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Abstract

We show how massive/gauged maximal supergravities in 11− n dimensions with
SO(n − l, l) gauge groups (and other non-semisimple subgroups of Sl(n,R)) can be
systematically obtained by dimensional reduction of “massive 11-dimensional super-
gravity”. This series of massive/gauged supergravities includes, for instance, Ro-
mans’ massive N = 2A, d = 10 supergravity for n = 1, N = 2, d = 9 SO(2) and
SO(1, 1) gauged supergravities for n = 2, and N = 8, d = 5 SO(6 − l, l) gauged
supergravity. In all cases, higher p-form fields get masses through the Stückelberg
mechanism which is an alternative to self-duality in odd dimensions.
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1 Introduction

Massive/gauged supergravities are very interesting theories which have become fashionable
due to the relation between the presence in their Lagrangians of mass/gauge coupling
parameters with the existence of domain-wall-type solutions and the holographic relation
between (in general non-conformal) the gauge field theories that live on the domain wall
and the superstring/supergravity theories that live in the bulk [1, 2] (for a review, see
Ref. [3]).

These supergravity theories appear in the literature in essentially 3 different ways in
the compactification of ungauged (massless) supergravities:

1. In compactifications in non-trivial internal manifolds (particularly Freund-Rubin-
type [4] spontaneous compactifications on spheres). Some notable examples are the
S7 [5] compactification of 11-dimensional supergravity that is supposed to give the
SO(8)-gauged N = 8, d = 4 supergravity, the S4 compactification of 11-dimensional
supergravity [6] that gives [7] the SO(5)-gauged N = 4, d = 7 theory, and the S5

compactification of N = 2B, d = 10 supergravity [8, 9, 10] that gives the SO(6)-
gauged N = 8, d = 5 supergravity theory.

2. In Scherk-Schwarz generalized dimensional reductions [11], in which the global sym-
metry is geometrical or non-geometrical.

Examples in which a global geometrical SU(2) symmetry has been used to ob-
tain a gauged/massive supergravity are Salam & Sezgin’s compactification of 11-
dimensional supergravity to obtain SU(2)-gauged N = 4, d = 8 supergravity [12],
and Chamseddine and Volkov’s obtention of SU(2) × SU(2)-gauged N = 4, d = 4
supergravity [13, 14] and Chamseddine and Sabra’s obtention of and SU(2)-gauged
N = 2, d = 7 supergravity [15] from N = 1, d = 10 supergravity in both cases.

An example in which a global symmetry of non-geometrical origin is used to obtain a
gauged/massive supergravity by generalized dimensional reduction is the obtention
of massive N = 2, d = 9 supergravity from N = 2B, d = 10 supergravity exploiting
the axion’s shift symmetry [16]. If one exploits the full global Sl(2,R) symmetry
of the N = 2B, d = 10 theory one obtains a 3-parameter family of supergravity
theories [17] (see also [18]) some of which are gauged supergravities [19]. From the
string theory point of view, the three parameters take discrete values which must be
considered equivalent when they are related by an Sl(2,Z) duality transformation
(i.e. when they belong to the same conjugacy class) and they describe the low-energy
limit of the same string theory [20]. There is, actually, an infinite number of Sl(2,Z)
conjugacy classes and for each of them one gets a massive/gauged supergravity with
either SO(2), SO(1, 1) or no gauge group [21]3. We will take a closer look later to
this Sl(2,Z) family of theories.

3These gauged supergravity theories have been constructed by direct gauging in Ref. [22]. Further, very
recently, new gauged N = 2, d = 9 supergravities constructed by Scherck-Schwarz generalized dimensional
reduction have been presented in Ref. [23]. One of them has a 2-dimensional non-Abelian gauge group.
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3. In compactifications with non-trivial p-form fluxes (see e.g. [24]).

These three instances are not totally unrelated. To start with, compactifications with
fluxes can be understood as non-geometrical Scherk-Schwarz reductions in which the global
symmetry exploited is the one generated by p-form “gauge” transformations with constant
parameters. The axion shift symmetry can be understood as the limit case p = −1 and
can be used in compactifications on circles. Higher p-form fluxes can only be exploited
in higher-dimensional internal spaces that can support them. On the other hand, the
geometrical Scherk-Schwarz compactifications used by Salam & Sezgin and Chamseddine,
Volkov and Sabra could be understood as compactification on the SU(2) group manifold
S3 although one would expect a gauge group SO(4) ∼ SU(2) × SU(2) since this is the
isometry group of the S3 metric used.

Finally, the Freund-Rubin spontaneous sphere compactifications are compactifications
on a brane background (more precisely, in a brane’s near-horizon geometry) and there is
a net flux of the form associated to the brane, while the non-geometrical Scherk-Schwarz
compactifications can also be seen as compactifications on a (d−3)-brane background [17],
in which the brane couples to the (d− 2)-form potential dual to the scalar.

Historically, almost all the gauged/massive theories we just discussed had been con-
structed by gauging or mass-deforming known ungauged/massless theories4 the only ex-
ception being the N = 2, d = 9 theories that, in principle, could have been constructed in
that way as well.

A crucial ingredient in the gauging of some of the higher-dimensional supergravities
with p-form fields transforming under the global symmetry being gauged is that these
fields must be given a mass whose value is related by supersymmetry to the gauge coupling
parameter: if the p-form fields remained massless, they should transform simultaneously
under their own massless p-form gauge transformations (to decouple negative-norm states)
and under the new gauge transformations, which is impossible. A mass term eliminates the
requirement of massless p-form gauge invariance but introduces another problem, because
the number of degrees of freedom of the theory should remain invariant. In the cases of
the SO(5)-gauged N = 4, d = 7 and the SO(6)-gauged N = 8, d = 5 theories this was
achieved by using the “self-duality in odd dimensions” mechanism [33, 34] which we will
explain later on.

The need to introduce mass parameters together with the gauge coupling constant is
one of the reasons why we call these theories gauged/massive supergravities. In some cases
no mass parameters will be needed in the gauging and in some others no gauge symmetry
will be present when the mass paramaters are present but they can nevertheless be seen
as members of the same class of theories. Another reason is that in many cases the gauge
parameter has simultaneously the interpretation of gauge coupling constant and mass of

4The SO(8)-gauged N = 8, d = 4 supergravity was constructed in Ref. [25, 26], the SO(5)-gauged
N = 4, d = 7 supergravity in Ref. [27], the SO(6)-gauged N = 8, d = 5 supergravity in Refs. [28, 29],
the SU(2) × SU(2)-gauged N = 4, d = 4 supergravity in Ref. [30] and the SU(2)-gauged N = 2, d = 7
supergravity in Ref. [31]. Romans’ massive N = 2A, d = 10 supergravity was obtained by a deformation
of the massless theory [32].
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a domain-wall solution of the theory5 that can correspond to the near-horizon limit of
some higher-dimensional brane solution apart from that of the mass of a given field in the
Lagrangian.

The gauging and mass-deformation procedures are very effective tools to produce
gauged theories in a convenient form but hide completely their possible higher-dimensional
or string/M-theorical origin. In fact, there are many gauged/massive supergravity theories
whose string- or M-Theoretical origin is still unknown, which, in supergravity language
means that we do not know how to obtain them by some compactification procedure from
some higher-dimensional (ungauged/massless) theory. In some cases, it is known how
to obtain it from N = 2B, d = 10 supergravity but not from the N = 2A, d = 10 or
11-dimensional supergravity. A notorious example is Romans’ massive N = 2A, d = 10
supergravity [32] that cannot be obtained from standard 11-dimensional supergravity (a
theory that cannot be deformed to accomodate a mass parameter preserving 11-dimensional
Lorentz invariance [35, 36, 37]) by any sort of generalized dimensional reduction, but there
are many more. Let us review some other examples:

1. The Sl(2,Z) family of N = 2, d = 9 gauged/massive supergravities are obtained by
Scherk-Schwarz reduction of the N = 2B, d = 10 theory, but it is not known how to
obtain them from standard 11-dimensional or N = 2A, d = 10 supergravity.

In these theories, the Sl(2,R) doublet of 2-form potentials gets masses through the
Stückelberg mechanism.

