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Abstract. A theoretical framework to formulate and solve the problem
of obtaining the objective refraction of an eye from aberrometric data
is presented. Matrix formalism was applied to represent lens power
and beam vergences in standard clinical, sphere+cylinder �S+C� re-
fraction, and to describe the vergence error of a general aberrated
skew ray. The vergence error matrix of each ray passing through the
pupil is obtained, and the global refractive error is obtained by simple
pupil average. The 2�2 vergence error matrix of a skew ray can be
decomposed into the sum of two even-symmetric and odd-symmetric
contributions. The even symmetric part corresponds to classic S+C
refractive errors. The odd component can not be corrected with stan-
dard lenses. All odd components have zero mean over pupil, and do
not contribute to the global refractive error, which is completely de-
termined by S+C components. The contributions of wavefront
Zernike modes to the global vergence error were obtained: The con-
tributions of odd orders are zero, but all even HOA, but spherical
aberration, contribute to refractive error. The matrix formulation of
power and vergence errors provided a direct, simple way to use ab-
errometers as objective refractometers. © 2009 Society of Photo-Optical Instru-
mentation Engineers. �DOI: 10.1117/1.3103319�
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Introduction
berrometry is becoming a common tool in clinical practice.

t provides much richer information than other objective tech-
iques to assess refractive errors of the eye �autorrefractome-
ers, retinoscopy, etc.�. However, the problem of obtaining the
bjective refraction from the wave aberration has been elusive
nd remains unsolved.1 Different methods have been pro-
osed to correlate wavefront errors with subjective
efraction.2,3 Some objective image quality metrics showed a
ood correlation with subjective visual acuity.4 Good visual
cuity predictions can also be computed directly through
chematic models of early visual processing.5 The main prob-
em is that instead of a direct measure of objective refraction,
hese methods use some image quality metrics �or visual qual-
ty for subjective refraction� computed from the wave aberra-
ion, so that the predicted refraction is that providing optimal
uality under the chosen metrics. Such predictions can never
e as accurate as real assessments �subjective or objective� of
efractive errors. In fact, many different optical, image and
isual quality metrics have been proposed, while different
etrics may predict different refractive errors.
The departure hypothesis of this work is that to deal with

efractive errors, the direct and possibly right strategy is to
trictly focus on refractive errors and correcting lens powers
that is the field of clinical refraction�, rather than indirect
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ways such as image quality metrics or wavefront errors. Some
early stages toward a direct computation of refractive error
prescription from aberrometry have been done already. Power
vectors �M ,J0 ,J45�, introduced by Thibos et al.,6 are useful to
obtain the objective refraction from the wave aberration in the
presence of second-order aberrations �defocus and astigma-
tism� only. Unfortunately, in the presence of higher order ab-
errations �HOA�, such a direct relationship no longer applies.
Iskander et al.7 have proposed the first �to my knowledge�
method of objective refraction from monochromatic wave-
front aberrations via Zernike power polynomials. Because
these power polynomials are not orthogonal, more recent
work suggests that the well-known Zernike polynomial basis
can be better for analyzing refractive power maps derived
from measurements of a radial wavefront slope.8 These recent
approaches try to solve the problem in a direct way, instead of
that based on image quality metrics �indirect method�, but
they always depart from the wavefront. An essential fact, not
considered by any of these direct or indirect approaches, is
that wavefront error may not be relevant for objective refrac-
tion. Clinical refraction deals with lens powers and beam ver-
gences, following simple additive rules. Wavefronts belong to
the field of wave optics, and these two domains might be
treated independently. Going back to the origins of aberrom-
etry, it turns out that most early studies of spherical,9,10 or
chromatic,11,12 aberration, where based on measuring the lon-
gitudinal shift of focus �vergence error� in diopters for differ-
ent pupil radius �longitudinal spherical aberration �LSA�� or

1083-3668/2009/14�2�/024021/11/$25.00 © 2009 SPIE
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avelength �longitudinal chromatic aberration �LCA�� respec-
ively, using standard, subjective or objective refraction meth-
ds. In other words, standard refraction is directly linked to
ongitudinal aberration �LA�. The main difference between
arly and modern aberrometry13–15 is that today’s aberrom-
ters measure transverse displacements of spots �transverse
berrations �TAs�� instead of longitudinal shifts �LA� and then
ompute the wavefront error �by some numerical integration�.

The main goal of this paper is to show that the problem of
btaining the objective refraction �prescription� from aber-
ometry may be solved within the domain of geometrical op-
ics, which deals with rays, beams, or ray bundles. Waves and
avefronts belong to the field of wave physics, which might
e not so useful to study refractive errors.

To achieve this objective, a theoretical framework with the
athematical formulation of vergence and vergence errors is

ntroduced in Section 2. This formulation starts with a brief
verview of the well-known theory of classic refraction, with
he fundamental concepts of lens power and beam vergences.
hen, the vergence error of a general skew ray is analyzed to
nd possible analogies to classical refraction. The resulting
xpressions are then applied to obtain the local �ray� and from
hat, the global �for the whole ray bundle passing through the
upil� vergence error �refraction� from the raw aberrometric
ata �coordinates of centroinds of spots�. Thus, if one can
btain the refractive error from the raw aberrometric data �lat-
ral displacements of spots�, the problem of refraction from
ave aberration might be less relevant. Nevertheless, that the-
retical framework seems powerful enough to provide the
ontributions of the different wave Zernike modes to the glo-
al vergence error. This provides one solution to that problem,
ut the direct computation from the raw data is implemented
nd tested as well.

