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Vibration localization in coupled nanomechanical resonators has emerged as a promising concept
for ultrasensitive mass sensing. It possesses intrinsic common mode rejection and the mass
sensitivity can be enhanced with no need of extreme miniaturization of the devices. In this work, we
have experimentally studied the role of the separation between cantilevers that are elastically
coupled by an overhang. The results show that the coupling constant exponentially decays with the
separation. In consistency with the theoretical expectations, the mass sensitivity is inversely
proportional to the coupling constant. Finite element simulations show that the coupling constant
can be exponentially reduced by increasing the ratio of the cantilever separation to the overhang
length. © 2011 American Institute of Physics. �doi:10.1063/1.3569588�

Nanomechanical resonators such as vibrating cantile-
vers, doubly clamped beams, and trampolines to name a few
geometries have been proposed for ultrasensitive mass
sensing.1–5 The principle is that molecular adsorption on the
surface of the resonator gives rise to an increase in the active
mass of the resonator that makes the resonance frequency to
decrease. The continuous advancements in top-down micro-
and nanofabrication techniques has made possible increas-
ingly smaller nanomechanical resonators with detection lim-
its in the zeptogram range �10−21 g�.6 Moreover, resonant
nanowires and nanotubes fabricated by bottom-up methods
are on the verge of single atom resolution �1.6610−24 g�.7,8

The main disadvantage in the fabrication of extremely small
nanomechanical resonators is that the deviations and imper-
fections inherent to the fabrication at nanoscale makes diffi-
cult to obtain reproducible mechanical properties and re-
sponses to molecular adsorption. In addition, very large scale
integration of these resonators is still technologically com-
plex.

An approach that is no longer depending on the extreme
miniaturization of the devices is the use of coupled nanome-
chanical resonators fabricated by standard silicon
technology.9–14 When the resonators are identical, the vibra-
tion of the eigenmodes is delocalized over the array. In a
similar way to the Anderson’s localization, the addition of
the mass on one of the resonators leads to the spatial local-
ization of the eigenmodes.9,10,12 Since vibration localization
is insensitive to uniform adsorption, coupled nanomechanical
resonators allows decoupling of unspecific and specific mo-
lecular adsorption in differentially sensitized resonators.
Theoretically, the sensitivity of these devices could be en-
hanced by reducing the mechanical coupling constant with
no need of miniaturization of the nanomechanical
resonators.12

Here we have fabricated coupled mechanical systems
consisting of two silicon nitride microcantilevers elastically
coupled by an overhang at their base. The aim is to study the
dependence of the mass sensitivity on the coupling constant

that in this work is tuned by changing the separation between
cantilevers.

An optical micrograph of one of the fabricated devices is
shown in Fig. 1�a�. The cantilever length �L�, width �W�, and
thickness were 25 �m, 10 �m, and 0.1 �m, respectively.
The overhang length �b� was fixed to 8 �m, whereas the gap
�p� between cantilevers was varied from 2 to 100 �m. The
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FIG. 1. �Color online� �a� Optical micrograph of a system of coupled can-
tilevers connected by an overhang. The cantilevers were fabricated in low
stress silicon nitride. The length, L, width, W, and thickness of the cantile-
vers were 25 �m, 10 �m, and 0.1 �m, respectively. The overhang length,
b, was 8 �m. In this case, the gap separation, p, between cantilevers was
20 �m. �b� Graphical depiction of the symmetric �top� and antisymmetric
�bottom� vibration modes of the coupled cantilevers. �c� Evolution of the
frequency spectra of the thermomechanical fluctuations of the coupled can-
tilevers as the gap between cantilevers is reduced from 100 to 2 �m. The
frequency axis is normalized to the resonance frequency of the symmetric
mode �first peak� that is about 135 kHz.