2. The massless N = 4, d = 8 supergravity contains two SU(2) triplets of vector fields.
The two triplets are related by Sl(2,R) S-duality transformations. It should be
possible to gauge SU(2) using as SU(2) gauge fields any of the two triplets. If we
gauged the triplet of Kaluza-Klein vectors, we would get the theory that Salam &
Sezgin obtained by Scherk-Schwarz reduction of 11-dimensional supergravity. It is not
known how to derive from standard 11-dimensional supergravity the “S-dual” theory
that one would get gauging the other triplet, that comes from the 11-dimensional
3-form.

In these two theories, the SU(2) triplet of 2-form potentials gets masses through the
Stückelberg mechanism, eating the 3 vectors that are not SU(2)-gauged.

3. The SO(5)-gauged N = 4, d = 7 supergravity theory is also just a particular member
of the family of SO(5 − l, l) gauged N = 4, d = 7 supergravities constructed in
Ref. [38]. The 11-dimensional origin of the SO(5) theory is well understood, but not
that of the theories with non-compact gauge group.

4. The SO(6)-gauged N = 8, d = 5 supergravity theory is also just a particular member
of the family of SO(6 − l, l) gauged N = 8, d = 5 supergravities constructed in
Refs. [28, 29]. Again, while the N = 2B, d = 10 origin of the SO(6) theory is

5Anti-de Sitter spacetime can also be interpreted as a domain-wall solution, its mass being related to
the cosmological constant.
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well understood, its 11-dimensional origin and the higher-dimensional origin of the
theories with non-compact gauge groups is unknown.

5. Essentially the same can be said about the SO(8)-gauged N = 8, d = 4 supergravity
theory since it is possible to generate from it by analytical continuation theories
with non-compact groups SO(8 − l, l) [39] whose higher-dimensional origin is also
unknown.

In the search for an 11-dimensional origin of Romans’ massive N = 2A, d = 10 theory
a “massive 11-dimensional supergravity” was proposed in Ref. [40]. This theory is a defor-
mation of the standard 11-dimensional supergravity that contains a mass parameter and,
to evade the no-go theorem of Refs. [35, 36, 37], a Killing vector in the Lagrangian that
effectively breaks the 11-dimensional Lorentz symmetry to the 10-dimensional one even if
the theory is formally 11-dimensional covariant. Standard dimensional reduction in the
direction of the Killing vector gives the Lagrangian of Romans’ theory.

This theory was little more than the straightforward uplift of Romans’ but it could be
generalized to one with n Killing vectors and a symmetric6 n × n mass matrix Qmn [17].
The reduction of the n = 2 theory in the direction of the two Killing vectors turns out to
give all the SO(2 − l, l)-gauged N = 2, d = 9 supergravities obtained by Scherk-Schwarz
reduction from N = 2B, d = 10 supergravity [17, 18]: each of these theories is determined
by a traceless 2×2 matrix mm

n of the sl(2,R) Lie algebra which is related to the symmetric
mass matrix Qmn by

Qmn = ηmpmp
n , ηmn ≡

(
0 1
−1 0

)
, ηmn = −ηmn .

The reduction of the n = 3 theory gives the “S-dual” SU(2)-gauged N = 4, d = 8
theory mentioned above when we make the choice Qmn = gδmn [41] but can also give the
theories with non-compact gauge group SO(2, 1) if we choose Q = g diag (+ +−). Singu-
lar Qs give rise other 3-dimensional non-semisimple gauge groups and massive/ungauged
supergravities, as we are going to show.

In this paper we are going to study these and other gauged/massive theories obtained
by dimensional reduction of “massive 11-dimensional supergravity” with n Killing vectors
[40, 17]. Generically, the theories obtained in this way are (11−n)-dimensional supergravity
theories with 32 supercharges determined by a mass matrix Qmn. They are covariant under
global Sl(n,R) duality transformations that in general transform Qmn into the mass matrix
of another theory7 of the same family.

6We will discuss later on the possibility of generalizing further the theory by admitting non-symmetric
matrices Qmn.

7In all cases we expect the entries of the mass matrix Qmn to be quantized and take integer values in
appropriate units, since they are related to tensions and charges of branes which are quantized in string
theory. The duality group is then broken to Sl(n,Z) [42]. Theories related by Sl(n,Z) transformations
should be considered equivalent from the string theory point of view. We will take into account these
subtleties later.
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The subgroup of Sl(n,R) that preserves the mass matrix is a symmetry of the theory
and at the end it will be the gauge group. If we use Sl(n,R) transformations and rescalings
to diagonalize the mass matrix so it has only +1,−1, 0 in the diagonal, it is clear that
SO(n, n− l) will be amongst the possible gauge groups and corresponds to a non-singular
mass matrix. These theories with non-singular mass matrices have n(n − 1)/2 vector
fields coming from the Ĉµmn components of the 11-dimensional 3-form and transforming
as SO(n− l, l) l = 0, . . . , n gauge vector fields plus n 2-forms with the same origin and n
Kaluza-Klein vectors coming from the 11-dimensional metric that transform as SO(n− l, l)
n-plets . The n vectors act as Stückelberg fields for the 2-forms which become massive. In
this way the theory is consistent with the SO(n− l, l) gauge symmetry.

Finally, all these theories have a scalar potential that contains a universal term of the
form

V = −1
2
eαϕ

{
[Tr(QM)]2 − 2Tr(QM)2

}
, (1.1)

whereM is a (symmetric) Sl(n,R)/SO(n) scalar matrix, plus, possibly, other terms form
the scalars that come from the 3-form. That scalar potentials of this form appears in
several gauged supergravities was already noticed in Refs. [12, 43]. The d = 5 case is
special because α = 0. This is related to the invariance of the Lagrangian under the
N = 2B, d = 10 Sl(2,R) symmetry.

Some of these theories are known, albeit in a very different form. The case n = 6 is
particularly interesting: we get SO(6− l, l)-gauged N = 8, d = 5 supergravities which were
constructed by explicit gauging in Refs. [28, 29], with 15 gauge vectors that originate in
the 3-form, 6 Kaluza-Klein vector fields that originate in the metric and give mass by the
Stückelberg mechanism to 6 2-forms that come from the 3-form. That is: the field content
(but not the couplings nor the spectrum) is the same as that of the ungauged theory that
one would obtain by straightforward toroidal dimensional reduction. In fact, the ungauged
theory can be recovered by taking the limit Q→ 0 which is non-singular. In Refs. [28, 29]
the gauged theories were constructed by dualizing first the 6 vectors into 2-forms that,
together with the other 6 2-forms, satisfy self-duality equations [33] and describe also the
degrees of freedom of 6 massive 2-forms. In this theory the massles limit is singular and
can only be taken after the elmination of the 6 unphsyical 2-forms [34].

Thus, we have, presumably, two different versions of the same theory in which the 6
massive 2-forms are described using the Stückelberg formalism or the self-duality formalism.
We will try to show the full equivalence between both formulations at the classical level.

Something similar happens in d = 7, although we get SO(4− l, l)-gauged theories and
in the literature only SO(5− l, l)-gauged theories have been constructed [27, 38].

This paper is organized as follows: in Section 2 we describe the “massive 11-dimensional
supergravity”, its Lagrangian and symmetries. In Section 3 we briefly review how for n = 1
we recover Romans’ massive N = 2A, d = 10 supergravity. In Section 4 we revise how for
n = 2 we get the Sl(2,Z) family of gauged/massive N = 2, d = 9 supergravities and how
they are classified by their mass matrix. In Section 5 we study the case n = 3 and the
gauged/massive N = 2, d = 8 supergravities that arise which allows us to describe the
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general situation for arbitrary n. In Section 6 we study the n = 6 case and try to argue
that we have obtained an alternative but fully equivalent form of the SO(6− l, l)-gauged
N = 8, d = 5.

2 Massive 11-Dimensional Supergravity

Massive 11-dimensional supergravity can be understood as a deformation of standard 11-
dimensional supergravity [45] that breaks 11-dimensional Lorentz invariance. The bosonic
fields of the standard N = 1, d = 11 supergravity are the Elfbein and a 3-form potential8{

êµ̂
â, Ĉµ̂ν̂ρ̂

}
. (2.1)

The field strength of the 3-form is

Ĝ = 4 ∂ Ĉ , (2.2)

and is obviously invariant under the massless 3-form gauge transformations

δ Ĉ = 3 ∂ χ̂ , (2.3)

where χ̂ is a 2-form. The action for these bosonic fields is

Ŝ =

∫
d11x̂

√
|ĝ|
[
R̂− 1

2·4!Ĝ
2 − 1

(144)2
1√
|ĝ|
ε̂ĜĜĈ

]
. (2.4)

Now, we are going to assume that all the fields of this theory are independent of n
internal coordinates zm. This is the standard assumption in toroidal dimensional reductions
and, in particular, it means that the metric admits n mutually commuting Killing vectors
k̂(n) associated to the internal coordinates by

k̂(m)
µ̂∂µ̂ =

∂

∂zm
≡ ∂m . (2.5)

We are also going to introduce an arbitrary symmetric mass matrix Qmn. The possibility
or need to introduce a more general mass matrix will be discussed later on. With these
elements (the Killing vectors and the mass matrix) we are going to deform the massless
theory.

