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Wave mixing rise inferred from Lyapunov exponents

Alvaro Galan · Alejandro Orfila · Gonzalo

Simarro · Ismael Hernández-Carrasco ·

Cristobal Lopez

Received: date / Accepted: date

Abstract We study the horizontal surface mixing and the transport induced by waves

in a coastal environment. A comparative study is addressed by computing the La-

grangian Coherent Structures, via Finite Size Lyapunov Exponents, that arise in two

different numerical settings: with and without wave coupled to currents. In general,
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we observe that mixing is increased in the area due to waves. Besides, the methodol-

ogy presented here is tested by deploying a set of eight Lagrangian drifters at different

locations. This dynamical approach is shown as a valuable tool to extract informa-

tion about transport, mixing and residence embedded in the Eulerian time dependent

velocity fields obtained from numerical models.

Keywords Lyapunov Exponents · Lagrangian Coherent Structures ·Mixing

PACS 10.522 · 10.531 · 40.200

1 Introduction

Transport, dispersion and mixing of coastal waters are of crucial interest due to the

ecological and economical importance of these areas. Despite the increasing advance

in the scientific description of the physical processes taking place in the coastal ocean,

a high degree of uncertainty still remains when predicting the dynamical properties

of the flow in coastal environments. On the one hand, coastal dynamics is influenced

by deep water conditions over a complex topography and driven at the surface by

highly variable (spatially and temporally) wind forcing. On the other hand, the ef-

fects of wind generated waves modify the current field by the excess of momentum

flux induced by waves, which is usually accounted in coastal ocean models by the

radiation stress concept [15]. Therefore, flows in coastal and shallow regions are the

combination of currents with variations of hours to days, and wave oscillatory flows

with periods of seconds to tens of seconds.

Transport and mixing properties of the ocean surface have been widely studied

from a Lagrangian perspective, i.e., by following fluid particle trajectories [5,10,16,
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17]. One of the main objectives is the detection of the Lagrangian Coherent Struc-

tures (LCS) that organize the whole flow [4,6,9,11,13,18], i.e., vortices, barriers, etc.

This is performed measuring the local dispersion of transported particles, in partic-

ular, with the so-called Finite Size Lyapunov Exponents (FSLE) [2,3]. LCS are the

ridges of the FSLE field, and these are calculated by measuring the time it takes for

two trajectories, initially separated a finite distance, to reach a larger final fixed sep-

aration (see next Section). Besides their suitability for studying LCS and dispersion

properties, FSLE also provide extra information on characteristics time-scales which

are very important in coastal environments. LCS have been studied in coastal envi-

ronments using the FSLE and the different, but analogous, tool of the Finite Time

Lyapunov Exponents for instance in [7,19].

In this work we analyze the influence of waves on the modification of the LCS

in a coastal area. To accomplish it, we compute the FSLE from an ocean circulation

model with realistic winds in two different situations: with and without gradients of

the radiation stress tensor, to model the presence/absence of surface gravity waves.

Finally, results are compared with available data from drifters.

2 Data and Methods

2.1 Data

The study has been performed in a semi-enclosed bay located in the southern side of

the Island of Mallorca, Western Mediterranean Sea (Figure 1). Velocity data were ob-

tained from the Regional Ocean Model System (ROMS), a free-surface, hydrostatic,
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Fig. 1 Area covering the domains for the wave and current models (left). Fine resolution grid detail (right).

primitive equation ocean model that uses stretched, terrain-following coordinates in

the vertical and orthogonal coordinates in the horizontal [20].

Three different domains were implemented in order to obtain high resolution cur-

rents in the area of study. The coarser mesh has a resolution of dθ = dλ = 1◦/74

(e.g. dx ' dy = 1500m). This domain is nested to a second domain with a mesh of

dx = dy = 300m, and the latter to a third domain covering the study area which has a

grid resolution of dx = dy = 75m with 348×260 nodes and 10 vertical levels (Figure

1, right). This area is around 18km wide with depths at its open boundary around 80

m. The Bay is open to southerly to south-westerly swells.

All domains were forced using winds provided by the PSU/NCAR mesoscale

model MM5 [8]. The vertical structure of temperature and salinity was obtained from

Levitus database [1,14].

The study was done for conditions from November 10th to November 24th 2009.

During this period two different simulations were performed by forcing the ocean
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model with realistic wind fields (hereafter set I), and forcing the model with the same

wind fields plus the additional gradients of the radiation stress tensor fields (set II).

For set II, the effects of waves are included in the three domains by adding the

gradient of the radiation stresses which describe the excess of momentum flux caused

by surface waves [15]. These terms have been added to the horizontal momentum

equations at the free surface in order to properly represent the effect of the phase

averaged waves in the mean flow [21]. The radiation stresses were obtained in the

same domains of the circulation model by integrating WAM model, a third generation

spectral wave model specifically designed for global and shelf sea applications [12].