Vergence Error Matrix

et us briefly overview some basic ideas about vergence and
efractive power. The importance of vergence in clinical re-
raction comes from the fundamental equation of lenses, writ-
en in terms of power and vergences,

V� = P + V . �1�

his equation states that the working principle of a lens is to
odify the vergence of the incident �object� beam V. Basi-

ally, the lens modifies incident vergence by adding its refrac-
ive power to the exit �image� beam. The vergences of both
bject and image beams are given by V=n /z and V�=n� /z�
espectively; the lens power is P=n� / f�=1 /z0, where n, n�
re object and image refractive indices and z and z� are the
istances of the object and image to the respective principal
lanes of the lens; f� is the focal length of the lens �z0
f� /n��. Figure 1 illustrates the concept of vergence error

sing a classical diagram comparing vergence errors for myo-
ic �upper panel� and hypermetropic �lower panel� eyes. The
arget vergence to focus the image on the retina is VR
n� /zR, where zR is the distance from the �image� principal
lane of the eye to the retina. The vergence or refractive error
ill be the difference
ournal of Biomedical Optics 024021-
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�V = Pe − VR =
n�

f�
−

n�

zR
=

n�

zR + �z
−

n�

zR
, �2�

where �z is the longitudinal defocus:�z�0 for myopic,
�z�0 for hypermetropic, and �z=0 for emmetropic eyes.
From Eqs. �1� and �2� and Fig. 1, one finds two strong reasons
to work with powers and vergences rather than axial dis-
tances: �i� In the living human eye, one does not have access
to the longitudinal defocus �z �Fig. 1, Eq. �2��, and �ii� pow-
ers and vergences obey simple additive rules �Eq. �1��. Clini-
cal refraction basically consists of finding the lens with power
Pl=−�V by looking for the best �objective or subjective� fo-
cus. Therefore, the magnitudes involved in refraction are lens
powers, beam vergences, and vergence errors, all given in
diopters. Another relevant fact is that the human eye shows
the two modes of low-order refractive errors: defocus �sphere�
and astigmatism �cylinder�. To illustrate the effect of astigma-
tism we can use the same diagram of Fig. 1, but now let us
assume that the upper panel corresponds to a tangential plane
�ZY� and the lower panel to a sagital plane �ZX� of an astig-
matic eye. In other words, vergence changes with the merid-
ian, so that we have to rewrite Eq. �1� to take these facts into
account

V���� = PS + PC
�0�� − �0� + V��� , �3�

where PS is the power of a spherical lens, constant for all
meridians, and PC

�0��−�0�=D cos2��−�0�=D /2 cos 2��
−�0�−D /2, where D is the power of the cylindrical lens with
�0 axis.6 The expression of the total �S+C� power is that of an
ellipse in polar coordinates. This means that �in absence of
HOA� a beam affected by defocus and astigmatism will have
an elliptical shape with semiaxes PS+ PC

�0 �for �=�0� and
PS− PC

�0 �for �=�0+� /2� respectively. Figure 2 shows that
power ellipse as well as the vergence of an ideal beam with its
focus on the retina. Obviously, it is not necessary to evaluate

zR

∆zf’

zR

∆z
f’

(a)

(b)

Fig. 1 Longitudinal defocus �z for �a� myopic and �b� hyperopic eyes.
The associated vergence error is n� /�z.
March/April 2009 � Vol. 14�2�2
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ergence for all meridians, because that ellipse is determined
y only three parameters: PS , PC,�0. We can represent the
lliptical power as a matrix in the Cartesian space. Let us
epart from case �0=0 so that the principal axes of the ellipse
re aligned along the horizontal and vertical meridians. Then
e have a diagonal power matrix:

P�=0 = ��S + C/2� 0

0 �S − C/2� � . �4�

o pass to a general case, we have to rotate the ellipse, or
quivalently, to rotate the system of coordinate. Applying ba-
ic linear algebra,

P� = R�P0R�
−1; where R� = �cos �0 − sin �0

sin �0 cos �0
� and R�

−1

= R�
T. �5�

fter operating, we arrive to

P� = �S + C/2 cos 2�0 C/2 sin 2�0

C/2 sin 2�0 S − C/2 cos 2�0
�

= �S + C0 C45

C45 S − C0
� . �6�

he elements �S ,C0 ,C45� have both similarities and differ-
nces with the power vectors notation �M ,J0 ,J45� introduced
y Thibos et al..6 The two formulations are quite different
ecause these authors applied Fourier analysis instead of ma-
rix notation. In the absence of HOA, power vectors permit
ne to solve the problem of refraction from the wavefront.
he two notations are equivalent for astigmatism �C0
J0 ,C45=J45�, but differ because the maximum power M
S+J �with J2=J0

2+J45
2 � does not appear explicitly under the

atrix formalism. Under this formalism, both power and ver-
ence, P1=−�V, are matrices.

The advantage of the matrix expressions of power and ver-
ences will become apparent when analyzing aberrometric
ata. Let us remember that old aberrometric measurements
onsisted of measuring refractive errors �in diopters� for dif-

Vx

VY

1/z0

1/z0

S-C/2

Ideal vergence

Power ellipse

θ0

S+C/2

ig. 2 Diagram of ideal vergence of a spherical beam, and the power
llipse of sphere+cylinder ophthalmic lenses used to compensate the
ergence error ellipse of the eye.
ournal of Biomedical Optics 024021-
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ferent pupil radius �LSA�,9,10 wavelength �LCA�,11,12 etc.
There is a clear link between standard refraction and LA. The
problem comes from the fact that modern aberrometers mea-
sure transverse displacements of spots, which means two TAs
�TAx ,TAy� instead of one LA �LAz�. The following analysis
applies directly to ray-tracing aberrometers, but most types of
aberrometers, such as the popular Hartmann–Shack �H-S�
wavefront sensors are equivalent.16 The difference is that in
the H-S sensor, X and Y are displacements of spots from their
respective aberration-free positions. If � ,� are the �pupil� co-
ordinates of the optical axis of a lenslet, then X�� ,��
=X��� ,��−� and Y�� ,��=Y��� ,��−�, where X�, Y� are co-
ordinates of the image spot of that lenslet; Z0 is the focal
length of the lenslet.