First, we construct the massive gauge parameter 1-form9 λ̂(n)

λ̂(m) ≡ −Qmnik̂(n)
χ̂ , (2.6)

and, for any 11-dimensional tensor T̂ , we define the massive gauge transformations

8Our conventions are those of Refs. [17, 41]. In particular, µ̂ (â) are curved (flat) 11-dimensional indices
and our signature is (+− · · ·−).

9iv̂T̂ denotes the contraction of the last index of the covariant tensor T̂ with the vector v̂.
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δχ̂T̂µ̂1···µ̂r = −λ̂(n)µ̂1 k̂(n)ν̂T̂ν̂µ̂2···µ̂r − · · · − λ̂(n)µ̂r k̂(n)ν̂T̂µ̂1···µ̂r−1ν̂ . (2.7)

According to this general rule, the massive gauge transformation of the 11-dimensional
metric ĝµ̂ν̂ and of any 11-dimensional form of rank r Âµ̂1···µ̂r are given by

δχ̂ĝµ̂ν̂ = −2k̂(m) (µ̂ λ̂
(m)

ν̂) ,

δχ̂Âµ̂1···µ̂r = (−)rrλ̂(n)[µ̂1

(
ik̂(n)

Â
)
µ̂2···µ̂r] ,

(2.8)

which, together, imply 
δχ̂
√
|ĝ| = 0 ,

δχ̂Â
2 = 0 .

(2.9)

However, the 3-form of massive 11-dimensional supergravity does not transform homo-
geneously under massive gauge transformations, but

δχ̂Ĉ = 3∂χ̂− 3λ̂(n)ik̂(n)
Ĉ , (2.10)

which allows us to see it as a sort of connection. It is not surprising that the gauge vectors of
the dimensionally reduced gauged/massive theories come from the 11-dimensional 3-form.
The massive 4-form field strength is given by

Ĝ = 4∂Ĉ − 3Qmn ik̂(m)
Ĉ ik̂(n)

Ĉ , (2.11)

and transforms covariantly, according to the above general rule, so

δχ̂Ĝ
2 = 0 . (2.12)

The action of the proposed massive 11-dimensional supergravity then reads

Ŝ =

∫
d11x̂

√
|ĝ|
{
R̂(ĝ)− 1

2·4!Ĝ
2 − K̂µ̂ν̂ρ̂K̂

ν̂ρ̂µ̂ + 1
2
Qmndk̂(m)ik̂(n)

Ĉ

+1
2
(Qmnk̂(m)

µ̂k̂(n) µ̂)2 − (Qmnk̂(m) µ̂k̂(m) ν̂)
2

− 1
64

ε̂√
|ĝ|

[
∂Ĉ∂ĈĈ + 9

8
Qmn∂ĈĈ ik̂(m)

Ĉ ik̂(n)
Ĉ

+27
80
QmnQpqĈ ik̂(m)

Ĉ ik̂(n)
Ĉ ik̂(p)Ĉ ik̂(q)Ĉ

]}
,

(2.13)

where we have defined a contorsion tensor

K̂âb̂ĉ = 1
2

(
T̂âĉb̂ + T̂b̂ĉâ − T̂âb̂ĉ

)
, (2.14)
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where the torsion tensor is defined by

T̂µ̂ν̂
ρ̂ = −Qmn(ik̂(m)

Ĉ)µ̂ν̂ k̂(n)
ρ̂ . (2.15)

The action is also invariant under massive gauge transformations up to total derivatives.
By construction, this theory is meant to be compactified in the n-dimensional torus

parametrized by the coordinates zm. After that dimensional reduction, the explicit Killing
vectors in the Lagrangian disappear and one gets a genuine (11 − n)-dimensional field
theory. We will postpone to the last section the discussion of the “true” dimensional
nature of the above theory and in the next few sections we will consider it as a systematic
prescription to get massive/gauged supergravity theories in 11− n dimensions and we will
study these theories for several values of n.

Also by construction, there is a natural action of the group Gl(n,R) in these theories,
all the objects carrying m,n indices (including the mass matrix) transforming in the vec-
tor representation. The subgroup of Gl(n,R) that preserves the mass matrix will be a
symmetry group of the theory.

The gauge invariances of the gauged supergravities that we will obtain are encoded in
the 11-dimensional massive gauge transformations parametrized by the 1-forms λ̂(m). Their
dimensional reduction will give rise to further massive gauge transformations parametrized
by 1-forms and associated to massive 2-forms λ

(m)
µ and will also give rise to (Yang-Mills)

gauge transformations parametrized by the scalars λ
(m)
n where the subindex n corresponds

to an internal direction. These scalars exist when there is more than one Killing vector and
are antisymmetric in the indices m,n and correspond to orthogonal gauge groups. This
is consistent with the fact that the gauge vectors come from the components Ĉµmn and
naturally carry a pair of antisymmetric indices corresponding to the adjoint representation
of an orthogonal group.

A few words about the fermions of the theory, which we have so far ignored, are in
order. The above theory is a straightforward generalization to arbitrary n of the n = 2
case obtained by uplifting of the gauged/massiveN = 2, d = 9 supergravities constructed in
Ref. [17] by non-geometrical Scherk-Schwarz reduction of the N = 2B, d = 10 theory. This
construction was made for the bosonic sector only, but can be made for the full supergravity
Lagrangian, as shown in Ref. [18]. Once the full gauged/massive N = 2, d = 9 supergravity
is constructed it can be uplifted to d = 11 and then generalized to arbitrary n. This was
done for the fermionic supersymmetry transformation rules in [18] and they were found to
have the form

1
2
δε̂ψ̂µ̂ =

{
∇̂µ̂(ω̂ + K̂) + i

288

[
Γ̂âb̂ĉd̂µ̂ − 8Γ̂b̂ĉd̂êâµ̂

]
Ĝâb̂ĉd̂

− i
12
k̂(n)ν̂Q

nmk̂ν̂(m)Γ̂µ̂ + i
2
k̂(n)µ̂Q

nmk̂(m)ν̂Γ̂
ν̂
}
ε̂ .

(2.16)

It should be clear from this discussion that a fully supersymmetric theory is obtained
for each value of n. In the next sections we are going to see how known gauged/massive su-
pergravities arise in the dimensional reduction of the above Lagrangian and supersymmetry
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transformation rules in the direction of the Killing vectors k̂(m).

3 Romans’ Massive N = 2A, d = 10 Supergravity from

d = 11

The reduction of the n = 1 case in the direction of the unique Killing vector present with the
same Kaluza-Klein Ansatz as in the massless case gives Romans’ massive N = 2A, d = 10
supergravity [40] with the field content (in stringy notation)

{gµν , φ, Bµν , C
(3)

µνρ, C
(1)

µ, ψµ, λ} (3.1)

and with a mass parameter10 m equal to minus the mass matrix m = −Q. Thus, setting
for the bosonic fields

(
êµ̂
â
)

=

 e−
1
3
φeµ

a e
2
3
φC(1)

µ

0 e
2
3
φ

 ,
(
êâ
µ̂
)

=

 e
1
3
φea

µ −e 1
3
φC(1)

a

0 e−
2
3
φ

 , (3.2)

Ĉµνρ = C(3)
µνρ , Ĉµνz = Bµν , (3.3)

we get the string-frame bosonic action

S =

∫
d10x

√
|g|
{
e−2φ

[
R− 4 (∂φ)2 + 1

2·3!H
2
]
−
[
1
2
m2 + 1

2·2!m
2
(
G(2)

)2
+ 1

2·4!

