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Abstract
We review recent rigorous results on the phenomenon of vortex reconnection in classical and
quantum fluids. In the context of the Navier–Stokes equations in T

3 we show the existence
of global smooth solutions that exhibit creation and destruction of vortex lines of arbitrarily
complicated topologies. Concerning quantum fluids, we prove that for any initial and final
configurations of quantum vortices, and any way of transforming one into the other, there is
an initial condition whose associated solution to the Gross–Pitaevskii equation realizes this
specific vortex reconnection scenario. Key to prove these results is an inverse localization
principle for Beltrami fields and a global approximation theorem for the linear Schrödinger
equation.

Keywords Navier–Stokes equations · Gross–Pitaevskii equation · Vortex · Reconnection ·
Global approximation theorem · Stability theorem

Mathematics Subject Classification 35Q30 · 35Q55

1 Introduction

In this section we present the equations that model classical and quantum fluids. We also
introduce the concept of vortex (whose definition depends on the context) and the important
phenomenon of vortex reconnection,which is related to the creation or destruction of topolog-
ical structures during the vortex dynamics. A different area of physics where reconnections
play a major role is in magnetohydrodynamics (MHD), where one talks about magnetic
reconnections, but we shall not deal with this topic here.
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1.1 Classical fluids: the Navier–Stokes equations

Thedynamics of an incompressible fluidflowwith viscosity is described by theNavier–Stokes
equations,

∂t u + (u · ∇)u − ν�u = −∇ P, Div u = 0, u(·, 0) = u0,

where the unknowns are the velocity field of the fluid u(x, t) and the hydrodynamic pressure
P(x, t). Here the viscosity ν > 0 is a fixed constant. Usually, the spatial variable takes values
in R

3 or R3 with periodic boundary conditions, i.e., the torus T3 := R
3/(2πZ)3.

A time-dependent vector field that plays a crucial role in fluid mechanics is the vorticity,
defined by

ω := curl u.

The integral curves of the vorticity ω(x, t) at fixed time t , that is to say, the solutions to the
autonomous ODE

ẋ(τ ) = ω(x(τ ), t)

for some initial condition x(0) = x0, are the vortex lines of the fluid at time t .
When the fluid has no viscosity (ν = 0), the Navier–Stokes equations become the Euler

equations. In this case, it is well known that the vorticity is transported by the velocity field
(a phenomenon known as Helmholtz’s transport of vorticity),

∂tω = (ω · ∇)u − (u · ∇)ω =: [ω, u].

This equation ensures that the vorticity at time t can be written in terms of the initial vorticity
ω0 as

ω(·, t) = (φt )∗ ω0, (1.1)

that is, as the push-forward of the initial vorticity along the time t flow φt generated by the
velocity field. Therefore, the set of vortex lines at any times t0 and t1 are diffeomorphic as
long as the solution remains smooth on the time interval [t0, t1]. In short, the vortex lines do
not change their topology.

However, in the presence of viscosity, the vorticity is no longer transported along the flow,
and the diffusive term gives rise to a different phenomenon known as vortex reconnection.
Briefly, one says that a vortex reconnection has occurred at time T if the vortex lines at
time T and at time 0 are not homeomorphic, so there has been a change of topology [5,10].
For example, certain vortex lines can break and new vortex lines, possibly knotted or linked
in a different way, can be created (see Fig. 1).

There is overwhelming numerical and physical evidence of the fact that vortex recon-
nection occurs [5,10,19]. We highlight the recent experimental results presented in [11,17],
where the authors study how vortex lines (or tubes) of different knotted topologies reconnect
in actual fluids using cleverly designed hydrofoils. In contrast with the wealth of heuristic,
numerical and experimental results on this subject, the first mathematically rigorous scenario
of vortex reconnection was constructed very recently in [7] (see Theorem 2.1).
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Fig. 1 Reconnection of vortex lines of a fluid flow measured at the Irvine Lab in Chicago (2012). Courtesy of
William Irvine [11]

Fig. 2 Visual description of the
reconnection phenomenon. Here
a quantum vortex in the shape of
a trefoil knot reconnects into two
linked unknots. Courtesy of
William Irvine [12]

1.2 Quantum fluids: the Gross–Pitaevskii equation

A quantum fluid or Bose–Einstein condensate (sometimes also called a superfluid) is
described by the Gross–Pitaevskii equation,

i∂tψ + �ψ + (1 − |ψ |2)ψ = 0, ψ(·, 0) = ψ0, (1.2)

where the unknown is the complex-valued wave function ψ(x, t), with x ∈ R
3.