When HOA are present, the diagram of Fig. 1 is not valid
anymore. Instead, Fig. 3 shows a diagram of a general �aber-
rated� skew ray. The ray is defined by the straight line con-
necting one point at the exit pupil, with coordinates � ,�, to
another point at the image plane �retina�, with coordinates X,
Y. Figure 4 shows a front view �projection on the XY plane�
of Fig. 3. The initial origin of coordinates is the pupil center;
the Z axis is the line connecting the center of the pupil with
the ideal image spot. To compute the vergence error, we can
apply Eq. �2� to that particular ray. However, a skew ray may
never intersect the optical axis, so that �z may be undefined
as well. This problem may be overcome if we first look at the
projections of that ray on the XZ and YZ planes. For each
projection, the ray trajectory will resemble one of the rays in
Fig. 1 �i.e., the projections of the skew ray do intersect the
axis again�. In general, we will have a well-defined LA �z for
any projection coplanar to the Z-axis, but the resulting LA
may be different for each projection; �zx��zy, in general.
Therefore, we have to consider two vergence errors for the
two orthogonal projections

�Vx =
1

z0 + �zx
−

1

z0
; �Vy =

1

z0 + �zy
−

1

z0
. �7�

Note two small changes in notation with respect to Eq. �2�.
Now z distances are optical distances because they include
normalization by the refractive index. The second change is
implicit and accounts for the fact that, in the human eye, the
target vergence is given by the optical distance to the retina,

Pupil

Image

x

z

y

ξ

η

∆z
z0

Ray

Fig. 3 Trajectory of a general skew ray from the pupil to the image.
Skew rays will never cross the axis so that the scalar �z and its asso-
ciated vergence are not well defined.
March/April 2009 � Vol. 14�2�3
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o that z0=zR, whereas the focal length f� is irrelevant and
ossibly unknown. From Fig. 2, we can establish the equality
f right and left tangents of the angle formed by the ray and
he Z-axis

−
X

�zx
=

�

z0 − �zx
; −

Y

�zy
=

�

z0 − �zy
�8�

e can solve both equations for �z and substitute in Eq. �4�
o obtain

�V�
x =

X

z0�
; �V�

y =
Y

z0�
. �9�

hese equations state that the vergence error for a particular
ay is equal to the ideal vergence times the ratio between pupil
nd image coordinates of the ray.

Obviously, the above analysis is incomplete because the
hree-dimensional �3-D� problem was reduced to two two-
imensional projections, whereas the 3-D geometry cannot be
ecovered simply by two orthogonal projections as suggested
y Fig. 4. In fact, for these skew rays there is no rotation
round the Z-axis to make it coplanar to the Z-axis. The cross
ergences are nonzero, in general, so that the vergence error
f a skew ray is a 2�2 matrix

�V =
1

z0�
X

�

X

�

Y

�

Y

�
� . �10�

his result implies bad news: This matrix is not symmetric
four parameters instead of three�, and its determinant
et��V�= 	�V	=0, so that it is not diagonalizable. Therefore,
he vergence error of a skew ray cannot be corrected in a
tandard way �S+C�. However, we can decompose such ill-
osed matrix by two contributions,

�V =
1

z0

X

�

1

2
�X

�
+

Y

�
�

1

2
�X

�
+

Y

�
� Y

�
�

+
1

z0
 0
1

2
�X

�
−

Y

�
�

−
1

2
�X

�
−

Y

�
� 0 � = V + Vc. �11�

he first even symmetric matrix V does represent an ellipsoid.
e know that an elliptical vergence error can be corrected by

ombining spherical and cylindrical lenses. The odd-
ymmetric matrix corresponds to the odd-symmetric “co-
atic” vergence error. To correct Vc, one could construct an

lement consisting of two half-cylinders, one-half with posi-
ive and the other half with negative power, and place it with
ts axis at 45 deg. However, such an optical element is not
onventional; thus, its correction is outside the scope of con-
entional clinical refraction.

Now, if we focus on matrix V, its elements are well de-
ned for all rays, except for those coming from the pupil axes
ournal of Biomedical Optics 024021-
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�=0 or �=0, where the left or right columns of the matrix
show singularities, respectively. If we call E=z0V, this matrix
contains ratios of pupil and image coordinates. It can be un-
derstood as an affine matrix operator, which transforms the
ideal spherical beam �two equal semiaxes: 1 /z0� into an ellip-
tical one. In other words, we can define an elliptical beam
associated to each skew ray. Thus, we can apply the refractive
correction P1=−V �the actual physical beam will have also a
cross-comatic component, but that is not treatable with stan-
dard spheres and cylinders�. Using the matrix expression �Eq.
�6�� to each ray passing through the pupil, we obtain

−
E��,��

z0
= �S��,�� + C0��,�� C45��,��

C45��,�� S��,�� − C0��,��  diopters.