(
G(4)

)2]
− 1

144
1√
|g|
ε
[
∂C(3)∂C(3)B + 1

2
m∂C(3)BBB + 9

80
m2BBBBB

]}
,

(3.4)
where G(2) and G(4) are the RR 2- and 4-form field strengths

G(2) = 2∂C(1) +mB , G(4) = 4∂C(3) − 12∂BC(1) + 3mBB , (3.5)

and H is the NSNS 3-form field strength

H = 3∂B . (3.6)

These field strengths and the Lagrangian are invariant under the bosonic gauge trans-
formations

δB = 2∂Λ , δC(1) = ∂Λ(0) −mΛ , δC(3) = 3∂Λ(2) − 3mBΛ−HΛ(0) , (3.7)

10This is the parameter mR of Refs. [21, 23].
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where the gauge parameters Λ
(2)
µν ,Λµ,Λ

(0) are related to the 11-dimensional ones χ̂µ̂ν̂ and

ξ̂µ̂ (the generator of infinitesimal g.c.t.’s) by

χ̂µν = Λ(2)
µν , χ̂µz = 1

m
λ̂µ = Λµ , ξ̂z = Λ(0) . (3.8)

The massive gauge invariance of this theory does not lead to a gauged supergravity just
because the dimensional reduction of the massive gauge parameter only gives a 1-form. On
the other hand, it allows us to gauge away the RR vector leaving in the action a mass term
for the NSNS 2-form. This is the simplest example of the Stückelberg mechanism that will
be at work in all the cases that we are going to review here. The Stückelberg vectors will
always be the ones coming from the metric (here the RR vector). The gauge vector fields
(if any) will always come from the 3-form.

The Ansatz for the fermionic fields and supersymmetry parameter is

ε̂ = e−
1
6
φ ε , ψ̂a = e

1
6
φ
(
2ψa − 1

3
Γaλ

)
, ψ̂z = 2i

3
e

1
6
φΓ11λ , (3.9)

and leads to the supersymmetry transformation rules


δεψµ =

{
∂µ − 1

4

(
6ωµ + 1

2
Γ11 6Hµ

)}
ε+ i

8
eφΣn=2

n=0
1

(2n)!
6G(2n)Γµ (−Γ11)

n ε ,

δελ =
[
6∂φ+ 1

2·3!Γ11 6H
]
ε+ i

4
eφ
∑n=2

n=0
5−2n
(2n)!
6G(2n) (−Γ11)

n ε .
(3.10)

where we have identified

G(0) = m. (3.11)

4 Massive N = 2, d = 9 Supergravities from d = 11

The reduction of the n = 2 case in the direction of the two Killing vectors present with
the same Kaluza-Klein Ansatz as in the massless case gives gauged/massive N = 2, d = 9
supergravities characterized by the mass matrices Qmn [17, 19, 20, 21, 22, 23]. The field
content of these theories is

{gµν , ϕ, Lmi, Cµνρ, Bmµν , Vµ, A
m
µ, ψ

i
µ, λ

i} . (4.1)

The Lm
i parametrize an Sl(2,R)/SO(2) coset. The field Vµ comes from the 11-dimensional

3-form components Ĉµmn and will be a gauge field. Its presence is the main new feature
with respect to the n = 1 case. The gauge group will depend on the choice of mass matrix,
as we are going to see. As in all cases, there will always be the same number of 2-forms
Bµν m and Kaluza-Klein vectors Amµ that play the role of Stückelberg fields for the 2-forms.

Explicitly, the Kaluza-Klein Ansatz for the bosonic fields is

11



(
êµ̂
â
)

=

 e
− 1

3
√
7
ϕ
eµ
a e

√
7

6
ϕLm

iAmµ

0 e
√
7
6
ϕLm

i

 ,
(
êâ
µ̂
)

=

 e
1

3
√
7
ϕ
ea
µ −e

1
3
√
7
ϕ
Ama

0 e
−
√
7

6
ϕLi

m

 ,

(4.2)
and11 

Ĉµνρ = Cµνρ − 3
2
Am[µBm| νρ] + 3ηmnV[µA

m
νA

n
ρ] ,

Ĉµνm = Bmµν − 2ηmnV[µA
n
ν] ,

Ĉµmn = ηmnVµ .

(4.3)

The gauge parameter χ̂µ̂ν̂ gives rise to a scalar parameter σ, two vector parameters λmµ

and a 2-form parameter χµν :

χ̂µν = χµν , χ̂µm = λmµ , χ̂mn = ηmnσ , (4.4)

The gauge vector Vµ transforms under the group generated by the single12 local param-
eter σ(x)

δσVµ = ∂µσ . (4.5)

To find which is the one-parameter gauge group we have to look at the δσ transforma-
tions of the fields that carry Sl(2,R) indices m,n:

δσLm
i = −σLnimn

m ,

δσA
m
µ = σmm

nA
n
µ ,

δσBµν m = −σBmµνm
n
m + 2ηmn∂[µσA

n
ν] ,

(4.6)

that leave invariant all the field strengths except for that of Bmµν that transforms co-
variantly. This tells us that the gauge group of the 9-dimensional theory is the group
generated by the 2 × 2 traceless matrix mm

n = −Qmpηpn, which is a generator of a sub-
group of Sl(2,R). By construction, it is the subgroup that preserves the mass matrix Qmn:
it transforms according to

Q′ = ΛQΛT , Λ = eσm , (4.7)

11The definition of Cµνρ is not the most naive Ĉabc ∼ Cabc because in this case one is interested in
recoverig exactly the theories obtained by non-geometrical Scherk-Schwarz reduction from N = 2B, d = 10
supergravity [17].

12Some of the gauged/massive N = 2, d = 9 theories presented in Ref.[23] have a 2-parameter non-
Abelian guage group and, tehrefore, cannot be described in this framework even if we allowed for more
general, non-symmetric mass matrices.
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then the condition that it is preserved Λ−1Q = QΛT translates into

mQ = −QmT , (4.8)

which is trivially satisfied for m = −Qη on account of the property mT = −ηmη−1.
It is clear that the theories obtained can be classified first by the sign of the determinant

of the mass matrix α2 = −4detQ , which is an SL(2,R) invariant: class I α2 = 0, class II
α2 > 0 and class III α2 < 0 [20, 21]. These classes should be subdivided further into
Sl(2,Z) equivalence classes since the theories are equivalent only when they are related
by Sl(2,Z) transformations. However, it should be clear that theories within the same α2

class have the same gauge group, the difference being a change of basis which is an Sl(2,R)
but not an Sl(2,Z) transformation.

Thus, all theories in class III (α2 < 0) have gauge group SO(2) and all theories in
class II (α2 > 0) have gauge group SO(1, 1). The theories in class I (α2 = 0) are all
equivalent to one with

Q =

(
−m 0

0 0

)
, (4.9)

which is just the reduction of the n = 1 case (Romans’ theory) considered in the previous
section. The group is now SO(1, 1), with

Λ =

(
1 σm
0 1

)
. (4.10)

The transformation laws of the fields of this theory are rather unconventional but the
theory is still a gauged supergravity.

From a combination of different terms we get the scalar potential

V (ϕ,M) = 1
2
e

4√
7
ϕ
Tr
(
m2 + mMmTM−1) , Mmn = Lm

iLn
i . (4.11)

Its presence suggests the existence of domain-wall (7-brane) solutions which will be the
vacua of the different theories obtained from different mass matrices. In fact, these domain-
wall solutions correspond to different 7-brane solutions of the N = 2B, d = 10 theory:
each kind of 10-dimensional 7-brane is characterized by its Sl(2,Z) monodromy Λ and
it is possible to reduce the N = 2B, d = 10 theory in the Scherk-Schwarz generalized
fashion admitting this monodromy for the different fields. The result is a gauged/massive
N = 2, d = 9 supergravity with a mass matrix Q related to Λ = e2πRm as explained above.
The domain-wall solutions and their 10-dimensional origin and monodromies have been
studied in detail in Ref. [21]. A study of the non-conformal 8-dimensional field theories
living in the “boundaries” of these solutions and their relations is still lacking.

The 2-forms Bmµν are also invariant under the standard 2-form gauge transformations

δλBmµν = 2∂[µλ|m|ν] . (4.12)
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This is possible because these transformations are supplemented by the massive gauge
transformations of the KK vectors

δλA
m
µ = Qmnλnµ , (4.13)

that leave invariant the field strength

Fm
µν = 2∂[µA

m
ν] − QmnBnµν , (4.14)

which would allow us to gauge them away giving explicit mass terms to the 2-forms. It is
in this way (Stückelberg mechanism) that there is no clash between the gauge invariance
under δσ and the 2-form gauge transformations δλ.