We are interested in solutionsψ(x, t) that tend to 1 as |x | → ∞. The reason is the relation
between the Gross–Pitaevskii equation and the Ginzburg–Landau functional

E[ψ](t) :=
∫
R3

(
1

2
|∇ψ(x, t)|2 + 1

4

(
1 − |ψ(x, t)|2)2

)
dx,

so one picks solutions that tend to 1 fast enough at infinity to have finite Ginzburg–Landau
energy.

A very active topic in condensed matter physics is the study of the evolution of quantum
vortices [1]. Recall that the quantum vortices of the superfluid at time t are defined as the
connected components of the set

Zψ(t) := {x ∈ R
3 : ψ(x, t) = 0},

so, as ψ is complex valued, they are typically given by closed curves in space.
A central aspect is the analysis of the quantum vortex reconnection, that is, the process

throughwhich two quantumvortices cross, each of thembreaking into two parts and exchang-
ing part of itself for part of the other (see Fig. 2). This may lead to a change of topology of the
quantum vortices. Among the extensive literature on this topic, an outstanding contribution
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is the first experimental measurement of vortex reconnection in superfluid helium [3]. In this
paper it was observed that the distance between the vortices behaves as C |t − T |1/2 near the
reconnection time T . Further numerical [12,18] and theoretical [16] studies have analyzed
quantum vortex reconnections in detail, showing that the above separation rate is in fact uni-
versal (this is nowadays called the t1/2 law). Another remarkable numerical observation [12]
is that the parity of the number of quantum vortices changes at the reconnection time, i.e., an
even number of vortices reconnect into an odd number of quantum vortices and viceversa.

We proved recently [6] that, given any finite initial and final configurations of quantum
vortices (which do not need to be topologically equivalent) and any reasonable way of recon-
necting them, there is a smooth initial datum ψ0 whose associated solution realizes this
specific vortex reconnection scenario. Moreover, this solution obeys the aforementioned t1/2

law and parity switch. See Theorem 2.3 for details.

2 Statement of the theorems

In this section we state the main theorems that we proved in [6,7]. The first result shows
the existence of smooth solutions to the Navier–Stokes equations in T

3 that exhibit a finite
cascade of changes of topology of the vorticity field (which implies the existence of vortex
reconnections). The second theorem establishes that, given any finite initial and final con-
figurations of quantum vortices and any conceivable way of transforming one into the other,
there is a smooth initial datumψ0 whose associated solution to the Gross–Pitaevskii equation
in R

3 realizes this reconnection scenario.

2.1 Existence of vortex reconnection in Navier–Stokes

To state the theorem, let us prescribe the following data:

(i) Finitely many reconnection times: 0 =: T0 < T1 < · · · < Tn .
(ii) The energy (L2 norm) of the initial condition: M > 0.
(iii) For each odd integer k ∈ [1, n] a finite collection Vk of closed curves (pairwise disjoint

but possibly knotted and linked) that are contained in a ball of T3.

The following theorem [7] establishes the existence of vortex reconnections for smooth
global solutions of the Navier–Stokes equations. In the statement, we say that two setsK1 and
K2 of T3 are isotopic if there exists a diffeomorphism 
 of T3, connected with the identity,
such that 
(K1) = K2.

Theorem 2.1 There is a global smooth solution u : T3 ×[0,∞) → R
3 of the Navier–Stokes

equations on T
3, with an initial datum u0 of norm ‖u0‖L2 = M and of zero mean, which, for

each odd integer k ∈ [1, n], exhibits at time Tk a set of vortex lines isotopic to Vk , and when
k ≤ n − 1 this set is not isotopic to any subset of the vortex lines of the fluid at time Tk−1

or Tk+1.