�12�

This expression permits one to apply a classical refractive
correction on �Eqs. �3� and �6� in matrix form� to each ray of
the bundle passing through the pupil. This correction requires
three elements, a spherical lens with power S, a horizontal
cylinder C0, plus a diagonal cylinder C45 �this correction can
be also achieved by two lenses S+C or by a single toric
element�. The complete correction for the ray requires an ad-
ditional odd-symmetric element H	C45 �half-positive, half-
negative cylinder� as the one shown in Fig. 5, aligned along
the diagonal to correct “comatic” vergence. The upper panel
shows a perspective view of this type of odd-symmetric lens,
with half-negative and half-positive cylinders. The lower
panel illustrates the effect of that element, which is to pro-
duces a half-diverging �negative cylinder part� and a half-
converging �positive cylinder part� beam.

Under this formulation, aberrometry may be understood as
standard refraction, with the difference that such refraction is
particularized to each ray �or sample� �� ,�� of the entire
bundle passing through the pupil. The conclusion is that one
can perform a microrefraction to obtain the corresponding mi-
crolens prescription. However, vergence error is a 2�2 ma-
trix, thus requiring four elements for its complete character-
ization, and potential compensation. The main difference with
standard refraction is the presence of odd-symmetric diagonal

ξ, X

η, Y

Pupil Ray

X
Y

ξ

η

Fig. 4 Front view �projection on the XY plane� of a skew ray similar to
that of Fig. 3. There are four possible components of the vergence
error because each transverse aberration depends on both pupil
coordinates.
March/April 2009 � Vol. 14�2�4
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lements �i.e., comatic vergence errors�. If we leave that odd
erm �which may have similarities with irregular astigmatism
n clinics� apart, then we can apply the theory and practice of
efraction to correct the S+C vergence error of any skew ray
n an aberrated beam. One may obtain a complete correction,
y canceling all vergence errors, so that the ray will impact
he image at the ideal image point; but this requires introduc-
ng a fourth element: H	C45. This means aberration correc-
ion via standard refraction, might be possible for each ray,
hich may have implications in alternative implementations
f adaptive optics. Nevertheless, there is a potential problem
or rays passing through the pupil axes �� ,0� or �0,��, where
ergence errors could present singularities �X /0 or Y /0�. To
void these singularities, it is important to cancel prismatic
ffects by choosing the chief ray as the Z-axis, so that
�0,0�=Y�0,0�=0, as suggested by ANSI standards. How-
ver, this is a necessary but not a sufficient condition for
otally avoiding singularities along pupil axes in general. The
ssues of how to deal with these singularities, or how to treat
ergence errors associated to prismatic effects, are open prob-
ems that may deserve further study. On the other hand, when
he vergence error is constant for all rays �i.e., when we have
ure second-order aberrations, as shown in Section 3�, all cor-
ecting “microlenses” will be equal and we can use a single
ens for the whole pupil. In the presence of HOA, the problem
s to find the best single toric lens to obtain an optimal balance
or the whole beam.

Vergence Error from Aberrometric Data
he above results suggest a direct way to compute the ver-
ence error V for each ray �sample�, from the aberrometric
entroids X�� ,��, Y�� ,�� and their corresponding pupil coor-

(b)

(a)

ig. 5 The odd-symmetric lens consisting of two half-positive and
alf-negative cylinders. �a� a perspective view. �b� The effect of that
ens is to produce a half-diverging and a half-converging beam. This
ype of lens could correct the cross-comatic vergence error when
ligned along the 45-deg diagonal.
ournal of Biomedical Optics 024021-
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dinates �� ,��. These coordinates X�� ,��, Y�� ,�� are the di-
rect result of aberrometric measurements �raw data� and are
typically used to plot the classic spot diagrams. This strategy
is totally opposite to that attempted in most studies until now.
As shown in the upper panel of Fig. 6, the standard scheme
used in the great majority of studies consists of reconstructing
the wavefront by numerical integration first. The direct use of
the second-order Zernike terms is known to give a wrong
prescription in the presence of HOA.2 Different indirect strat-
egies have been proposed based on the optimization of some
image or visual quality metrics. However, the theoretical
framework presented in Section 2 suggests that the problem
of refraction from aberrometry may have little to do with
wave optics. On the contrary, vergences and refraction belong
to the domain of geometrical optics �rays�. Thus, wavefront
reconstruction might be an unnecessary stage for the goal of
clinical refraction. The proposed scheme �lower panel in Fig.
6� is a direct computation of the vergence error matrix, which
provides the objective local refraction for each pupil sample
�ray, lenslet, etc.� Once we have the local refraction across the
pupil, there are different possibilities to pass from that local
set of vergences to the global refractive error. The mean, or
simple average �or pupil integral�, is the best estimator in a

Centroids

),(
ηξ ∂

∂
∂
∂ WW

Standard Scheme

Integration

…….

Refraction

Wavefront

error

),( ηξW

Prediction 1

Prediction 2

Prediction n

Aberrometer

Metrics

(a)

Proposed Scheme

Centroids

( ) ( )ηξηξ ,,, YX
Aberrometer

ηξ

ηξ
YY

XX

Vergences

Mean

S + C Lenses

Pupil

average

(b)

Fig. 6 Diagram comparing �a� standard and �b� proposed methods to
assess the objective refraction with an aberrometer.
March/April 2009 � Vol. 14�2�5
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east-squares sense, whereas the mode might be a better esti-
ator under robust nonlinear criteria. Of course, when the

istribution is symmetric �no skewness�, both estimators are
qual. For that reason, the most natural, simplest choice is to
ompute the mean vergence over the �desired� pupil.