The full bosonic action for this theory can be found in Ref. [17] and the fermionic
supersymmetry transformation rules in Ref. [18]. Their are not essential to our quick
review and we will not write them explicitly.

5 Massive N = 4, d = 8 Supergravities from d = 11

The reduction of next case n = 3 in the direction of the three Killing vectors gives 8-
dimensional gauged theories [41]. Only the SO(3) case was studied in Ref. [41] but we are
going to show that more general non-compact and non-semisimple gaugings naturally arise
as in the previous case. We are going to use the general formalism and field definitions that
will be valid in any dimension to show that in the general case n one can get SO(n− l, l)-
gauged (11− n)-dimensional supergravities.

The field content of these theories is

{gµν , ϕ, a, Lmi, Cµνρ, Bmµν , Vmnµ, A
m
µ, ψ

i
µ, λ

i} , (5.1)

where the indices m,n = 1, 2, 3 are Sl(3,R) indices and also, simultaneously, gauge indices.
The Lm

i parametrize now an Sl(3,R)/SO(3) coset and the three vector fields Vmnµ gauge
a 3-dimensional group which should be a subgroup of Sl(3,R)13.

The Anstaz for the bosonic fields is14

(
êµ̂
â
)

=

 e
1
6
ϕeµ

a e−
1
3
ϕLm

iAmµ

0 e−
1
3
ϕLm

i

 ,
(
êâ
µ̂
)

=

 e−
1
6
ϕea

µ −e− 1
6
ϕAma

0 e
1
3
ϕLi

m

 , (5.2)

and, using now the standard decomposition15

13In the general case we will have Sl(n,R) indices, the Lm
i will parametrize an Sl(n,R)/SO(n) coset

and instead of one scalar a one gets amnp (here amnp = aεmnp). Further, we will have n(n − 1)/2 gauge
vectors Vmnµ.

14In the general case only the powers of ϕ are different.
15In the general case Ĉijk ∼ LimLjnLkpamnp.
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Ĉabc = e−
1
2
ϕCabc , Ĉabi = Li

mBmab ,

Ĉaij = e
1
2
ϕLi

mLj
nVmna , Ĉijk = eϕεijka ,

(5.3)

as we are going to do from now on, we get16

Ĉµνρ = Cµνρ + 3Am[µ|Bm| νρ] + 3Vmn [µA
m
ν A

n
ρ] + aεmnpA

m
[µA

n
νA

p
ρ] ,

Ĉµνm = Bmµν − 2Vmn [µA
n
ν] + aεmnpA

n
µA

p
ν ,

Ĉµmn = Vmnµ + aεmnpA
p
µ ,

Ĉmnp = εmnpa .

(5.4)

The standard decomposition of the 4-form field strength

Ĝabcd = e−
2
3
ϕGabcd , Ĝabc i = e−

1
6
ϕLi

mHmabc ,

Ĝab ij = e
1
3
ϕ Li

mLj
n [Fmnab + aεmnp F

p
ab] , Ĝa ijk = e

5
6
ϕ εijk ∂a a ,

(5.5)

gives the following field strengths

Gµνρσ = 4∂[µCνρσ] + 6Bm [µνF
m
ρσ] − 3Bm [µν|Q

mnBn |ρσ] ,

Hmµνρ = 3∂[µ|Bm| νρ] + 3Vmn [µF
n
νρ] ,

Fmnµν = 2∂[µ|Vmn| ν] + 2Vmp [µ|Q
pqVnq| ν] ,

Fm
µν = 2∂[µA

m
ν] − QmnBmµν .

(5.6)

to which we have to add the covariant derivative of the Sl(3,R)/SO(3) scalars17

DµLmi = ∂µLm
i − VmpµQpqLq

i , (5.8)

Let us now analyze the different gauge symmetries of the theory. The 2-form χ̂µ̂ν̂
decomposes now into a 2-form χµν , 3 vector parameters λmµ which will be associated to
the massive gauge invariances of the 3 2-forms Bmµν and 3 scalars σmn = −σnm18

16In the general case we only have to substitute aεmnp by amnp.
17In the general case we also have to add the covariant derivative of the amnp scalars

Dµamnp = ∂µamnp − 3V[m|q µQ
qra|np]r , (5.7)

that reduces to a partial derivative in d = 8 when amnp = εmnpa.
18In the general case we will get n vector parameters associated to the massive gauge invariances of the

n 2-forms Bmµν and n(n− 1)/2 scalars σmn = −σnm.
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χ̂µν = χµν , χ̂µm = λmµ , χ̂mn = σmn . (5.9)

It is also convenient to define

σmn = Qmpσpn . (5.10)

These are going to be the infinitesimal generators of the gauge transformations. Observe
that, depending on the choice of Qmp, σmn can contain an equal or smaller number of
independent components than σpn and, thus, the gauge group can have dimension 3 or
smaller.

Under the δσ transformations19

δσLm
i = −Lniσnm ,

δσA
m
µ = σmnA

n
µ ,

δσVmnµ = Dµσmn ,

δσBmµν = −Bnµνσ
n
m + 2∂[µ|σmnA

n
|ν] ,

δσCµνρ = 3∂[µ|σmnA
m
|νA

n
ρ] ,

(5.12)

the field strengths and covariant derivatives transform covariantly, i.e.

δσG = 0 , δσHm = −Hnσ
n
m , δσFmn = −2Fp[nσ

p
m] , δσF

m = σmnF
n ,

δσDLmi = −(DLni)σnm , δσDamnp = −3(Daq[np)σqm] .
(5.13)

The gauge group is the orthogonal subgroup of Sl(3,R) (Sl(n,R) in the general case)
obtained by exponentiation of σmn that preserves the mass matrix Qmn, i.e.

ΛQΛT = Q , Λ = eσ . (5.14)

It is easy to see that the infinitesimal form of the above condition

σmpQ
pn = −σnpQmp , (5.15)

is trivially satisfied. The generators of the gauge group in this representation are the
matrices

19In the general case the gauge transformations of these fields take the same form but the scalars amnp
transform covariantly

δσamnp = −3aq[npσ
q
m] . (5.11)

This transformation vanishes in d = 8 when amnp = εmnpa.
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Γ(Mmn)pq = 2Qm[pδn]q , ⇒ σpq = 1
2
σmnΓ(Mmn)pq , (5.16)

and the algebra they satisfy can be easily computed

[Mpq,M rs] = 1
2
fpq rsmnM

mn , fpq rsmn = 8δ[p[mQ
q][rδs]n] . (5.17)

Actually, using the above structure constants fpq rsmn the gauge field strength Fmn can be
written in the standard form

Fmn = 2∂Vmn + 1
4
fpq rsmnVpqVrs . (5.18)

It is clear that the gauge groups SO(3) and SO(2, 1) correspond to the non-singular diag-
onal mass matrices20 Q = ±g diag(+ + +) and Q = ±g diag(+ +−) respectively, but other
groups can also appear. For n = 3 we can easily classify all the gauge groups that appear,
comparing with the Bianchi classification of all real 3-dimensional Lie algebras21.

It is useful to change the notation first:

V m
µ ≡ 1

2
εmnpVnpµ , Tm ≡ 1

2
εmnpM

np , fuv
w ≡ 1

8
εupqεvrsε

wmnfpq rsmn = −εuvtQtw .
(5.19)

The Bianchi classification starts with the observation that the most general structure
constants for a 3-dimensional Lie algebra can be written in the form

fij
k = −εijlblk + 2δ[i

kaj] , blk = bkl , bklal = 0 . (5.20)

The next step consists in the diagonalization of the symmetric matrix bkl whose eigen-
values are normalized to ±1, 0 and the determination of their possible null eigenvectors ai.
Comparing with the structure constants Eq. (5.19), we see that we can obtain all the Lie
algebras in the Bianchi classification with ai = −1

2
fik

k = 0. These are the Bianchi I, II,
VI, VII, VIII (so(2, 1)) and IX (so(3)) algebras.

