biological specimens subjected
specific dynamics that will be also modeled in terms o
map. Also, it is worth noticing that even though this is n
done in this work, diffusion can be easily incorporated in
the model by averaging~see, for e.g., Ref. 11!, after each
iteration of the maps, the concentration of the different s
cies contained in the fluid elements over a region of sizl
;ADit, whereDi is the corresponding diffusivity andt is a
characteristic time scale of the system. Finally, additio
aspects of the interplay between chaotic advection and r
tion ~with possible applications to population dynamics! can
be found in Ref. 12.

The general ideas and formalism sketched above will
made more concrete in the following, and applied to tac
our main problem: Theinfluence of inhomogeneities of th
distribution of preys on that of predators. We will make use
of some known results for random maps, and compare
discrete-time approach with results obtained in a continuo
time description of the problem.13,14 In Sec. II we will dis-
cuss the approach to population dynamics in terms of ma
in Sec. III our particular model is presented and compa
with results for a random logistic map; the analogy helps
ense or copyright; see http://chaos.aip.org/about/rights_and_permissions
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399Chaos, Vol. 11, No. 2, 2001 Population dynamics
the interpretation of the resulting spatial structure of pre
tors, which is described in Sec. IV, and discussed in Sec

II. A DISCRETE-TIME APPROACH

Let us now present the general idea of our approach
the analysis of the population dynamics in terms of map

It is easy to understand that for time-periodic veloc
fields, i.e.,v(x,t)5v(x,t1T) whereT is the period, Eq.~4!
can be described by a discrete-time dynamical system.
positionx(t1T) is completely determined byx(t). In addi-
tion ~because of the periodic velocity field! the mapx(t)
→x(t1T) cannot depend ont. Since a periodic time depen
dence is enough to induce Lagrangian chaos, and becau
the above mathematical simplifications, we particularize
study to time-periodic velocity fields, for which we can wri

x~ t11!5F~x~ t !!. ~7!

Now, time is measured in units of the periodT. If v is in-
compressible, the map~7! is volume~area in 2D! preserving,
i.e., udet(]Fi /]xj )u51. In 2D the map~7! is symplectic, i.e.,
the discrete-time version of a Hamiltonian system. Usua
it is not simple at all to obtainF(x(t)) for a givenv(x,t).
However, one can directly write models forF which contain
the qualitative features of the flow one is trying to model

In addition, the transported fluid parcel contains spec
subjected to their own population dynamics. Denoting
solution of ~5! after one period of the flow (LT) by G, the
evolution rule for the interacting concentrationsC
5(C1 ,C2 , . . .Cn) is expressed in terms of a map:

C~ t11!5G~C~ t !!. ~8!

As before, G will carry additional explicit time and
space dependencies if~5! is not autonomous in space or tim
The discrete-time version of Eq.~6! is

C~F~x!,t11!5G~C~x,t !!. ~9!

In the following we particularize this general approa
to a particular model.

III. A PARTICULAR MODEL AND ITS RELATIONSHIP
WITH A RANDOM LOGISTIC MAP

The main interest of our study is to consider the probl
of how the spatial structure of the prey spatial distributi
may affect the one of the predators. Related studies of po
lation dynamics advected by a flow may be found, e.g.
Refs. 1 and 15. In this section we study a particular mo
and present its analogies with the random map. This
enable us to use the already known properties of this ran
map to get a further insight into the influence of the dis
bution of preys on the predator patterns. We will conside
a single-species population dynamics, i.e., the pred
evolves for fixed prey distribution, and under the influence
the flow, but the distribution of the prey is a nondynam
variable, in the sense that it is not transported by the flow
is maintained at fixed values undisturbed by the preda
action. This is the simplest setting in which the effects o
localized source of nutrients on an advected predator
show up. Moreover, this simple model may account for
Downloaded 04 Apr 2012 to 161.111.180.103. Redistribution subject to AIP lic
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interactions predator–prey in Posidonia beds. In this part
lar case, the preys are the green leaves of the Posidoni
any kind of nutrients attached to this, and the predators
any herbivores living on them, and which we assume to
passively advected by the oceanic flow.

The model is the following: the positions of thefluid
parcelsare advected by a standard map,16 i.e., a 2D symplec-
tic map defined in the square of side 2p by

x~ t11!5~x~ t !1K siny~ t11!!mod 2p, ~10!

y~ t11!5~y~ t !1x~ t !!mod 2p. ~11!