To compute the pupil average, one has to solve the prob-
em of the potential singularities, �X /0,Y /0� occurring along
he �, � pupil axes. For instance, prismatic effects will give
nfinity vergence error. ANSI standards to report wave aber-
ation data recommend choosing the chief ray as the Z-axis.
his choice removes all prismatic contributions and guaran-

ees that X�0,0�=Y�0,0�=0, possibly making that singularity
voidable at the origin. However, this choice does not totally
ournal of Biomedical Optics 024021-
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guarantee possible singularities along the axes, where �=0 or
�=0. As we will see below, positive �+
� and negative �+
�
singularities cancel each other by pupil averaging. However,
in real practice, we have a limited number of samples, so that
the contributions of these singular points might bias the result
in a sampling-dependent way. These two issues of singulari-
ties and sampling will be further analyzed in Section 4.

Consequently, because those data points along the pupil
axes might present singularities �infinity or very high values�,
the safer strategy is to leave singularities away when comput-
ing the global refractive error from a limited number of
samples. The estimation of the average vergence over the pu-
pil will be
�V� =
1

Nz0
 �
i,j;��0

Xi,j

�i,j
1/2� �

i,j;��0

Xi,j

�i,j
+ �

i,j;��0

Yi,j

�i,j
�

1/2� �
i,j;��0

Xi,j

�i,j
+ �

i,j;��0

Yi,j

�i,j
� �

i,j;��0

Yi,j

�i,j

� , �13�
here N is the number of spots used to compute the average.
ote that the potentially singular points are not included for

onvenience.
It is worth remarking that the computation of this average

ay not require Zernike polynomials, or equivalent expan-
ion, because it can be directly computed from the raw aber-
ometric data �centroids�. Thus far, the whole formulation has
een developed without mention of wavefronts or wave aber-
ations. In what follows, we analyze the link between geomet-
ic and wave optics and analyze possible implementations.

Contributions of Wave Zernike Modes
et us start with the analysis of the trivial case with pure
econd-order aberrations to verify that we obtain consistent
esults. The contribution of each Zernike wavefront error
ode to the vergence error will be analyzed next.

.1 Pure Second-Order Wavefront Errors
o illustrate these ideas, let us consider a HOA-free wave-
ront, with only second-order Zernike defocus and astigma-
ism modes, following the ANSI standard,

w = c2
−2Z2

−2 + c2
0Z2

0 + c2
2Z2

2. �14�

o connect wavefront error to vergence error, let us remember
he fundamental equations of aberrometry, linking wave and
ay optics17

X =
z0�W

��
; Y =

z0�W

��
. �15�

sing these expressions, we can now compute the average
ergence �V� integrating over the pupil. When using Zernike
polynomials, pupil coordinates are normalized to the pupil

radius, so that �=R�̄ and �=R�̄,

�V�
x� =� 1

R�̄
�c2

−2�Z2
−2

R��̄
+ c2

0 �Z2
0

R��̄
+ c2

−2 �Z2
2

R��̄
��

=
1

R2�2�6c2
−2� �̄

�̄
� + 4�3c2

0 + 2�6c2
2� =

4�3c2
0

R2 +
2�6c2

2

R2

�16�

because the average over a circle of unit radius ��̄ / �̄�circ

= �1 /2��−�
+�tg�d�=0. We can apply the same procedure to ob-

tain the other elements of the vergence matrix

�V�
y � =

4�3c2
0

R2 −
2�6c2

2

R2 ; �V�
x � = �V�

y� =
2�6c2

−2

R2 . �17�

When coefficients cn
m are given in micrometers �10−6 m�, and

R2 in millimeters squared �10−6 m2�, it turns out that the re-
fractive errors are already given in diopters

�V� =�
4�3c2

0

R2 +
2�6c2

2

R2

2�6c2
−2

R2

2�6c2
−2

R2

4�3c2
0

R2 −
2�6c2

2

R2
�

= �S + J0 J45

J45 S − J0
� . �18�

This is a well-known result: In the absence of HOA, the re-
fractive error is as expected from the second-order wave ab-
erration coefficients. However, the results are different in the
presence of HOA.
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.2 Refraction in the Presence of Arbitrary HOA

o compute the effect of HOA to the average vergence error,
e can expand the contribution of each individual Zernike
ode as follows:

�V�
x�n

m = � �Zn
m

���
� = �0 + �

n�,m�

n−2,m−2

�n�
m��Zn�

m�� + �
0

n−2

�−1
p ��p

�
� = �0.

�19�

well-known property of Zernike polynomials is �Zn�
m��=0,

xcept for piston: �Z0
0�=1 �nonzero Zernike modes contribute

o the variance but not to the average�. In addition, the center
ymmetry of pupil coordinates also cancels the average of
oordinate ratios of the form ��p /��=0. For the demonstra-
ion, we consider already normalized pupil coordinates. Then
e have the following expressions, which show that all the

verages are zero up to third order:

� 1

�
� = � 1

cos �
� =�

−�

+� 1

cos �
d� = �ln�tan��

2
+

�

4
��

−�

+�

= 0;

�20a�

��

�
� = � sin �

cos �
� =�

−�

+�

tg�d� = − �ln	cos �	�−�
+� = 0;

�20b�

��2

�
� = � sin2 �

cos �
� =�

−�

+�

sin �tg�d�

= ��ln	sec � + tan �	 − sin ���−�
+� = 0. �20c�

imilar demonstrations are obtained for the inverse expres-
ions ��p /��=0 �one may simply rotate � /2 the integration
imits �−� /2 to 3� /2� to arrive to the same result�. Note that
igher p orders will keep the same symmetry so that pupil
verage will always be zero. Therefore, we can ignore these
erms with negative orders ��−1 ,�−1� in Eq. �19� �and simi-
arly for the other elements of V�. Therefore, we only need to
ompute the piston term of the Zernike polynomial expansion
btained for each contribution. In particular, it is straightfor-
ard to show that the contribution �piston term� of third-order
ernike modes to the average vergence error is zero �this is
lso true for fifth and higher odd orders, in general�,