How about the remaining Bianchi III, IV and V algebras? It is a simple exercise to
rewrite the general structure constants Eq. (5.20) in terms of just one constrained matrix
dlk = bkl − εkliai with no definite symmetry properties:

fij
k = εijld

lk , d(lk)εkijd
ij = 0 . (5.21)

This seems to suggest that we could cover all the possible cases by allowing for a general,
non-symmetric Qmn, but this has to be checked in detail.

Let us conclude the study of the gauge symmetries of the theory: the parameters λmµ

generate massive gauge transformations under which

20It is also clear that in the general case all the orthogonal subgroups SO(n − l, l) of Sl(n,R) are also
included.

21This study is more complicated for n > 3 and, further, the real Lie algebras are not classifiedd in
general, but only for n = 3 (the well-known Bianchi classification) and n = 4. See e.g. Ref. [50] and
references therein.
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δλA
m
µ = Qmnλnµ , δλBmµν = 2∂[µ|λm |ν] , δλCµνρ = −6Am[µ∂ν|λm| ρ] , (5.22)

leaving invariant all the field strengths. In this and all cases this invariance can be used to
eliminate the 3 (n) KK vector fields Amµ giving masses to the 3 (n) 2-forms Bmµν . The
action for the full theory can be found in Ref. [41].

Let us now compare the theory obtained, with Q = gI3×3 and gauge group SO(3) (the
other cases cannot be compared) with Salam & Sezgin’s (SS) [12]. The field contents are
identical, only the couplings are different: in the SS case the gauge vector fields are the
KK ones Amµ and the Stückelberg vector fields are the ones coming from the 3-form V m

µ,
while in our case these roles are interchanged (the 2-forms are always massive). Some of
the couplings to the scalars ϕ and a are also different.

Actually it is convenient to describe the differences between both 8-dimensional theories
through the action of the global Sl(2,R) duality symmetry that the (equations of motion
of the) massless theory enjoys. The scalars ϕ and a can be combined in the complex
scalar τ = a+ ie−ϕ that parametrizes the coset Sl(2,R)/SO(2) and undergoes fractional-
linear transformations under Sl(2,R). Under this group, the vector fields form 3 doublets
(V m

µ, A
m
µ) while the 2-forms are singlets22. The 4-form field strengthG undergoes electric-

magnetic duality rotations.
The differences between the two 8-dimensional gauged theories are associated, precisely,

to the Sl(2,R) transformation

S =

(
0 1
−1 0

)
(5.23)

that interchanges the vector fields V m
µ and Amµ and transforms τ into −1/τ . This is

reflected in the scalar potential which in our case is given by

V = −1
2

|τ |2

=m(τ)

{
[Tr (QM)]2 − 2Tr (QM)2

}
, (5.24)

while in SS’s case is

VSS = −1
2
g2

1

=m(τ)

{
(TrM)2 − 2Tr (M2)

}
. (5.25)

Thus we can view our theory as the S-dual of SS’s although, in practice, one cannot
perform such a transformation directly on the gauged theories and, rather, one would have
to do it in the ungauged one.

The non-compact gaugings that we obtain from “massive 11-dimensional supergravity”
have no known “S-dual”, although it should be possible to obtain them by the analytical
continuation methods of Ref. [39]. Their 11-dimensional origin is unknown. As for the non-
semisimple gaugings, their “S-duals” are also unknown, but now analytical continuation
cannot be used to construct them.

22Actually, the 2-forms are singlets after a field redefinition.
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6 Massive N = 8, d = 5 Supergravities from d = 11

From the discussions and examples in the previous sections it should be clear that in
the n = 4 case we will obtain SO(4 − l, l)-gauged 7-dimensional supergravities etc. A
particularly interesting case is the n = 6 one, in which we can obtain SO(6− l, l)-gauged
N = 8, d = 5 supergravities which were constructed in Refs. [28, 29]. This offers us the
possibility to check our construction and show that, as we have claimed, it systematically
gives gauged/massive supergravities.

The derivation of the 5-dimensional theory from “massive 11-dimensional supergrav-
ity” offers no new technical problems and the action, field strengths etc. can be found
applying the general recipes explained in the previous section and are written explicitly in
Appendix A. One of the highlights of this derivation is the field content which is of the
general form

{gµν , ϕ, a, amnp, Lmi, Bmµν , Vmnµ, A
m
µ, ψ

i
µ, λ

i} , (6.1)

where now the m,n, p indices are Sl(6,R) indices and where we have dualized the 3-form
Cµνρ into the scalar a. The scalars ϕ and a can be combined again into the complex τ
that parametrizes Sl(2,R)/SO(2). In the ungauged/massless theory this Sl(2,R) global
symmetry and the more evident Sl(6,R) are part of the E6 duality group of the theory
that only becomes manifest after the 6 2-forms are also dualized into 6 additional vector
fields23.

As usual, this is also the field content of the ungauged theory. This is already a surprise
since in Refs. [28, 29] it was argued that the theory could only be consistently gauged if
the 6 KK vector fields Amµ were dualized into 6 2-forms B̃mµν which, together with the
already existing 6 2-forms Bmµν and via a self-dual construction, could describe 6 massive
2-forms. Once there are no massless higher-rank fields with Sl(6,R) indices left, the theory
can be consistently gauged. In the theory that we get, the same goal is achieved by the
Stückelberg mechanism: the 6 KK vector fields Amµ are not dualized but are gauged away
leaving mass terms for the already existing 6 2-forms Bmµν .

Another interesting point is the form of the scalar potential V(ϕ, amnp), given in Eq. (A.14).
The first term, which is universal for all the gauged/massive theories we are studying and
is the only one that survives the consistent truncation amnp = 0, is independent of the
scalar ϕ that measures the volume of the internal manifold. As shown in Appendix B, this
universal term is always minimized for M = In×n when Q = g In×n and the value of the
potential for n = 6 is constant and the vacuum is AdS5 as in Refs. [28, 29]. Not only the
vacuum is the same: in Ref. [43] it was shown that there is is a consistent truncation of
the scalars that leaves the same potential (the first term of Eq. (A.14)) for the remaining
scalars and thus, in spite of the apparent differences it is plausible that the two untruncated
potentials are completely equivalent.

23The bosonic action of the massless theory with Cµνρ dualized into a and the Bmµν dualized into vector
fields Nm

µ is given in Eq. (A.9).
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If the field content is equivalent, the symmetries of the theory are the same the vacuum
is the same and, presumably the potentials are equivalent, we can expect to have obtained
a completely equivalent form of the SO(6− l, l)-gauged N = 8, d = 5 theories constructed
in Refs. [28, 29]. To show or, rather, to make more plausible this equivalence we would
like to show that these theories have identical equations of motion, but this is extremely
complicated for the full theories and we will content ourselves with showing the equivalence
of the self-dual and Stückelberg Lagrangians for charged 2-forms ignoring all the scalars
for the sake of simplicity.

6.1 Self-Duality versus Stückelberg

The gauging of N = 4, d = 7 [38] and N = 8, d = 5 [28, 29] supergravity theories presents
many peculiar features and problems absent in other cases. All these problems were re-
solved using the self-duality mechanism [34, 33]. Before comparing it with the Stückelberg
mechanism, we will review the above mentioned problems and the reasoning that lead to
the use of the self-duality mechanism to solve them in the 5-dimensional case.

In the usual gauging procedure one gauges the symmetry group of all the vector fields
present in the ungauged theory. In one version of N = 8, d = 5 ungauged supergravity
in which all 2-forms have been dualized into vectors, there are 27 vector fields, but there
is no 27-dimensional simple Lie group, and therefore the standard recipe does not work.
The origin of the gauged theory from IIB supergravity compactified on S5 [9, 10, 44]
suggested the gauging of the isometry group of the internal space, the 15-dimensional
SO(6). E6(6) being the global symmetry group of the ungauged theory and Usp(8) the
local composite one, the idea was to gauge an SO(6) subgroup of the Usp(8) embedded
in E6(6)

24. All bosonic fields are in irreducible representations of E6(6) and in general
transform as reducible representations under SO(6). In particular, the 27 of vector fields
breaks, under SO(6), as 27 = 15 + 6 + 6. The 15 is precisely the adjoint of SO(6). This
raises a second problem: how to couple the two sextets of abelian vector fields to the 15
SO(6) Yang-Mills fields.