Boundary conditions for the first domain were taken from the operational model

for the Western Mediterranean operated by the Spanish Harbour Authority (Puertos

del Estado). Although the wave model is not appropriate for very shallow waters since

typical physical processes at those areas, such as diffraction, triad-wave interactions

or depth-induced wave breaking are not considered, the model provides for typical

wavelengths the correct wave field for depths higher than 10m. Stresses were updated

into the ROMS model every three hours being internally interpolated between two

consecutive values.

Additionally, on November 19th eight drifting buoys were deployed in the area of

study for three days. The buoys were specifically designed for coastal studies and they

provide the position through GPS positioning transmitting via GSM every 5 minutes.
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2.2 Methods

From the velocity fields obtained in sets I and II we obtain the FSLE at an instant t by

computing the time, τ , required for two fluid particles (one of them placed at point x)

to separate from the initial distance δ0 to the final one δ f ,

λ (x, t,δ0,δ f ) =
1
τ

ln
δ f

δ0
, (1)

where δ0 coincides with the grid size for the velocity (75 m), and δ f will be discussed

in the next section in order to estimate the best value for our studies. Specifically, of

the four grid neighbouring particles at distance δ0, we take the smallest of the times

they take to reach δ f (this minimum time is τ). It is also important to note that we

will mainly compute the FSLE evolving backwards-in-time the particle trajectories,

since the LCS computed in this way are the ones with a direct physical interpretation

[6]. However, to obtain the optimal δ f we will first make an experiment computing

them both, backwards and forward in time. Following the notation introduced by [6]

we will represent FSLE computed backwards in time as λ− whereas FSLE computed

forward in time as λ+.

3 Results

We have performed simulations with the circulation model for the considered period.

The baroclinic time step for the model is set to 15 s and we store the surface ve-

locity fields every 5 minutes. For both sets I and II the wind forcing and waves are

interpolated every 5 minutes from the original 3 hour-resolution fields. Additionally,

to compute the FSLE, four sets of virtual particles are launched in the third domain.
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Fig. 2 FSLE for final separation of δ f = 150m (δ f /δ0 ≈ 2), δ f = 250m (δ f /δ0 ≈ 3.3), δ f = 500m

(δ f /δ0 ≈ 6.7) and δ f = 750m (δ f /δ0 ≈ 10) November 23rd, 2009 at 18 : 00h. Just for plotting, we have

considered positive the values of λ+, and negative the ones for λ−.

Particles were advected using a first order Euler algorithm which integrate in time the

velocity data from the numerical model.

Firstly, we try to estimate the optimal δ f . For this we performed for a given day

(November 23rd 2009 at 18.00 h) simulations with set I and different values of δ f =

150 m, δ f = 250 m, δ f = 500 m and δ f = 750 m (see Figure 2) where the maximum

values of λ+ and λ− are displayed.

Their typical filamentous structures that approximate the LCS are already clear

and well defined with δ f = 500m (Figure 2,c) which correspond roughly with the

separation between 6 mesh points. To reduce computational costs we take this value
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to proceed with further analysis. As already stated, in the following the LCS are

computed only for the backwards in time dynamics (λ−).

The influence of waves in the stirring of the surface layer area is assessed by

analysing the LCS during two periods, 15th− 18th and 21st− 24th November, with

different wave conditions.

Starting on November 15th relatively mild wave conditions were present in the

area. For this period, we compute λ− for both set I (Figure 3, left panel) and set

II (Figure 3, right panel). LCS are shown for November 15th to November 18th at

00.00h. Not surprisingly the structure of the LCS displays a similar pattern for both

sets of data. A barrier parallel to the coast appears and it is present during all the

period separating two areas in the shallow zone. Shallow areas are characterized by

stronger mixing as seen by the complex pattern of the LCS. Spatially averaged values

of λ− for currents are 0.09, 0.13, 0.29 and 0.21 days−1 for November 15th, 16th,

17th and 18th, respectively, corresponding to mixing times of approximately 21, 14.6,

6.54, and 9 days.

For the same period these values including the coupling of waves and currents

(set II) are 0.13, 0.13, 0.28 and 0.23 days−1 (mixing times of 14.6, 14.6, 6.77 and

8.24, days).

The general performance of LCS in describing the flow is usually assessed by

using virtual neutrally buoyant Lagrangian particles [19]. In Figure 3 we also rep-

resent the positions of 296 virtual particles at four different locations for November

15th- 18th for the two sets. As expected, similar paths are followed by the particles
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deployed under current conditions (Figure 3, left), and the particles deployed under

waves and currents (Figure 3, right) that are attracted in both cases on the LCS.