It is not integrable forKÞ0. As K increases chaotic
regions occupy larger areas, and the original KAM to
~regular nonchaotic orbits! are successively destroyed. ForK
large enough the KAM tori occupy a very small region a
practically the whole phase space is a unique chaotic reg

The model is completed by stating the evolution ru
for the predator–prey interactions. We denote withn(x) the
stationary spatially nonuniform distribution of preys, an
with C(x,t) the concentration of predators in pointx at time
t. We take it to evolve in each fluid parcel according to t
well known logistic map: C(t11)5G(C)5rC(t)(1
2C(t)), but with a growth rate parameterr determined by
the presence of preys, i.e.,r 5mn. The complete evolution
equation~9! is

C~F~x!,t11!5mn~x!C~x,t !~12C~x,t !!. ~12!

The standard map has been written in the compact form~7!
with x5(x,y).

For simplicity, and in order to allow comparison wit
particular models of random maps, we have considere
constant carrying capacity~which is normalized to one! in all
the space. We do not expect the inclusion of additional v
ability from a space-dependent carrying capacity to mod
qualitatively our results. Space- and time-dependent carry
capacity has been explicitly considered in the framework
three-level ~carrying capacity, predator and prey! trophic
models in Ref. 15. We now introduce the particular form
the localized prey distributionn(x)

r 5mn~x!5H r 1 if xP@p~12p!,p~11p!#, ;y,

r 0 otherwise,
~13!

with 0<p<1. We are suggesting a striped spatial distrib
tion of the preys~with strip width 2pp), which basically
represents~due to the 2p-periodicity of the flow! the sim-
plest way to mimic a localized distribution in a closed rec
culating flow. A fractionp of system area has the valuer
5r 1 , and fraction 12p, the r 5r 0 . The heuristic idea tha
will guide our analysis is that, if mixing provided by th
advection map is strong enough, fluid parcels will visit r
gions with the different values ofr in a stochastic way, so
that the Lagrangian evolution of the concentrations will
well described by a random logistic map, i.e., a map of
form

C~ t11!5atC~ t !~12C~ t !!, ~14!

where the random variableat can take only two values
ense or copyright; see http://chaos.aip.org/about/rights_and_permissions



r
h
y
u
es
-

se

e
a
m

-
is
he

re
e-

n-
he

ov

-

o

-
o

h
s

if
th

ed

ap

e

s
c-

in
ort

A
of
ys.
tal

ws
to

the

l-
tal
ro-

f

400 Chaos, Vol. 11, No. 2, 2001 López et al.
at5H r 0 with probability 12p

r 1 with probability p
, ~15!

andat11 is independent of any previousat .
The random map~14! has been studied in Ref. 17 fo

r 051/2 andr 154. This corresponds to the situation in whic
for a value ofr 5r 0 the population dynamics is attracted b
a fixed point, whereas chaotic population dynamics occ
for r 5r 1 . The alternation in time of these two tendenci
gives rise to nontrivial behavior. Numerical~and some ana
lytical! computations17 give the following results for~14!
with r 051/2 andr 154, for different values ofp:

~i! If p<p151/3 the Lyapunov exponent l
5 limN→` (1/N) ( i 50

N21 lnuat(122C(t))u is negative, i.e.,
there is exponential convergence of two initially clo
sequencesC(t) generated with the same sequenceat

but slightly different initial conditionsC(0). In this
case, the sequences are attracted byC50.

~ii ! If p1<p<p2.0.5 the Lyapunov exponent is negativ
again, but now the sequences do not converge to
fixed point. They wander in an irregular and see
ingly chaotic manner~of the on–off intermittency
type!. The meaning of the negative value ofl is that
close initial values ofC evolve, under the same se
quenceat , towards the same irregular trajectory. Th
is a case of chaotic synchronization related to the p
nomenon of synchronization by noise.18,19

~iii ! If p>p2 the Lyapunov exponent is positive, i.e., the
is exponential divergence of two initially close s
quencesC(t), behaving both chaotically.

As a first check confirming that our advectio
population dynamics model is close to the random map w
mixing is strong, we fixr 051/2 andr 154, as in Ref. 17.
This describes a system in which predators are advected
regions in which not enough food is available (r 051/2 leads
to population extinction! and over the strip-like regions in
which preys are abundant~leading to chaotic population dy
namics of the predators!. We iterate~12! to obtain C( i )
[C(x( i ),i ), and then calculate the reaction Lyapunov exp
nentlR for our system:

lR5 lim
N→`

1

N (
i 50

N21

lnuG8~C~ i !!u

5 lim
N→`

1

N (
i 50

N21

lnumn~x~ i !!~122C~ i !!u. ~16!