On the other hand, the superalgebra of the gauged theory was expected to be SU(2, 2|4).
The irreducible representation of this superalgebra in which the graviton is contained also
contains two sextets of 2-index antisymmetric tensor fields (2-forms). This and other
reasons [9, 10] suggested the replacement of the two sextets of abelian vector fields by two
sextets of 2-form fields, but there is also a problem in coupling these fields to the Yang-
Mills ones: it is not possible to reconcile both gauge invariances simultaneously. Replacing
ordinary derivatives by Yang-Mills covariant ones breaks the local gauge invariance of the
antisymmetric fields, which means that there are more modes propagating than in the
ungauged theory. But there is a way out: the antisymmetric fields must satisfy self-dual
equations of motion (to be described later).

Once the twelve vectors have been replaced by the self-dual 2-form fields one finds that

24Usp(8) contains Sl(2,R) × Sl(6,R) as a subgroup, and the SO(6) to be gauged is in Sl(6,R). One
may also gauge a non-compact group SO(6− l, l) instead of SO(6).
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the latter do not satisfy Bianchi identities, and for consistency the model must be gauged
[28, 29]. This, in turn, implies that, naively, the gauged theory does not have a good g → 0
limit, although the limit can be taken after elimination of one of the 2-form sextets [34].
In our (Stückelberg) formulation, the g → 0 limit can always be taken.

In the next two subsections we are going to construct Stückelberg formulations for a
massive, uncharged 2-form field and for a sextet of massive 2-form fields charged under
SO(6) Yang-Mills fields and we will show that they lead to equations of motion fully
equivalent to those obtained from self-dual formulations. The Stückelberg formulations
are just simplifications of our gauged/massive N = 8, d = 5 supergravity theory.

6.1.1 Uncharged case

We start from the standard action for a massive 2-form field

S[B] =

∫
d5x

{
1

2·3!H
2 − 1

4
m2B2

}
, (6.2)

where H = 3∂B. The equation of motion for B derived from (6.2) is the Proca equation

(2 +m2)Bµν = 0 . (6.3)

The action given in (6.2) is not gauge invariant. To recover formally gauge invariance
we introduce in the action a Stückelberg field Aµ, such that the action is now

S[B,A] =

∫
d5x

{
1

2·3!H
2 − 1

4
F 2
}
, (6.4)

where

H = 3∂B ,

F = 2∂A−mB .
(6.5)

The equations of motion for these fields are

∂µH
µνρ −mF νρ = 0 ,

∂µF
µν = 0 ,

(6.6)

and now we have invariance under the following “massive gauge transformations”:

δA = mΛ ,

δB = 2 ∂Λ .
(6.7)

The vector Aµ does not propagate any degrees of freedom, since it can be completely
gauged away. In fact, setting Aµ = 0 we recover the Proca equation. So, as we know, the
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introduction of the Stückelberg field is just a way of re-writing the theory described by
(6.2) in a formally gauge invariant way.

Now, to connect with the self-dual formulation, we dualize the vector Aµ into a two-form
B̃µν : we add a Lagrange multiplier term in the action:

S[B, B̃, F ] =

∫
d5x

{
1

2·3!H
2 − 1

4
m2B2 + 1

4
ε∂B̃(F +mB)

}
. (6.8)

The equation of motion for F = dA is

F = ∗H̃ = 1
3!
εH̃, (6.9)

where H̃ = 3∂B̃. Inserting Eq. (6.9) into (6.8) one gets

S[B, B̃] =

∫
d5x

{
1

2·3!H
2 + 1

2·3!H̃
2 + m

12
εH̃B

}
. (6.10)

The action above contains two 2-forms, but it describes the degrees of freedom of only
one massive 2-form. Observe that this action is invariant under the gauge transformations

δB = 2∂Σ , δB̃ = 2∂Σ̃ . (6.11)

Using this gauge invariance, the equations of motion derived from (6.10) can always be
integrated to yield25

∗H = +mB̃ ,

∗H̃ = −mB ,

(6.12)

which are precisely the equations of motion that one can derive directly from the self-dual
action:

SSD[B, B̃] =

∫
d5x

{
−1

4
m2B2 − 1

4
m2B̃2 − m

12
εH̃B

}
. (6.13)

Therefore, the self-dual action Eq. (6.13) and (6.10) (and, therefore, the Stückelberg
action Eq. (6.4)) are classically equivalent actions since they lead to the same equations of
motion.

Our next step will be to establish a relation between the Stückelberg and self-dual
actions for a sextet of SO(6)-charged, massive 2-forms.

6.1.2 The SO(6) Charged Case

Let us consider now six massive two forms coupled to the 15 SO(6)-vector fields Vmn. The
Stückleberg action for them can be read off from the action describing the 5-dimensional
massive/gauged supergravity, given explicitely in Appendix (A) setting Qmn = mδmn.

25These two equations can be combined to get the Proca equation.
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To simplify matters we truncate all the fields that are not relevant for our problem (in
particular, all the scalars) and will work in flat spacetime. We are left with

S[Bm, Am, Vmn] =

∫
d5x

{
1

2·3!HmHm − 1
4
FmFm − 1

4
FmFm

}
, (6.14)

where

Hm = 3∂Bm + 3VmnFn ≡ Hm + 3VmnFn ,

Fm = 2∂Am −mBm ,

Fmn = 2∂Vmn + 2mVmpVnp .

(6.15)

where D is the SO(6) covariant derivative.
This action is invariant under

δAm = σmnAn +mλm ,

δVmn = Dσmn ,

δBm = 2∂λm + 2∂σmnAn +mσmnBn ,

(6.16)

In order to dualize the vectors Am into two-forms B̃m we follow exactly the same steps
as in the uncharged case, and the (much more complicated) equation we find for Fm is

Fm
µν = P−1(V )mn

µν
ρσ

[
(∗H̃)n

ρσ +Hp
ρσλVpnλ

]
, (6.17)

where

Pmnρσµν(V ) = δmn η
[ρσ]

µν − 3η[ρσµνVnp
λ]Vmpλ , (6.18)

Then, the action in terms of the dual fields B̃m reads

S[Bm, B̃m, Vmn] =

∫
d5x

{
1

2·3!HmHm + 1
4
(∗H̃m +HpVpm)P−1mn(∗H̃n +HqVqn)

−1
4
FmnFmn + 1

12
εH̃mBm

}
.

(6.19)

The action given in (6.19) describes only the degrees of freedom of the six massive
2-forms Bm coupled to the vector fields Vmn. This action is invariant under the following
gauge transformations
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δVmn = Dσmn ,

δBm = P−1mn
{(
dλn − 1

2
ε dλ̃pVnp

)
− 1

2
ε
[(
B̃p − 1

2
εBqVpq

)
Dσnp

]}
,

δB̃m = P−1mn
{(
dλ̃n − 1

2
ε dλpVnp

)
− 1

2
ε
[(
Bp − 1

2
εB̃qVpq

)
Dσnp

]}
.

(6.20)

The equations of motion derived from (6.19) are

DµFmnµν = 1
4
m2ενρσδλB[m| ρσB̃|n] δλ ,

∗Hm = +m[B̃m + 1
2
εVmnBn] ,

∗H̃m = −m[Bm + 1
2
εVmnB̃n] ,

(6.21)

which can also be derived from the self-dual action:

SSD[ ~Bm, Vmn] =

∫
d5x

{
−1

4
m2 ~BT

m
~Bm − 1

4
FmnFmn − m

8
ε ~BT

mηD ~Bm

}
, (6.22)

where

~Bm =

(
Bm

B̃m

)
, η =

(
0 1
−1 0

)
, (6.23)

and D is the SO(6) covariant derivative acting on ~Bm:

D ~Bm =

 ∂Bm −mVmnBn

∂B̃m +mVmnB̃n

 . (6.24)

Observe that the SO(6) charges of Bm and B̃m are opposite.
This is precisely the kind of action that appears in the standard form of N = 8, d = 5

gauged supergravity.
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A The Reduction of Massive 11-Dimensional SUGRA

to d = 5

A.1 Direct dimensional reduction of D = 11 Supergravity on T 6

The KK Ansatz for the Elfbein is

(
êµ̂
â
)

=

 e
1
3
ϕeµ

a e−
1
6
ϕLm

iAmµ

0 e−
1
6
ϕLm

i

 ,
(
êâ
µ̂
)

=

 e−
1
3
ϕea

µ −e− 1
3
ϕAma

0 e
1
6
ϕLi

m

 , (A.1)

and for the 3-form potential

Ĉabc = e−ϕCabc , Ĉabi = e−ϕ/2Li
mBmab ,

Ĉaij = Li
mLj

nVmna , Ĉijk = eϕ/2Li
mLj

nLk
p∂a amnp ,

(A.2)

which, in curved components, are given in (5.4).
The 11-dimensional 4-form field strength decomposes as

Ĝabcd = e−
4
3
ϕGabcd , Ĝabc i = e−

5
6
ϕLi

mHmabc ,

Ĝab ij = e−
1
3
ϕ Li

mLj
n [Fmnab + aεmnp F

p
ab] , Ĝa ijk = e

1
6
ϕ Li

mLj
nLk

p∂a amnp ,
(A.3)

such that the field strengths are

Gµνρσ = 4∂[µCνρσ] + 6Bm [µνF
m
ρσ] ,

Hmµνρ = 3∂[µ|Bm| νρ] + 3Vmn [µF
n
νρ] ,

Fmnµν = 2∂[µ|Vmn| ν] ,

Fm
µν = 2∂[µA

m
ν] .