Remark 2.2 This scenario of vortex reconnection is structurally stable. By this we mean that
the vortex reconnection phenomenon occurs for any initial datum that is close enough in
the C2(T3) norm to the initial velocity u0 of the theorem (and therefore the vorticities are
C1-close so that one can apply the hyperbolic permanence theorem). Moreover, the existence
of non-homeomorphic vortex structures occurs not only between the times Tk and Tk±1 with
k odd, but also between any nonnegative times tk and tk±1 for which |Tk − tk |+ |Tk±1 − tk±1|
is small enough. This ensures that the vortex reconnection is experimentally observable.
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The proof that this scenario of vortex reconnection occurs [7] is indirect, meaning that
we prove that there has been a change in the topology of the vortex structures of the fluid
but we cannot describe the way in which these structures break. Informally, this theorem
does not provide a movie of how the reconnection process happens but only some significant
snapshots of it. In particular, we do not know if the vortex reconnection happens essentially
as in the well-known model [19] of two rotating columns of fluid that meet at an angle that
evolve into a configuration similar to cutting both columns in half at their point of contact
and then reconnecting each end of the first column with one of the second.

2.2 Existence of vortex reconnection in Gross–Pitaevskii

The initial and final vortex configurations are described by links �0, �1 ⊂ R
3. We recall

that a link is a finite union of smooth closed curves in R
3 that are pairwise disjoint. Notice

that �0 and �1 do not necessarily have the same number of connected components, and that
these components need not be homeomorphic. To describe a way of transforming the link �0

into �1 in time T , we introduced in [6] the notion of a pseudo-Seifert surface. By this we
mean a smooth, two-dimensional, bounded, orientable surface � ⊂ R

4 whose boundary is

∂� = (�0 × {0}) ∪ (�1 × {T }).
We then say that the links �0 and �1 are connected by the pseudo-Seifert surface �. As
an additional technical assumption, we will assume that the surface is in generic position,
meaning that the time coordinate of R4 is a Morse function on � that does not have any
critical points on the boundary ∂�. This kind of pseudo-Seifert surfaces can be used to
describe any reconnection cascade like the ones numerically studied in [12]. In fact, pseudo-
Seifert surfaces provide a universal mechanism to describe the reconnection process for the
initial and final links �0, �1.

The theorem can then be stated as follows. Given a spacetime subset  ⊂ R
n+1 (here,

n = 3), let us denote by
t :=  ∩ (Rn × {t}) (2.1)

its intersection with the time t slice. Furthermore, we use the notation

�η(x) := ηx (2.2)

for the dilation on Rn with ratio η > 0.

Theorem 2.3 Consider two links �0, �1 ⊂ R
3 and a pseudo-Seifert surface � ⊂ R

4 con-
necting �0 and �1 in time T > 0. Then, there is a global smooth solution ψ(x, t) to the
Gross–Pitaevskii equation on R

3, tending to 1 at infinity, which realizes the vortex recon-
nection pattern described by � up to a diffeomorphism. Specifically, for any ε > 0 and
any k > 0, one has:

(i) The function ψ tends to 1 exponentially fast at infinity. More precisely, 1 − ψ ∈
C∞
loc(R,S(R3)), where S(R3) is the Schwartz space.

(ii) One can track the evolution of the quantum vortices during the prescribed reconnection
process at all times. More precisely, there is some η > 0 and a diffeomorphism � of R4

with ‖� − id‖Ck (R4) < ε such that �η[�(�)t ] is a union of connected components of
Zψ(η2t) for all t ∈ [0, T ].

(iii) The separation distance obeys the t1/2 law and the parity of the number of quantum
vortices changes at each reconnection time.
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Remark 2.4 The parameter η > 0 is small, which means that the reconnection process takes
place in a small space region of size of order η during a very short time scale η2T . After the
time scale η2T , our method of proof does not provide any information of the evolution of
the solution u(x, t) of the Gross–Pitaevskii equation.

2.3 A comparison between both reconnection theorems

In stark contrast with Theorem 2.1 for the Navier–Stokes equations, in Theorem 2.3 for the
Gross–Pitaevskii equation we are able to track the evolution of the quantum vortices during
the whole process, which permits to describe the reconnection events in detail and verify
that they exhibit the properties observed in the physics literature. The way we describe the
process is through pseudo-surfaces in space-time, as explained above. This crucially uses the
scalar nature of the problem. Unfortunately, for vectorial equations one cannot hope to find
an analogous way of encoding reconnections.