APPLIED PHYSICS LETTERS 98, 123108 �2011�

0003-6951/2011/98�12�/123108/3/$30.00 © 2011 American Institute of Physics98, 123108-1

Downloaded 26 Aug 2011 to 161.111.235.71. Redistribution subject to AIP license or copyright; see http://apl.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1063/1.3569588
http://dx.doi.org/10.1063/1.3569588
http://dx.doi.org/10.1063/1.3569588


stochastic vibration of the cantilevers was measured in high
vacuum at 10−7 mbar by a home-made Michelson interfer-
ometer that uses a He–Ne laser �5 mW, 633 nm�. The me-
chanical quality factor of these cantilevers was around 3000.
The nanomechanical device can be modeled as a lumped
parameter system consisting of two identical springs with
elastic constant k and active mass m that represents the can-
tilevers that are connected by a third spring with constant kc
that couples the motion of the two cantilevers and represents
the overhang. This system exhibits two collective eigen-
modes �Fig. 1�b��, a symmetric mode in which the cantile-
vers vibrate in-phase at angular resonance frequency �s and
a antisymmetric mode in which the cantilevers vibrate in
antiphase at a higher eigenfrequency �a.9,12 The difference
between the two eigenfrequencies is inversely proportional
to the stiffness of the coupling element, in our case the over-
hang. Therefore the coupling constant defined as �=kc /k can
be obtained from the eigenfrequencies measurement by9,12

� =
1

2

�a
2 − �s

2

�s
2 . �1�

Notice that Eq. �1� is valid in the limit of small differ-
ence in mass of the two coupled cantilevers. Figure 1�c�
shows the frequency spectra of the Brownian fluctuations of
the coupled cantilevers as a function of the gap distance be-
tween the two cantilevers. We have measured the thermome-
chanical fluctuations, instead of externally driven vibrations
because the thermal forces are spatially uncorrelated, which
allows to observe, in addition to the symmetric mode, the
antisymmetric mode.12 This mode is hard to detect in iden-
tical cantilevers by using for instance, piezoelectric excita-
tion, because the driving force is in-phase on the two
cantilevers.15 The frequency spectra show that as the separa-
tion between the two cantilevers increases the difference be-
tween the antisymmetric and symmetric eigenfrequencies de-
creases. Figure 2 shows the estimation of � through Eq. �1�,
as a function of the gap distance �symbols�. We observe an
exponential decay �dashed line� when the distance between
cantilevers is increased. Each point of the graph corresponds
with the measurement of four to five different devices. The
error bars arise from fabrication deviations, in particular in

the overhang length. The minimum coupling between canti-
levers, ��0.006, was found for the case in which the gap is
100 �m.

To illustrate the effect of the coupling constant on the
mass sensitivity we show the frequency spectra for two
coupled systems in which the gap between cantilevers is 10
and 20 �m before and after the addition of 100�10 fg on
the tip of one of the cantilevers �Figs. 3�a� and 3�b��. The
measurement was performed by measuring the vibration of
the cantilever with the added mass. The mass was deposited
by focusing an e-beam of a scanning electron microscope
�SEM� on the wished region of the nanomechanical
system.8,12 The e-beam produces the slow deposition of an
amorphous carbon layer through the dissociation of organic
species present in the SEM chamber. The added mass brings
about a major localization of the vibration of the symmetric
mode on the cantilever with the added mass. In other words,
the thermal antisymmetric/symmetric amplitude ratio defined
as ath decreases with the mass. The opposite occurs on the
cantilever where the mass was not deposited. By increasing
the gap between cantilevers from 10 to 20 �m, the ath varia-
tion increases from 30% to 60%. However the change in the
frequencies of the two eigenmodes remains constant about
0.3% since the mass sensitivity of the resonance frequency
measurement is insensitive to the separation between canti-
levers. Notice that the resonance frequency shifts are propor-
tional to the total mass and are insensitive to how the mass is
distributed on the cantilevers, whereas the amplitude ratio is
proportional to the differential mass between the cantilevers.
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FIG. 2. �Color online� Coupling constant vs the gap separation between
coupled cantilevers �symbols�. The coupling constant is calculated from the
difference between the antisymmetric and symmetric eigenfrequencies. The
dashed line is the fitting of the data to an exponential curve.
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FIG. 3. �Color online� Thermal vibration spectra of coupled cantilevers
before, light gray �yellow online� and after the deposition, dark gray �green
online� the deposition of 100�10 fg on one of the cantilevers for a sepa-
ration gap of 10 �a� and 20 �m �b�. The vibration was measured on the
cantilever in which the mass was added. The decrease in the eigenfrequen-
cies is of about 0.3% in both cases, whereas the ratio between the antisym-
metric and symmetric amplitude approximately decreases 30% and 60% for
the gap of 10 �m and 20 �m, respectively. �c� Ratio between the relative
changes in the antisymmetric/symmetric amplitude ratio and resonance fre-
quency shift vs the coupling constant. The symbols are experimental data
and the dashed red line is a theoretical prediction based on coupled har-
monic oscillator theory and the fluctuation-dissipation theorem.
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The combination of the harmonic oscillator theory for
coupled systems and the fluctuation dissipation theorem
provides,12

