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Two-Photon Cavity Solitons in Active Optical Media
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We show that broad-area cascade lasers with no absorbing intracavity elements support the spon-
taneous formation of two-dimensional bright localized structures in a dark background. These cavity
solitons consist of islands of two-photon emission embedded in a background of single-photon emission.
We discuss the mechanisms through which these structures are formed and interact, along with their
properties and stability.
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Spatial solitons are among the most fascinating non-
linear localized structures exhibited by spatially extended
systems. In an optical context, these localized structures
take the form of self-trapped light beams that propagate
through nonlinear media with an unperturbed transverse
cross section, and result from a dynamic balance between
a spreading linear mechanism (diffraction) and a nonlinear
shrinking one [1]. Spatial solitons might be useful for
all-optical parallel signal transmission and processing.

Although spatial solitons were initially associated with
conservative systems, investigations in past years have
shown that similar structures can also appear in dissipative
systems. Presently there is a large interest in investigat-
ing the case of a nonlinear optical medium placed within
a cavity (or near a mirror), in which the influence of feed-
back and resonance effects leads to localized structures
with distinctive qualitative and quantitative characteristics
[2]. These cavity solitons (CS) often result from a bista-
bility between two stationary spatially extended states of
the system, in the form of either self-trapped switching
waves between two homogeneous states, or isolated pat-
tern elements embedded in a homogeneous background.
They have been predicted or observed thus far in passive
(i.e., externally driven) media (with absorptive/dispersive
[3–5], photorefractive [6], second-order [7], and third-
order [8] nonlinearities), and also in lasers with a saturable
absorber [9].

Extensive studies of the spatiotemporal dynamics of
two-level lasers (see, e.g., [10]) suggest that CSs do not
exist in purely active single-photon lasers (i.e., without
absorbing intracavity elements). In this paper, we show
that CSs can in fact exist in purely active media, pro-
vided that single-photon amplification is complemented
with two-photon emission processes. As we show below,
the presence of these fundamental light-matter interac-
tion processes leads to the formation of CSs with distinc-
tive features, such as the spatial separation of one- and
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two-photon amplification, their moderately long interac-
tion range, and their globally attracting character (they are
the only stable emission regime of the system).

We consider a cascade laser, in which two fields of
different frequency are simultaneously generated through
their coupling with the two consecutive transitions defined
by a three-level atomic system (Fig. 1). Interaction be-
tween these two fields comes through the population of
the intermediate level 0 and the two-photon quantum co-
herence between levels 1 and 2. Transverse effects have
been seen to lead in this system to coupled patterns of the
two generated fields, in both low-Fresnel-number [11] and
high-Fresnel-number (broad-area) [12] cavities. In what
follows, we will concentrate on the latter case. The spatio-
temporal behavior of such a cascade laser can be described
by the Maxwell-Bloch equations [12]:

�a1 � 2s1a1 1 is1r01 1 ia1=2a1 ,

�a2 � 2s2a2 1 is2r20 1 ia2=2a2 ,

�r01 � 2�1 1 id1�r01 2 ia1d1 1 i
p

x a�
2r21

1 b1j1 ,

�r20 � 2�1 1 id2�r20 2 ia2d2 2 ia�
1 r21�

p
x (1)

1 b2j2 ,

�r21 � 2�G 1 ie�r21 2 i
p

x a1r20 1 ia2r01�
p

x ,

�d1 � 2bd1 2 2 Im�a1r�
01� 1 x Im�a2r�

20� ,

�d2 � b�r2 2 d2� 1 x21 Im�a1r�
01� 2 2 Im�a2r�

20� ,

where a1 and a2 are the complex envelopes of the
generated electric fields, rij the complex one- and two-
photon coherences, d1 and d2 the population inversions
of the two transitions, r2 the pumping rate for the upper
level 2, a1 and a2 the diffraction coefficients, si, G, and
b the relaxation rates, and x the efficiency of transition 1
versus transition 2. The cavity detunings for the two fields
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FIG. 1. Energy-level scheme of a cascade laser. Arrows indi-
cate the cavity frequencies.

are given by di � vtr,i 2 vcav,i (with vtr,i denoting
the transition frequency and vcav,i the cavity resonance
frequency), and e � d1 1 d2. Spontaneous emission
processes are accounted for by Gaussian white noise terms
ji� �x, t� with zero mean and intensity b

2
i .