�V�
x�3

m = � �Z3
m

���
� = + �1

−1�Z1
−1� + �1

1�Z1
1� + �−1

0 � 1

�
� + �−1

1 ��

�
�

+ �−1
2 ��2

�
� = 0. �21�

he corresponding expression for fourth-order terms can be
implified somewhat to only piston and second-order terms,
ournal of Biomedical Optics 024021-
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�V�
x�4

m = � �Z4
m

���
� = �0 + �2

−2�Z2
−2� + �2

0�Z2
0� + �2

−2�Z2
2�

+ �−1
0 � 1

�
� + �−1

1 ��

�
� + �−1

2 ��2

�
� = �0. �22�

By using these �and equivalent expressions for the other ele-
ments of the vergence matrix�, it is possible to compute the
exact contributions of high-order aberrations to the average
vergence error. The results for the different wavefront Zernike
modes are summarized in Table 1 up to fifth order. Sixth-order
spherical aberration is also included because it might take
significant values in normal eyes. From Table 1, it is patent
that even order HOA do contribute to the average vergence
error, whereas the contributions of odd aberrations are can-
celed by averaging �integration� over the circular pupil.
Fourth-order astigmatism, tetrafoil, and sixth-order spherical
aberration appear to contribute to the vergence error. Interest-
ingly, there is no contribution from spherical aberration Z4

0. If
we particularize Eq. �22� for Z4

0 �in Cartesian coordinates�,
then

� �Z4
0

���
� = �12�5�2�2 + 2�2 − 1�� = 12�5

3
�Z2

0� = 0,

�23�

and equally for � and cross vergences, due to the revolution
symmetry of Z4

0. It is interesting to note that the fourth-order
spherical aberration translates into a pure “defocus” Z2

0 ver-
gence mode. In other words, the fourth-order spherical aber-
ration does not contribute to vergence error because the pupil
average of any Zernike polynomial is zero. A possible expla-
nation for the zero contribution is that the Z4

0 polynomial in-
cludes a defocus term, which already discounts such a contri-
bution �as a consequence of orthogonality between Z2

0 and
Z4

0�. However, the sixth-order spherical aberration Z6
0 contrib-

utes again. Another interesting case is Z4
−4 �diagonal tetrafoil�

having odd-symmetric cross vergences ��V�
x =−�V�

y� so that
its contribution to the even vergence error is canceled. Z4

−4 is
the only even mode �up to fourth order� with a pure contribu-
tion to the comatic vergence error Vc. On the other hand,
terms with m�0 �even angular� only contribute to direct ver-
gences �diagonal elements�, whereas terms with m�0 �odd
angular� only contribute to the even cross vergences. The rest
of the sixth-order contributions are not included in Table 1
because these aberrations are quite small in normal eyes; thus,
their contributions are expected to be small. Nonetheless, their
computation is straightforward, using the method described
above.

In summary, Table 1 represents the solution to pass from
wavefront aberration modes to average vergence errors under
the present matrix formulation of the problem. These are di-
rect conversions from micrometers of wave root-mean-square
error to diopters of vergence, when pupil radius R is in milli-
meters. An important aspect is that such conversion involves
passing from a scalar magnitude to a 2�2 matrix operator
�representing the action of lenses�.
March/April 2009 � Vol. 14�2�7
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.3 Direct Method: Computer Simulations
able 1 provides a method to compute the refractive error
rom the wave aberration. However, the direct method in ab-
rrometry �lower panel in Fig. 6� would be to compute the
ergence error matrix from the transverse aberrations �raw
ata�. Different computer simulations were carried out to test
his direct method and to analyze the effects of factors such as
iscrete sampling or noise. Several H-S wavefront sensors
ith square microlenses, all of them covering a 6-mm pupil
iameter but having a different number of microlenses, were
imulated to study the effect of sampling. Pure Zernike modes
same magnitude of 1 m in all cases� were generated to
btain their respective contributions to the vergence error. The
dea was to obtain, numerically, the same contributions as in
able 1 for different numbers of samples. Noise was not in-

roduced in this case to analyze the effect of sampling. The
esults are given in Table 2 for the different numbers of
amples considered. These total numbers of samples �micro-
enses� correspond to 11, 21, 101, and 501 samples along one
imension �axis�, respectively. The 
 column corresponds to
he direct application of the expressions of Table 1. The result
s consistent again for the contributions by second-order ab-
rration modes, n=2 �pure refractive errors�, which are unaf-
ected by sampling. In addition, all expected zero contribu-
ions are unbiased �numerical results were �10−16�, except
or the fourth-order spherical aberration, which shows a sig-
ificant error. The absolute value of the error increases when

Table 1 Contributions of wave Zernike mod
the Zernike coefficients cn

m are in micrometers an
in
diopters.

n m �V�
x

2 −2 0

2 0 4�3c2
2

R2

2 2 2�6c2
2

R2

3 All 0

4 −4 0

4 −2

4 0 0

4 2
−

2�10c4
2

R2

4 4
−

2�10c4
4

R2

5 All 0

6 0 4�7c6
0

R2
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the number of samples decreases. The rest of fourth-order
modes shows a similar behavior, with a tendency to progres-
sively underestimate the contributions to the vergence error as
the number of samples decreases. For n=6, this sampling bias
seems higher. Comparing columns, it seems that a minimum
number of samples, of the order of 1000, seems necessary to
guarantee a good accuracy. The reason is twofold: First, as the
number of samples decrease, the relative contribution of the
samples along the axes, not considered in the average, is
higher �compare 11 /89 to 501 /196,933�. Second, the com-
putation of the integral �average� over the circular pupil is less
exact. Unfortunately, most aberrometers have a limited num-
ber of samples, so that a plain implementation of Eq. �13�
could potentially provide biased contributions of HOA.
Therefore, practical implementations would require one to in-
clude interpolation methods or numerical integration algo-
rithms �i.e., Simpson’s rule, basis functions, etc.� to improve
accuracy.