The initial conditionC(x,0) was a smooth function propor
tional to sin(x)sin(y). lR measures the rate of convergence
divergence of two initially similar concentration valuesC at
the same fluid particle. In Fig. 1 we showlR as a function of
p for different values ofK. WhenK is increased above a hig
enough value~e.g.,K'9, for which the standard map show
a unique ergodic chaotic region16!, lR approaches the
Lyapunov exponentl of the random map.17 On the other
side, whenK is small, this correspondence is lost.

Therefore, exploiting this equivalence we can study d
ferent regimes of our system depending on the value of
Downloaded 04 Apr 2012 to 161.111.180.103. Redistribution subject to AIP lic
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parameterp. In particular, the spatial patterns of the advect
field are strongly dependent of the value oflR. Next section
is dedicated to the study of these structures.

IV. PREDATOR SPATIAL STRUCTURES

The three regimes described above for the random m
are also found for the behavior of the Lyapunov exponentlR

as a function ofp in our advection model, with just som
minor quantitative differences, e.g., in the values ofp1 and
p2 ~in particular, in most of our calculations we takeK59,
which givesp1.0.34 andp2.0.48). These three regime
give rise to the following different predator spatial stru
tures:

~i! For p<p1 , the concentration of predators vanishes
all the space. The nutrient area is too small to supp
a stable population.

~ii ! If p1<p<p2 , a typical spatial pattern appears.
relatively high, but very intermittent, concentration
predators appears in the area occupied by pre
Moreover, the concentration pattern displays frac
features.

~iii ! If p>p2 , the spatial concentration of predators sho
a random pattern. No typical structure seems
emerge.

Whereas the result for case~i! is self-evident, cases~ii !
and ~iii ! need a more elaborated study. We proceed in
following subsections.

A. Case p 1ÏpÏp 2

The regime which we have labeled above with~ii ! is
characterized by a negative reaction Lyapunov exponentlR.
In this case, we observe numerically~see Fig. 2! the exis-
tence of a typical structure of the reactive field, which fo
lows the strip-like structure of the preys. Moreover, a frac
pattern seems to be displayed by the distribution. Let us p
ceed to a quantitative characterization of these features.

FIG. 1. Reaction Lyapunov exponent,lR, calculated for different values o
K. Solid line corresponds toK51.5, dotted line toK59 and dashed line to
K519.
ense or copyright; see http://chaos.aip.org/about/rights_and_permissions
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References 13 and 14 study the general continuous-
case of a chemically or biologically decaying field~thus with
a negative reaction Lyapunov exponent! advected by a cha
otic 2D flow. Since periodic velocity fields are used, it
straightforward to apply the results in these papers to
case with discrete time. Nevertheless, a fundamental assu
tion in these studies is that a source term in the equati
analogous to our prey distribution, is a smooth function
space. The quantitative results of Refs. 13 and 14 would
@see, e.g., Eq.~1! in Ref. 13# when discontinuities are prese
in the source, as in our localized prey distribution~13!.
Therefore, in our calculations, and with the view on char
terizing the spatial patterns, we will use a continuous
proximation to the previous step function describing the d
tribution of nutrients, which would allow us to compare o
results~in the regime oflR,0) with those in Refs. 13 and
14. The approximation is performed by truncating the Fo
rier transform of the step function of widthp @Eq. ~13!# and
smoothing properly the coefficients.20 The final expression
we use is

n~x,y!5
1

2p S p1
7p

2 D1 (
k52N,kÞ0

N S 12
uku

N11D
3~21!k

7

2pk
sinS kp

2 D cos~kx!, ~17!

for any 0<x,y<2p and N510. Figure 3 shows a one
dimensional~1D! cut of this smoothed distribution of nutri
ents.

A quantitative characterization of the observed structu
can be performed in terms of structure functions. In parti
lar, the structure function of order one,S1 , is defined by

S1~dx!5^uC~x1dx!2C~x!u&, ~18!

FIG. 2. Predator 2D pattern obtained forp50.37. The distribution of nu-
trients is continuous. The lighter the color the higher the concentration
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where^¯& indicates an average taken over the different s
tial pointsx along a line in the system. In Ref. 14 the scali
of S1 is calculated with the resultS1(dx);udxua when dx
→0, with a' ulRu/lF whenlR,0 andlF.ulRu, beinglF

the Lyapunov exponent of the Lagrangian motion~4!. The
above expression fora is just an approximation to which
multifractal corrections should be in principle added,14 but
we are not going to consider them here.