Since pumping is assumed to act only on the upper tran-
sition, laser emission occurs first, for increasing pump-
ing rate, only in field a2. If the cavity detuning for
this field is negative (d2 , 0), which is the situation that
we will assume in what follows, then it is well known
[10] that the transverse profile of the field is homoge-
neous and its frequency vL is given by the pulling formula
dL � d2��s2 1 1�, where dL � vtr,2 2 vL. Field a2 in-
duces an ac-Stark splitting of level 0 (Fig. 1), so that field
a1, when generated, has two possible resonance frequen-
cies (Autler-Townes doublet) occurring at cavity detunings
given by d

6
1 � 1

2 �2dL 6
p

d2
L 1 4a2

2 �. These values
correspond to resonance with levels 01 and 02, and are
associated, for large jd2j, to two-photon and step-by-step
(i.e., single-photon) processes, respectively [13].

Let us focus on the case of two-photon resonance, d1 �
d

1
1 . In the absence of transverse effects [a1 � a2 � 0 in

Eqs. (1), homogeneous-field approximation], Fig. 2 shows
(in continuous and dashed lines) the steady-state intensities
versus the pump parameter r2, for jd2j large (d2 � 220)
and d1 � d

1
1 . By increasing r2, the zero-intensity solution

first undergoes a supercritical pitchfork bifurcation (PB)
at r2 � rPB

2 , leading to emission of field a2, followed
by a subcritical PB at r2 � rth

2 , which leads to emission
of a1 as well. Because of this second bifurcation, the
system abruptly jumps to a two-photon branch with large
intensity for both fields a1 and a2, because of the weak
initial saturation of two-photon processes [14]. As shown
in Fig. 2, two domains of bistability appear: one for rSN

2 ,

r2 # rPB
2 , involving the two-photon (upper) branch and

the zero-intensity solution, and another for rPB
2 , r2 #

rth
2 , involving the two-photon branch and the single-field

branch. As will be shown below, the second of these
domains will be at the origin of CS formation.

When transverse effects are taken into account, impor-
tant changes take place. First, both resonances of the field
a1 with the atomic levels 02 and 01 can occur simultane-
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FIG. 2. Field intensity vs pumping for a cascade laser, for
d2 � 220 and d1 � 13.33 � d

1
1 . Solid (dashed) lines: stable

(unstable) steady solutions in the homogeneous-field limit. Full
circles: soliton peak intensity; empty circles: time-averaged
peak intensity (s1 � s2 � 0.5, b � G � 1, and x � 0.76).

ously, for the same value of the cavity detuning d1 [13].
This is shown in Fig. 3(a), which represents the neutral
stability curve of the state (a1 � 0, a2 fi 0) for the same
parameter values of Fig. 2. In Fig. 3(a), k represents
the wave number of a traveling-wave perturbation of a1.
Above the neutral stability curve, the perturbation grows.
Minima occur at two values of jkj, given by jkj � 0
and jkj �

p
d1

1 �a1. The first value means generation
of a homogeneous field a1 due to resonance with level
01 (two-photon emission). In contrast, the second value
means generation of a transverse traveling wave for a1, to
be in resonance with level 02 (step-by-step emission). As
in two-level lasers [10], generation of the transverse com-
ponent leads to emission of a tilted wave with an increased
wave number and frequency.

As shown in Fig. 3(a), the threshold is exactly the same
for the two minima (dashed line), and coincides with that
found above in the case of the homogeneous-field approxi-
mation (rth

2 ). Just below this threshold, the spontaneous
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FIG. 3. (a) Neutral stability curve of (a1 � 0, a2 fi 0) for
d2 � 220.0 and d1 � 13.33. (b) Spherically averaged far-field
intensity of a1 for r2 � 184, at three instants of time. Other
parameters are those of Fig. 2, plus a1 � a2 � 0.003.
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(noise-induced) emission on field a1 occurs predominantly
through single-photon, step-by-step processes (i.e., with
jkj �

p
d1

1 �a1 ). However, when pumping is increased
above rth

2 , the smaller initial saturation of two-photon pro-
cesses makes them take over the nonlinear competition
between the two wave numbers. This can be seen in
Fig. 3(b), which portrays the spherically averaged far-field
intensity of field a1 at three instants of time, showing
how the two-photon wave number (jkj � 0) eventually be-
comes larger (and broader) than its single-photon coun-
terpart (jkj �

p
d1

1 �a1 ). The result is that, after a short
transient, emission of field a1 occurs in the form of cav-
ity solitons, as shown in Fig. 4. This figure displays typi-
cal intensity and phase profiles of the two fields [see also
Figs. 5(a) and 5(b)]. These CS show at least three remark-
able distinctive features.