The next series of computer simulations consisted of add-
ing different amounts of random noise to the ideal aberromet-
ric data �transverse aberrations X, Y�. Two levels of random
noise, 5 and 10%, were simulated in several cases of pure and
mixed Zernike modes for the case of H-S sensor with 341
microlenses. The error level in the resulting vergence was
lower than the level of noise in the input data in all cases. For
a 5% input noise, typical noise level at the output �vergence�
was �1%; for the case of 10% noise, the output error was

to the �pupil� average vergence error. When
l radius R in millimeters, then the vergences are

�
y �V�

x �V�
y

2�6c2
2

R2
2�6c2

2

R2

c2
2 0 0

c2
2

2

0 0

0 0

2�10c4
−4

R2 −
2�10c4

−4

R2

2�10c4
−2

R2
2�10c4

−2

R2

0 0

c4
2 0 0

0c4
2

2

0 0

0 0

c6
0 0 0
es Zn
m

d pupi

�V

0

4�3
R2

−
2�6

R

0

0

0

2�10
R2

−
2�1

R

0

4�7
R2
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2%. In summary, random noise does not seem to affect the
omputation of vergence errors. Integration over the pupil
rea seems to reduce the potential impact of random noise.
owever, the accuracy of the direct method appears to depend
n the number of aberrometric samples.

.4 Examples
et us see how to apply the results of Table 1 with a couple of
xamples. The first example corresponds to aberrometric data
f the author’s right eye for a 6-mm pupil. The clinical pre-
cription was S=0 �because defocus was compensated effec-
ively during aberrometric measurements by a Badal lens sys-
em�; cylinder C=−0.5 D at 15 deg. The third column of
able 3 shows the Zernike coefficients for this eye �only for
ontributing even orders� in micrometers, and columns four to
ix correspond to the contributions of each Zernike mode to
he vergence error matrix elements. The total average ver-
ence predicted only from second-order Zernike modes is S
−0.1 D, C=−0.45 D at 7.5 deg. If we now include the con-

ributions of HOA, the resulting refraction is S=0.008 D, C
−0.53 D at 12 deg, which is closer to the prescription. For

his particular subject, both prescription and aberrations are
mall; thus, the changes are not very spectacular. In a post-
ASIK eye with higher levels of HOA, the prescription pre-
icted by only the second-order terms is also higher, S
0.4 D, C=1.13 D at 35 deg, than that obtained when con-

idering the contributions of HOA: S=0.08 D, C=0.45 D at
2 deg, but differences are now closer or even above 0.5 D
oth for the sphere and cylinder.

Discussion and Conclusions
n summary, a theoretical framework to obtain the refractive
rror of an eye directly from aberrometric raw data was pre-

Table 2 Effect of the number of samples to the
diopters�. Column 3 shows those elements of th
signs; columns 4–8 correspond to the results obt

n M
Vergence

elements�0 89

2 −2 �V�
x =�V�

y= 0.5443

2 0 �V�
x=�V�

y= 0.7698

2 2 �V�
x=−�V�

y= 0.5443

3 All 0

4 −4 �V�
x =−�V�

y= 0.5540

4 −2 �V�
x =�V�

y= 0.5008

4 0 �V�
x=�V�

y= −0.0752

4 2 −�V�
x=�V�

y= 0.6071

4 4 −�V�
x=−�V�

y= 0.5540

5 All 0

6 0 �V�
x=�V�

y= 0.6353
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sented. In the presence of sphere and cylinder refractive er-
rors, beams are elliptical and vergences depend on orientation
�meridian�. That elliptical shape of lens power and beam ver-
gences is described here by 2�2 symmetric matrices. The
action of any combination of spherical and cylindrical lenses
is described by V�=P+V, in matrix form, where the action of
conventional lenses is represented as additive matrix opera-
tors. The matrix formalism becomes extremely useful to ana-
lyze the vergence error of a general skew ray from an aber-
rated beam. The vergence error of an aberrated ray is
completely defined by the sum of two, one even-symmetric
and one odd-symmetric 2�2 matrices. The odd �cross-
comatic� vergence error cannot be corrected by standard
lenses, but could be done by odd-symmetric lenses consisting
of two positive and negative half-cylinders. Nevertheless, all
odd-symmetric contributions to the global refraction are can-
celed by pupil average, and this cross-comatic vergence error
is also canceled. Thus, that odd-symmetric matrix is irrelevant
for the problem of refraction from aberrometry �but relevant
for optical and image quality�. The even-symmetric vergence
error matrix defines an elliptical beam associated to the ray.
The matrix formulation of both conventional refraction and of
vergence error of an aberrated ray permitted one to apply the
laws of standard clinical refraction to each ray passing
through the pupil. This makes it possible to measure refractive
error �S, C, and �� for each ray and eventually correct it by
the appropriated lenslet. The way to construct the vergence
error matrix is straightforward from the aberrometric raw
data, simply by computing the ratios �finite tangents� between
image �centroids of spots� and pupil coordinates for each ray
or aberrometric sample.

These results are a direct generalization of early aberrom-
etry based on standard refraction. The difference was that

umerical computation of the vergence error �in
ence error matrix different from zero with their
or different numbers of microlenses �samples�.