From the point of view of the strategy of the proof, Theorem 2.1 involves two ideas. Firstly,
one comes up with a (rather sophisticated) construction of a family of Beltrami fields (that is,
eigenfunctions of the curl operator) of arbitrarily high frequency that present vortex lines of
“robustly distinct” topologies. This step is time-independent. The time-dependent part of the
argument hinges on the idea of transition to lower frequencies: acting in the linear regime, the
diffusive part of the equation guarantees that a high-frequency Beltrami field can represent
the leading part of the solution at time T0 while a Beltrami field of a still high but much lower
frequency may dominate at a fixed later time T1. It is obvious that this heat-equation-type
argument will not work for the Gross–Pitaevskii equation even in the linear regime, which
is controlled by the Schrödinger equation. Instead, the proof of Theorem 2.3 relies on a new
global approximation property of the linear Schrödinger equation.

3 Technical tools

In this section we introduce two tools, of interest themselves, which are instrumental for the
proofs of Theorems 2.1 and 2.3. First we recall the concept of Beltrami fields onT3 and show
that they satisfy a remarkable inverse localization property [8]. Roughly speaking, this means
that any Beltrami field on a bounded domain of R3 can be transplanted, up to a controlled
error, into a high-frequency Beltrami field on T

3. The second result we present is a new
global approximation theorem [6] for the linear Schr̈odinger equation in Rn that allows one
to approximate a local solution defined in a bounded spacetime domain by a global solution
of the Schrödinger equation.

3.1 Inverse localization of Beltrami fields

A Beltrami field on T3 is a vector field satisfying the equation

curl v = λv

for some real number λ �= 0. It is easy to see that such fields are divergence-free and have
zero mean.

It is well-known [7] that the spectrum of the curl operator on T
3 consists of the numbers

of the form λ = ±|k| for some vector with integer coefficients k ∈ Z
3. For concreteness, we

will henceforth assume that λ > 0.
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A famous class of Beltrami fields on the torus are the ABC fields [2], which can be written
in terms of three real constants as

v = (A sin x3 + C cos x2, B sin x1 + A cos x3, C sin x2 + B cos x1).

They correspond to the lowest positive eigenvalue λ = 1, which has multiplicity 6.
To state the main result of this subsection, we first introduce some notation. Let us fix

an arbitrary point p0 ∈ T
3 and take a patch of normal geodesic coordinates � : Bρ → Bρ

centered at p0. Here Bρ (resp. Bρ) denotes the ball in R
3 (resp. the geodesic ball in T

3)
centered at the origin (resp. at p0) and of radius ρ > 0; we shall drop the subscript when
ρ = 1.

The inverse localization theorem shows that any Beltrami field on a bounded set ofR3 can
be reproduced in a ball of size λ−1 by a Beltrami field on T3 with high enough eigenvalue λ.

Theorem 3.1 Let w be a Beltrami field in R
3, satisfying curlw = w, and fix any positive real

ε and integer r . Then for any large enough odd integer L there is a Beltrami field v on T
3,

satisfying curl v = Lv, such that
∥∥∥∥w − v ◦ �−1

( ·
L

)∥∥∥∥
Cr (B)

< ε.

3.2 A global approximation theorem for the Schrödinger equation

Global approximation theorems are classical in the case of elliptic operators [4,13,14], starting
with the work of Runge in complex analysis. Roughly speaking, this theory establishes a sort
of flexibility for solutions that satisfy a linear elliptic equation on a bounded domainU ⊂ R

n :
the local solution can be uniformly approximated in compact subsets ofU by a global solution
to the same equation provided thatRn\U does not have any bounded connected components.

These results have been recently extended to the related setting of parabolic operators [9].
The case of dispersive equations, however, is substantially different and presents new key
technical subtleties. The way we followed in [6] to solve these difficulties hinges on a careful
analysis of integrals defined by Bessel functions with real and complex arguments. Roughly
speaking, we proved that a function that satisfies the Schrödinger equation on a spacetime
set with certain mild topological properties can be approximated, in a suitable norm, by a
global solution of the form eit�ψ0, with ψ0 a Schwartz function.

To state the global approximation theorem for the Schrödinger equation that we proved
in [6], we need to introduce some notation. Specifically, we use the norm

‖χ‖2L2Hs ()
:=

∫ ∞

−∞
‖χ(·, t)‖2Hs (t )

dt < ∞, (3.1)

where s is any real number. Additionally, the relation ′ ⊂⊂  means that the closure of the
set ′ is contained in .