(A.4)

The action for the massless/ungauged 5-dimensional action is
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S =

∫
d5x

√
|g|
{
R + 1

2
(∂ϕ)2 + 1

4
Tr (∂MM−1)

2

−1
4
e−ϕFm(A)MmnF

n(A)− 1
2·4!e

−2ϕG2 + 1
2·3!e

−ϕHmMmnHn

−1
8
MmpFmnMnqFpq + 1

18
eϕMmqMnrMps∂amnp ∂aqrs

− 1
26·34

ε√
|gE |

εmnpqrs [ 2G∂amnp aqrs + 12HmFnpaqrs

+ 24Hm∂anpqVrs + 27FmnFpqVrs + 36Fmn∂apqrBs

+ 4 ∂amnp ∂aqrsC ] } .

(A.5)

where

Fmn = Fmn(V ) + amnpF
p(A) . (A.6)

In d dimensions the Hodge-dual of a p-form potential is a d− p− 2 potential. We are
interested in dualizing the three-form and two-form fields C and Bm into scalar and vector
potentials. We get

G = e2ϕ ∗G̃ ,

Hm = eϕ ∗H̃m ,

(A.7)

where

G̃ = ∂a− 1
63
εmnpqrs ∂amnp aqrs ,

H̃m = Mmn

[
2∂Nn − 1

36
εnpqrsuFpqarsu + aF n(A)

]
.

(A.8)

Then, the action (A.5) in terms of the dual fields reads

S =

∫
d5x

√
|g|
{
R + 1

4
Tr (∂MM−1)

2
+ 1

2
(∂ϕ)2 + 1

2
e2ϕG̃2

−1
4
e−ϕFm(A)MmnF

n(A)− 1
4
eϕH̃mMmnH̃n

−1
8
MmpFmnMnqFpq + 1

18
eϕMmqMnrMps∂amnp ∂aqrs

− 1
26·34

ε√
|gE |

[εmnpqrs ( 27FmnFpqVrs − 12amnpFqr(V )F u(A)Vus)

−64 Fm(A)Fmn(V )Nn ] } .

(A.9)
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A.2 Dimensional Reduction of Massive 11-Dimensional Super-
gravity

The decomposition of the 11-dimensional 3-form potential and 4-form field strength are
given in (A.2). The 11-dimensional field strength decomposes as in (A.3), but now

Ĝa ijk = e
1
6
ϕ Li

mLj
nLk

pDa amnp , (A.10)

this is, we have replaced ∂ by the SO(6− l, l) covariant derivative D. There is also a new
contribution from the eleven-dimensional field-strength, namely

Ĝijkl = e
1
6
ϕ Li

mLj
nLk

pLl
q
[
−3Qrsar[mnapq]s

]
, (A.11)

which will contribute to the scalar potential. The five-dimensional field strengths are now
massive, and are defined as in (5.6). The expressions for the massive gauge transformations
are the same as those in (5.12) and (5.22).

Then, the d = 5 massive action reads
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S =

∫
d5x
√
|gE|

{
RE + 1

2
(∂ϕ)2 + 1

4
Tr (DMM−1)

2

−1
4
e−ϕFm(A)MmnF

n(A)− 1
2·4!e

−2ϕG2 + 1
2·3!e

−ϕHmMmnHn

−1
8
MmpFmnMnqFpq + 1

18
eϕMmqMnrMpsDamnpDaqrs − V

− 1
26·34

ε√
|gE |

εmnpqrs { 2GDamnp aqrs + 12HmFnpaqrs + 24HmDanpqVrs

+ 27FmnFpqVrs + 36FmnDapqrBs + 4DamnpDaqrsC

+ 9Qvw [2 (GVmn + 4HmBn + 2FmnC) apqvarsw

+ 2 (Gamnp + 12HmVnp + 18FmnBp + 3DamnpC)Vqvarsw

+ (4Hmanpq + 18FmnVpq + 9DamnpBq)Bvarsw

+ 4 (2Hmanpq + 9FmnVpq + 6DamnpBq)VrvVsw

+ 12 (Fmnapqr + 2DamnpVqr)BvVsw + 3DamnpaqrsBvBw ]

+ 9
10
Qvw Qxy [9 (4amnpaqrvVsw + 3Vmnapqvarsw)BxBy

+ 8 (9VmnapqvVrw + 16Bmanpvaqrw)VsxBy

+ 24 (3VmnVpvVqw + 6BmanpvVqw + 12Camnvapqw)VrxVsy

+ 36CamnvapqwarsxBy ] }} ,

(A.12)

where

Fmn = Fmn(V ) + amnpF
p(A) (A.13)

with Fmn(V ) and Fm(A) are the massive ones. V is the scalar potential, given by

V = − 1
2

{
[Tr(MQ)]2 − 2 Tr(MQMQ)

−1
2
eϕ [(QMQ)mqMnrMps − 2QmqMnrQps] amnpaqrs

− 1
24
e2ϕMmrMnsMptMqu

(
3 av[mnap]qwQ

vw
) (

3 ax[rsat]uyQ
xy
) }

.

(A.14)
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B Extremizing the Scalar Potential

The above potential is a complicated function on many independent scalar variables plus
the parameters of the mass matrix Q, which makes extremely difficult a complete study of
its extrema. Only some extrema are known in the SO(6− l, l) cases [47, 48, 49].

In the general case of the series of gauged/masive supergravities that we can generate
from d = 11, it is even more difficult to find and study all the extrema of the potential.
However, all the potentials contain the “universal term” Eq. (1.1) that only depends on
M and the mass matrix Q and we can try to systematically study it.

The universal term is a function of the dilaton ϕ and the matrix of scalars M

V = V(ϕ,M) , (B.1)

whose origin (in the family of gauged/massive supergravities that we are studying) is the
internal metric Gmn, which we have decomposed as

Gmn = e−
2
n
ϕMmn , (B.2)

n being the dimension of the compact space, the n-torus.
In the reduced theory the Sl(n,R)/SO(n) matrix of scalars Mmn is subject to the

constraint det(M) = 1, and this has to be taken into account to find its equations of motion.
the simplest way to do it is to calculate the equations of motion for the unconstrained
variables Gmn, and not Mmn and ϕ separately, and then use the chain rule:

δS

δGmn

= 0⇒ n
2
Mmn δS

δϕ
− δS

δMmn

= 0 . (B.3)

The potential V has to be extremized w.r.t. Gmn as well:

∂V
∂Gmn

= 0 , ⇒ n
2
Mmn∂V

∂ϕ
− ∂V
∂Mmn

= 0 . (B.4)

Contracting the equation above with Mmn we find

∂V
∂ϕ

= 2
n

1

Tr(M2)
Mmn

∂V
∂Mmn

, ⇒MmnMpq
∂V
∂Mpq

− Tr(M2)
∂V

∂Mmn

= 0 . (B.5)

Let us consider the simplest case Q = g In×n. In this case, Eq. (B.5) is

Mmn
{

(TrM)2 − 2Tr(M2)
}
− Tr(M2) {Tr(M)δmn − 2Mmn} = 0 , (B.6)

which is solved by

M = ±In×n , (B.7)

although only the positive sign gives a proper solution, consistent with the signature of the
11-dimensional spacetime.

These vacua will in general have a non-trivial ϕ, except in d = 5 in which the universal
term of the potential does not depend on it and the vacuum solution is AdS5.
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