A different situation is presented during November 21st to November 24th. During

this period, significant wave heights (Hs) measured at deep waters reached 1m. The

effect of waves is to increase mixing and therefore to modify the transport at the

surface. The LCS for this period are displayed each day at 00.00 in Figure 4 for set

I (left) and for set II (right). Mean values of the wind stress imposed in set I during

this period is 0.1 N/m2. For set II, mean values of stresses (wind plus radiation from

waves) increased up to 0.25 N/m2. The barrier that was located near the coast during

the analyzed mild wave conditions of November 15th- 18th has now moved onshore

appearing new areas of strong mixing in the middle of the Bay and new LCS are

present for both set I and set II with larger values of λ− in set II . Contrarily to

the previous situation, the LCS from set I and the LCS from set II provide different

patterns. In general, the effect of waves is to increase the number of LCS, or rather to

make them more convoluted. The spatially averaged values of λ− for set I are 0.35,

0.45, 0.37 and 0.59 days−1 (mixing times of 5.4, 4.2, 5.1 and 3.2, days) for currents

at November 21st, 22nd, 23rd and 24th respectively. For the same days the spatially

averaged values of λ− for the coupling of waves and currents are respectively 0.41,

0.49, 0.42 and 0.64 days−1 (mixing times of 4.6, 3.9, 4.5 and 2.9, days). Again, we

deployed 296 virtual particles in four different areas selected so as to be initially at

different sides of any LCS. On November 22nd the particles of set I launched in the

south-eastern part of the Bay hardly moved, being the centroid located at the same

position than 24 hours before. Contrarily, in set II, Lagrangian particles deployed on
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Fig. 3 Daily snapshots of λ−, starting on November 15th (mild wind conditions), computed for only

currents (left panel), and with waves and currents (right panel). Virtual particles at four different areas are

marked by circles, diamonds, squares and stars.
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Fig. 4 Daily snapshots of λ−, starting on November 21st (strong wind conditions), computed by currents

(left panel) and with waves and currents. Virtual particles at four different areas are marked by circles,

diamonds, squares and stars.
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the eastern part of the Bay (diamonds and stars) are well mixed, and they start to

allocate along the LCS that is being generated in the north-south direction (second

row of Figure 4). One day later, on November 23rd, differences become more evident.

The two groups of particles originally deployed on the eastern side, moved to the

center of the Bay. The same snapshot for set I shows a very different situation, where

the two groups evolve in a different way attracted by two weaker LCS. On the evening

of November 23rd wave heights decrease. Both LCS fields on November 24th are very

similar (Figure 4, bottom column). Obviously, due to the history of the dynamics,

particles are disposed over different lines of attraction. Besides, particles deployed

initially at different areas are totally mixed in set II (bottom row in Figure 4).

To further explore the role of the waves on the mixing in coastal areas coastal

areas, four pairs of Lagrangian drifters were deployed on November 19th at 12.00 h.

The position of the drifters are displayed, every 6 hours, together with the computed

LCS for sets I and II in Figures 5 and 6 respectively. In these figures the trajectory

of the buoys is also shown. During the first 18 hours Hs was below 0.3 m and this

is reflected in the pattern of the LCS. During this period, there is a clear separation

between two areas of the Bay, with the deeper part more diffusive than the shallower

one since currents for this conditions are mainly driven by the shelf slope dynamics.

Drifters in the shallow part travel short distances indicating large residence times

of surface waters. These buoys are located on a small diffusive zone for both set I

(Figure 5) and set II (Figure 6). We want to recall at this point that since LCS are

material surfaces particles can not travel across them. This fact is violated in set I

where a drifter crosses the ridge of the λ− that divides the Bay on the 20th (second
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row of figure 5). More realistically, this LCS does not exist for set II (second row of

figure 6), giving a natural pathway for the drifter. In the rest of the snapshots one also

sees that the Lagrangian drifters follow more clearly the LCS from λ− provided by

set II. To quantify this fact, we compute the mean value of the FSLE in trajectories

following by drifters in set I, which is near to 0.50 days−1 while for set II, the same

value is above 0.90days−1, i.e., drifters follow the LCS computed by set II in a better

way than LCS computed in absence of waves.

4 Conclusions

We have shown that FSLE can be used, by choosing the proper scale, to analyze the

dynamical field of coastal areas. We estimate that in coastal areas, a good represen-

tation of the Lagrangian dynamics is obtained by computing the FSLE with a final

separation of Lagrangian particles of δ f = 500 m. Additionally, a proper characteriza-

tion of currents using coupled models of waves and currents is necessary to obtain the

correct patterns of LCS which describe the dynamics of the area. The analyzed situa-

tion suggests that the effects of waves is to increase coastal mixing up to 10-20% with

respect to the mixing induced by only-wind driven currents. The dynamical point of

view provided by the analysis of the FSLE is a valuable tool to extract information

about transport, mixing and residence time embedded in the Eulerian time dependent

velocity fields obtained from numerical models or High Frequency Radar systems.
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Fig. 5 6 hour snapshot of λ− computed for only currents (set I), and trajectories of Lagrangian drifters.
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Fig. 6 6 hour snapshot of λ− computed for currents and waves (set II), and trajectories of Lagrangian

drifters.
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