(i) They appear spontaneously as pumping is increased
above its threshold value, independently of the initial state
of the system. In other words, they are the only stable emis-
sion state of the system: All homogeneous and traveling-
wave solutions are unstable. The CS density is a growing
function of the pump power. This fact entails a response to
addressing actions (e.g., via an external pulse) very differ-
ent from other classes of CSs: Writing (erasing) a new CS
leads here to the disappearance (appearance) of another CS
in a nearby position. This could lead to a different class of
all-optical logical operations.

FIG. 4. Transverse emission of a broad-area cascade laser for
the parameters of Fig. 3(a), plus r2 � 179.4 and b1 � b2 �
1025: intensity [(a) and (b)] and phase [(c) and (d)] profiles of
fields a1 [(a) and (c)] and a2 [(b) and (d)]. In all plots, maxima
is represented by white, and minima by black. In the phase
plots, the scale ranges from 2p to 1p .
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(ii) The CS formation brings about a spatial separa-
tion between single-photon and two-photon processes, as
shown by the two-photon coherence profile of Fig. 5(c):
The two-photon processes accumulate in the CS, whereas
all the background is formed by single-photon processes.
Because of that, the soliton exhibits no population inver-
sion between levels 0 and 1 [Fig. 5(d)], and the noisy
background of field a1 [Fig. 4(c)] exhibits the dominant
transverse wave number corresponding to the outer mini-
mum of Fig. 3(a). These facts may indicate that CS forma-
tion is related to the homogeneous-field bistability domain
rPB

2 , r2 , rth
2 (Fig. 2). However, we should note again

that none of these homogeneous solutions is stable in the
presence of transverse diffraction.

(iii) The spatial profiles of the two fields a1 and a2 are
different: Whereas field a1 displays a strongly localized
structure similar to that of bright solitons in many other
optical systems, field a2 extends up to longer distances,
taking the form of a target pattern that emits damped phase
waves coupled to damped intensity waves. This fact gives
rise to a combined short/long interaction range which con-
trasts with the properties of standard CSs (e.g., the maxi-
mum soliton packing density is here more limited than
usual), and leads to interesting dynamics: The structures
are well shaped and localized in field a1, but at the same
time they can interact (through field a2) with other moder-
ately distant CSs. The origin of this different spatial profile
of the two fields is not yet clear. In any case, there is not
any supercritical Hopf bifurcation [15] of the lower stabil-
ity branch in Fig. 2 that could give rise to the concentric
rings of field a2.

For increasing pumping, as the CS density increases,
the solitons start interacting through the rings of field
a2 mentioned above, which leads to progressively com-
plex dynamics, eventually producing turbulent motion and
birth/death of solitons. Empty circles in Fig. 2 correspond
to this regime (full circles denote stable CS), and represent
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FIG. 5. Radial 1D section of the 2D CS of Fig. 4.
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FIG. 6. (a) Intensity of field 2 and (b) phase of field 1 for the
parameters of Fig. 4(a), except r2 � 184.

a time-averaged maximum intensity of the field. A snap-
shot of this situation is shown in Fig. 6(a). The corre-
sponding Fig. 6(b) shows that CSs do not lock their phases
to a common value, in contrast with passive cavities [4];
this is probably due to the lack of a phase-reference back-
ground field.

For even larger pump rates (r2 * 190 in this case), CSs
widen and start to lose their circular shape. For r2 *

200, most of the transverse plane becomes illuminated and
the dynamics is dominated by optical vortices [16]. The
CS state described here persists up to very large values
(�250) of the cavity detuning d2, provided d1 remains
relatively close to d

1
1 (for other values of d1, only uniform

traveling-wave solutions are found [17]).
In conclusion, we have shown that cavity solitons can

appear spontaneously in purely active optical media, as
a result of the interplay between two-photon and single-
photon processes. The recent experimental realization of
two-photon amplification [18] and lasing [19] sheds hope
on the possibility of observing this phenomenology.
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