Theorem 3.2 Let χ satisfy the Schrödinger equation

i∂tχ + �χ = 0

in a bounded open set with smooth boundary  ⊂ R
n+1 (n ≥ 2) and take a smaller set

′ ⊂⊂ . Suppose that χ ∈ L2Hs() for some s ∈ R and that the set Rn\t is connected
for all t ∈ R. Then, for any ε > 0, there is a Schwartz function ψ0 ∈ S(Rn) such that
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� := eit�ψ0 approximates χ as

‖χ − �‖L2Hs (′) ≤ ε.

Obviously, � satisfies the Schrödinger equation i∂t� + �� = 0 in R
n+1.

Remark 3.3 The choice of the norm L2Hs() in Theorem 3.2 is completely inessential.
Instead, one can take Hs() for any real s or the Hölder norm Cs() for any s ≥ 0.

Theorem 3.2 is non-quantitative in the sense that it does not provide any bound (“energetic
cost”) of the L2 norm of ψ0 in terms of ε. If the set  where the “local solution” χ is defined
is of cylindrical form

 = D × R, (3.2)

where D ⊂ R
n is a bounded open set with smooth boundary, the above qualitative approxi-

mation result can be promoted to a quantitative statement, for details see [6].

4 Ideas of the proofs

In this final section we sketch the main ideas to prove the reconnection Theorems 2.1 and 2.3.
The complete and detailed arguments can be consulted in [6,7].

4.1 Sketch of the proof of Theorem 2.1

Its proof hinges on choosing an initial datum that is the superposition of a finite number of
Beltrami fields Wk that oscillate at different large frequencies:

u0 = M W0 + δ1 W1 + · · · + δn Wn,

Here δk are small constants satisfying δn � δn−1 � · · · � δ1 � 1. The Beltrami fieldsWk

satisfy the equation curlWk = NkWk in T
3 with frequencies N0 � N1 � · · · � Nn � 1.

The Beltrami fieldsWk for k odd are constructed using the realization theorem proved in
[8], which ensures the existence of a Beltrami field Wk with high eigenvalue Nk exhibiting
a set of vortex lines isotopic to Vk ; the eigenvalues Nk are taken to be odd integers to invoke
the inverse localization Theorem 3.1, which is key to prove the aforementioned realization
theorem. In contrast, the Beltrami fields Wk for k even are explicit and read in terms of the
Cartesian coordinates (x1, x2, x3) as

Wk := (sin Nk x3, cos Nk x3, 0).

Since the integral curves of these fields lie on the tori x3 = const, whereWk is a linear field,
it follows that they are all non-contractible.

An essential property of these families is that they are “robustly non-equivalent”. Indeed,
it can be proved that any small perturbation of a member of the first family (i.e., k odd)
exhibits a set of vortex lines isotopic to Vk , whereas in the second family (i.e., k even) all the
vortex lines are non-contractible.

The global existence of the solution with initial datum u0 follows from a suitable stability
theorem for the Navier–Stokes equations and the fact that u0 is a small perturbation of
a Beltrami field. More precisely, the solution to the Navier–Stokes equations with initial
datum v0 := MW0 is global and decays exponentially fast as t tends to infinity:

v(x, t) = MW0(x)e−νN2
0 t .
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We showed in [7] that any initial condition u0 that is close enough to v0 also gives rise to
a global exponentially decaying solution to the Navier–Stokes equations, that is, if ‖u0 −
v0‖Cr (T3) < ε then

‖u(·, t) − v(·, t)‖Cr (T3) < Cε e
−νt
2

for all t ≥ 0. For our applicationwe take r ≥ 2 (to apply the hyperbolic permanence theorem).
Finally, the analysis of the solution to the Navier–Stokes equations with initial datum u0,

which allows us to establish the existence of vortex reconnection, involves a delicate interplay
between the large frequencies Nk of the fields and their relative sizes. This ensures that, at
time Tk , the vortex structures of the fluid are related to those of the fieldWk in the sense that

u(·, Tk) = ck
(Wk + small

)

for some nonzero constant ck . More precisely, a careful choice of the constants δk and Nk ,
combined with the aforementioned stability theorem, allows us to prove that during the time
interval [0, Tn] the evolution of the Navier–Stokes equations with initial condition u0 is
governed by the heat equation modulo a small error:

u(·, t) = MW0e−νN2
0 t +

n∑
k=1

δkWke−νN2
k t + small.

Therefore, at t = 0 the field u0 is a small perturbation of MW0, and at time Tk we have the
rescaled field

δ−1
k eνN2

k Tk u(·, Tk) = Wk + Mδ−1
k e−ν(N2

0−N2
k )TkW0

+
∑

1≤ j �=k≤n

δ jδ
−1
k eν(N2

k −N2
j )TkW j + small.