ath �
1

�1 + 2�
�1 � �1 + ��

�

2�
	 , �2�

where � is the ratio of the added mass to the cantilever ef-
fective mass. The positive sign stands for measurements in
the cantilever in which the mass is not deposited, whereas
the negative sign stands for the cantilever in which the mass
is added. From Eq. �2� it is simple to derive that �ath /ath
�� /2�. Figure 3�c� shows the ratio of the change in vibra-
tion localization obtained by the measurement of �ath /ath to
the eigenfrequency shift defined as ��a /�a+��s /ws for an
added mass of about 100�10 fg as a function of the cou-
pling constant. This measurement allows to compare the vi-
bration localization and resonance frequency methods. In ad-
dition, deviations in �ath /ath due to variations in the
deposited mass are removed when it is divided by the rela-
tive frequency shift. The experimental data �symbols� show a
good agreement with the theory �line� approximately given
by 1 /2�. The amplitude ratio change is at least two orders of
magnitude higher than the eigenfrequency shift for ��0.01
that in our case corresponds to gaps larger than 20 �m. In
addition, the mass sensitivity rapidly enhances as the cou-
pling constant decreases.

Since the coupling constant plays a crucial role in the
sensitivity of coupled nanomechanical systems, we have per-
formed finite element simulations to determine how the cou-

pling constant depends on the overhang length and width.
Figure 4�a� shows � in logarithmic scale versus the gap dis-
tance �p� for different overhang lengths �b�. The data shows
that � exponentially decays with the gap size as found ex-
perimentally. The experimental results overlaps with the
simulation data for b=8�1 �m. We have fitted the simula-
tion curves to �0 e−p/	 and then we have plotted the expo-
nential decay distance 	 versus the overhang length. For
overhang lengths shorter than L /4, 	 is linearly proportional
to the overhang length. Therefore, � can be exponentially
decreased by increasing the separation between the cantile-
vers or/and decreasing the overhang length.

To conclude, we have shown that the sensitivity of mass
sensors based on the vibration localization phenomena in
coupled cantilevers can be significantly enhanced by de-
creasing the coupling constant with no need of making the
cantilevers smaller as it occurs when the mass is detected via
the resonance frequency measurement. In particular, we have
experimentally studied how the coupling constant of pairs of
cantilevers elastically coupled by an overhang varies as a
function of the separation between the cantilevers. The ex-
periments show that the coupling constant exponentially de-
creases with the separation between cantilevers. In consis-
tency with the theory the mass sensitivity is inversely
proportional to the coupling constant. The exponential decay
of the coupling constant with the cantilever separation is also
found in finite element simulations. The simulations indicate
that the coupling constant exponentially decreases with the
ratio of the separation between cantilevers to the overhang
length.
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FIG. 4. �Color online� �a� Finite element simulation of the coupling constant
�log scale� of a pair of coupled cantilevers such as those shown in Fig. 1�a�
as a function of the gap separation, p, for different overhang lengths, b. The
data clearly follows a simple exponential law A e−p/	. The decay constant
distance, 	, is plotted vs the overhang length in �b�. For overhang lengths
b�L /4, 	
b. The parameters 	 and b have been normalized to the canti-
lever length L that is 25 �m.
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