The Lyapunov exponent of the standard map, forK high
enough, is given16 by: lF. ln(K/2). In our calculations for
K59 we are in the above mentioned conditions, that is,lF

.ulRu21 for all the values ofp.
Figure 4 showsulRu as a function ofp for K59 ~the

smooth approximation to the spatial distribution of preys
used!. In addition, we have numerically calculated the sc
ing exponenta of S1 in lines across the central strip o

FIG. 3. One-dimensional cut of the continuous distribution of nutrient

FIG. 4. ulRu for a continuous distribution of nutrients, calculated in tw
different ways againstp. Values labeled with squares come from a dire
calculation using expression~16! in the text. Circles are calculated from
ulRu'alF, being a the numerically calculated scaling exponent of th
first-order structure function.
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nutrients, and multiplied it by ln(9/2)'lF for different val-
ues of p. The agreement between both quantities is qu
good for p near p1 , confirming the expressiona
' ulRu/lF, although it gets worse asp→p2 . The reason for
this are the already mentioned multifractal corrections to
scaling exponent of the structure function, but a deeper
cussion about this will be given in a subsequent work. T
agreement allows us to understand the pattern displaye
Fig. 2 in terms of the filamental fractal patterns discussed
Refs. 13 and 14 for continuous-time dynamics. The obser
fractal structures are revealing the stable and unstable m
folds ~local contracting and expanding directions! attached to
each point of the phase space of the standard map. It sh
be noted, however, that there is here a much larger amou
irregularities at small scales than in the patterns analyze
Refs. 13 and 14. The reason is the much more irregular
namics associated to the logistic map considered here.
Lagrangian evolution ofC(t)[C(x(t),t) is related to the
one of the logistic random map, which is of theon–off in-
termittencytype. Models considered in Refs. 13 and 14 d
played simple local relaxation behavior. The small-sc
structure seen in Fig. 2 will introduce stronger multifrac
corrections in higher-order structure functions. We fina
remark that when a discontinuous distribution of preys s
as~13! is considered, the relationshipa' ulRu/lF is not sat-
isfied at all.

B. Case pÌp 2

Now we proceed to study the casep.p2 . In this re-
gime, the reaction Lyapunov exponentlR is positive, i.e., the
chemical or biological part of our system is also chaotic.

The patterns calculated in this regime have random
pearance, being dominated by strong small-scale irregula
with very small amount of structure~see Fig. 5!. In fact, the

FIG. 5. Predator 2D pattern obtained forp50.87. The distribution of nu-
trients is continuous.
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scaling exponents of the first-order structure function
close to zero, as corresponding to a random discontinu
field.

This random structure is easy to understand once one
realized thatlR.0 in this range ofp: Neighboring sites,
even if they have initially nearly similar concentration va
ues, and even when they remain close for long time so
they experience close values of the sequencex(t), will de-
velop growing differences in concentration values, thus le
ing to the observed discontinuities at small scales.

V. DISCUSSION

Summing up, spatial structures with fractal features~of
filamental type! appear for the predator field in a range
values of the size of the nutrient patchp. An increasing
amount of small-scale randomness appears whenp is in-
creased, until structure is finally lost. The analogy with t
random map model has allowed us to understand this be
ior as being originated by the change in the value of
reaction Lyapunov exponentlR whenp is varied. In particu-
lar, structure is lost whenlR becomes positive. Forp small
enough, global extinction occurs, since most of the sys
has a parameter value for whichC50 is the only attractor.

Our results have been obtained for a particular set
coupled maps, and for a specific nutrient distribution. We
not expect major qualitative changes in the above finding
the standard map is replaced by a different advecting flow
long as the Lyapunov exponentlF takes the same value
This belief is supported by the more detailed arguments
Refs. 13 and 14 for the time-continuous case. It should
said, however, that the quantitative strength of multifrac
corrections to simple expressions such asa' ulRu/lF will
depend on the particular flow chosen.

Our choice of the logistic map as the population dyna
ics to study is certainly important for the results obtaine
Our results should describe the behavior under other pop
tion models as long as their parameters take values favo
chaotic oscillations in a localized portion of space, and
voring relaxation to a fixed point in the rest. The election
the logistic map has allowed the use of results known
random logistic maps, thus helping to interpret the differe
patterns in terms of the value oflR and its relationship with
lF. Those quantities would be the right tool for the interpr
tation of advection–reaction patterns in other population
chemical models.

Diffusion has been discarded in the present work. W
expect that its only effect would be to smooth out any sm
scale fractal or random structure below a size of the orde
AD/lF. In fact, our numerical calculations have aneffective
diffusion which comes from our minimal spatial resolutio
As mentioned above, a more controlled way to introdu
diffusion is to perform explicitly, after each map operatio
an average of the concentrations of fluid particles closer t
the diffusion length.

We finally mention that the map approach turns out to
an extremely efficient method from the numerical point
view, as compared to direct solution of partial different
equations such as~1! or other continuous approaches.
ense or copyright; see http://chaos.aip.org/about/rights_and_permissions
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