7989 196,933



�Table 1�

3 0.5443 0.5443 0.5443

8 0.7698 0.7698 0.7698

3 0.5443 0.5443 0.5443

0 0 0

0 0.6917 0.7002 0.7027

7 0.6946 0.6998 0.7027

2 0.0041 −0.00054 0

2 0.6888 0.7006 0.7027

0 0.6917 −0.7002 0.7027

0 0 0

4 1.1438 1.1668 1.1759
direct n
e verg
ained f

341

0.544

0.769

0.544

0

0.645

0.655

0.015

0.634

0.645

0

0.999
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hese measurements were mainly restricted to rotationally
ymmetric aberration modes, so that the vergence error was
educed to a single scalar number. To properly analyze today’s
berrometric data, it is necessary to consider that vergence
rror of a skew ray is not a scalar anymore, but a 2�2 matrix.

A major issue is the possible singular points along both
upil axes. We have seen how the contributions of positive,

, and negative, −
, singularities cancel by pupil average

see Eqs. �20��. However, the singularities of vergence along
he coordinate axes must be treated carefully when we have a
iscrete pupil sampling and, hence, a limited number of
amples. A simple and direct solution is to take these data
oints out when computing the average. Ideally, one should
esign a sampling pattern avoiding both horizontal and verti-
al axes. If that is not possible, then the axial samples must
ot be considered for averaging �as formulated in Eq. �13��.
his would require having enough �off-axis� samples to com-
ute the average. The computer simulation performed thus far
howed that the quotients Xi,j /�i,j, Yi,j /�i,j, etc., never gave
ingularities outside the axes, even for very high numbers of
amples. A potential problem is the bias introduced by remov-
ng axial samples from the set used to compute the global
ergence error. This step, namely, to pass from local �indi-
idual� refractive errors associated to each ray �or pupil
ample�, to a single global prescription, is crucial. Among the
any possible choices, pupil integration, or average, presents
any advantages, such as simplicity, robustness, an increase

n signal-to-noise ratio, and being optimal under a linear least-
quares criterion. Nevertheless, the accuracy of this method
ppears to depend strongly on the total number of samples.
or plain averaging, the number of samples needed to guar-
ntee good accuracy is too high ��1000�; Thus, practical
mplementations of the direct method would require more so-
histicated integration and/or interpolation methods. Alterna-

Table 3 Example: Contributions of wave Zernik
RN, OD, 2R=6 mm.

n m cn
m �m�

2 −2 −0.1093

2 0 0.1603

2 2 −0.4008

4 −4 −0.0178

4 −2 −0.053

4 0 0.3167

4 2 0.0712

4 4 −0.0349

6 0 0.0947

Total Vergen

Second order only

All contributions
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tively, one may use the present formulation to compute the
refractive error from the wave aberration �Table 1�. An impor-
tant result is that this simple metric �pupil average� is consis-
tent with well-known results when only second-order refrac-
tive errors are present �i.e., HOA-free wavefronts�. Other
robust criteria would give slightly different metrics �mode,
etc.�, or one could apply some pupil apodization weighting
more �or less� different pupil zones. However, the direct way
to obtain the prescription is to average the vergence error over
the pupil.

The proposed direct method is opposite to the standard
way in which one reconstructs the wavefront error and then
attempts to predict clinical prescription by using image or
visual quality metrics. Such indirect methods work by statis-
tical correlations and may be good predictors of average ten-
dencies, but may yield large errors for particular individuals.
Instead of those image-quality metrics-based predictions, the
use of the aberrometer as a refractometer instrument seems a
better and more powerful strategy. Direct estimation of clini-
cal refraction has been elusive until now, probably because of
�not well-understood� interactions between higher and lower
order wave aberration modes. The present formulation was
used to study such interactions and to compute the contribu-
tions of all HOA Zernike modes to the average vergence error.
Table 1 provides a way to compute vergence error from wave
aberration, but this method is not necessary, if one can apply
the direct way.

The present framework is different from previous ap-
proaches in two major aspects. On the one hand, there have
been attempts to decompose vergence in terms of polynomial
expansions, trying to mimic the treatment of wavefronts.7,8

For doing this, they typically consider only radial vergence,
which is a single scalar magnitude. One can compute the ra-
dial vergence

s to the pupil average vergence error for subject

�
x� �V�

y� �V�
x�

0 −0.059

34 0.1234 0

182 0.2182 0

0 −0.0125

0 −0.037

0 0

50 0.050 0

45 −0.0245 0

43 0.0643 0

r �diopters�

948 0.3416 −0.0595

56 0.4314 −0.109
e mode

�V

0

0.12

−0.2

0

0

0

−0.0

0.02

0.06

ce Erro

−0.0

−0.0
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�W

���
=

�

�2X +
�

�2Y �24�

nd then apply those data analysis schemes to obtain the re-
raction. The drawback of only using this scalar magnitude is
hat it involves the implicit assumption that the ray trajectory
s going to always be coplanar with the Z-axis, which is not
rue for a general skew ray. On the other hand, the need of
nding new basis functions to describe vergence is doubtful.
asis functions are useful in aberrometry to reconstruct the
avefront from the raw aberrometric data �partial deriva-

ives�, which requires a numerical integration, which is a
oisy process. However, the vergence error for each aberro-
etric sample only involves the computation of coordinate

atios; the global refraction is obtained from these vergence
rrors by average. Eventually, one might use basis functions
o perform interpolations or to improve numerical integration
average� over the pupil.

The framework presented thus far might have interesting
mplications in related fields, such as the analysis of corneal
opographies, which deserve further developments. However,
he main advantage of the present formulation is that it could
elp to move aberrometry closer to the clinical language and
ractice.
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