All the constants are then carefully chosen so that the second and third summands in this
equation are suitably small. The theorem then follows from the properties of the carefully
constructed vector fields Wk .

Remark 4.1 A scaling argument shows that the frequencies we need to take in the proof of
Theorem 2.1 are much larger than ν−1/2. Therefore, there is no hope of making this scenario
of vortex reconnection work in the vanishing viscosity limit.

4.2 Sketch of the proof of Theorem 2.3

Its proof is based on the construction of a solution to the (linear) Schrödinger equation
exhibiting the corresponding reconnection pattern, and then this solution is promoted to a
solution of theGross–Pitaevskii equation that operates in the linear regime (which is achieved
by playing with the small rescaling parameter η in the statement).

Let � ⊂ R
4 be a pseudo-Seifert surface connecting the curves �0, �1 ⊂ R

3 in time T .
If necessary one can deform the curves �0, �1 to ensure that � is in general position with
respect to the time axis in the sense that the coordinate t is a Morse function on �.

Using a geometric construction exploiting the triviality of the normal bundle of the pseudo-
Seifert surface, we constructed in [6] an analytic hypersurface S inR4 that contains�, whose
normal direction is never parallel to the time direction. Furthermore, S is diffeomorphic to
the product � × (−1, 1), so one can take a real-valued analytic function φ : S → R on the
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hypersurface S such that
φ−1(1) = � (4.1)

and its intrinsic gradient ∇Sφ does not vanish on �.
We consider now the Cauchy problem

i∂tχ + �χ = 0, χ |S = φ, N · ∇x,tχ = i, (4.2)

where N is a unit normal vector to the hypersurface S inR4 and∇x,tχ denotes the spacetime
gradient of χ . The hypersurface S is non-characteristic for the Schrödinger equation because
N is never parallel to the time direction. Hence the Cauchy–Kovalevskaya theorem ensures
that there exists a real analytic solution χ to the problem (4.2) defined in a neighborhood V ⊂
R
4 of S. It can also be shown thatχ−1(1) = � and that the gradients of the real and imaginary

parts of χ are transverse on �. It is clear, by construction, that Z1−χ (t) = �t for all t ,
where we recall that �t is the intersection of � with the time t slice. The aforementioned
transversality also implies that the set χ−1(1) is robust under C1-small perturbations.

The global approximation Theorem 3.2 guarantees that there exists a Schwartz function
ψ0 ∈ S(Rn) such that � := eit�ψ0 approximates the above function χ as

‖� − χ‖Ck (V ) < ε,

where k ≥ 1 can be chosen at will.
Let us now consider the rescaled Gross–Pitaevskii equation

i∂t ψ̃ + �ψ̃ + δ(1 − |ψ̃ |2)ψ̃ = 0

on R
3 with initial datum

ψ̃(x, 0) = 1 − ψ0(x),

where δ > 0 is a small constant. In view of Duhamel’s formula

ψ̃(x, t) = 1 − �(x, t) + iδ
∫ t

0
ei(t−s)�(1 − |ψ̃(x, s)|2)ψ̃(x, s) ds,

it is standard [6] that, for all small enough δ, there exists a global solution ψ̃ to this equation
with

1 − ψ̃ ∈ C∞
loc(R,S(R3)),

which is bounded as

‖� − (1 − ψ̃)‖Ck ([−T ,T ]×R3) ≤ CT δ

for any T > 0. The constant CT depends on T and ψ0 but not on δ. It then follows from the
robust geometric construction above that the zero set ψ̃−1(0) ∩ V is isotopic to � (with a
diffeomorphism that is Ck-close to the identity). A further elaboration using Morse theory
also allows us to show that this scenario satisfies the t1/2 law and the change of parity property.

We finally notice that the function

ψ(x, t) := ψ̃(δ−1/2x, δ−1t)

satisfies the Gross–Pitaevskii equation

i∂tψ + �ψ + (1 − |ψ |2)ψ = 0, ψ(x, 0) = 1 − ψ0(δ
−1/2x)

and tends to 1 as 1 − ψ ∈ C∞
loc(R,S(R3)). Since ψ is just an (anisotropic) rescaling of ψ̃ ,

we infer that the zero set of ψ is of the form described in the statement of the theorem.
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