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ABSTRACT

We present a study of the Earth’s rotational motion in terms of the Earth Orientation Parameters (EOP) of the new paradigm that is recommended
by the IAU 2000 resolutions to transform between the celestial and terrestrial reference systems. This paper presents the first part of the study
whose purpose is to establish the dynamical equations of the rotation of a rigid Earth as a function of these new parameters. Starting from
Euler dynamical equations for a rigid Earth, and using expressions for the components of the instantaneous rotation vector as functions of
the celestial coordinates X, Y of the Celestial intermediate pole (CIP) and of the Earth rotation angle (ERA), the equations of Earth rotation
were obtained explicitly in terms of those parameters. Taking into account the order of magnitude of the terms of these equations, we obtain
the most appropriate form of the equations for a practical integration. We then investigated the possible methods of integration for providing
semi-analytical solutions for the X and Y variables in the axially symmetric case. We also perform a number of tests regarding the efficiency of
these methods, based on the IAU 2000 precession-nutation. We extended this approach to a deformable Earth, based on integration constants
compliant with the new P03 precession model.
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1. Introduction

The nutation part of the IAU 2000A precession-nutation
adopted by IAU 2000 Resolution B1.6 (IAU Transactions
2000) has been generated by Mathews et al. (2002) by the con-
volution of the MHB 2000 transfer function with the rigid Earth
nutation REN-2000 of Souchay et al. (1999); it has been pro-
vided in terms of components ∆ψ and ∆ε, respectively in lon-
gitude and obliquity.

The IAU 2000 resolutions have also recommended the
use of the Celestial Intermediate Pole (CIP) and of the “new
paradigm” to transform between the International Terrestrial
System (ITRS) and the geocentric celestial reference sys-
tem (GCRS).

The CIP has been defined by IAU 2000 Resolution B1.7, as
the pole close to the instantaneous pole of rotation, the motion
of which is specified in the GCRS by motion of the Tisserand
mean axis of the Earth with periods greater than two days.
Its motion in the GCRS therefore includes, by convention, all
the nutations in space with periods greater than 2 days in the

GCRS, the nutations with periods less than 2 days being mod-
eled by their equivalent polar motion with respect to the ITRS.
Consequently, the GCRS motion of the CIP differs from that
of the pole of the Earth’s figure axis by those subdiurnal terms
(see Capitaine 2000, 2002 for more details).

The new paradigm specified by IAU 2000 Resolution B1.8
to transform between the ITRS and GCRS is based on the
Celestial and Terrestrial ephemeris origins, CEO and TEO,
respectively1, which are implementations of the “non-
rotating origin” (Guinot 1979; Capitaine et al. 1986) in the
GCRS and ITRS, respectively. It uses (i) the Earth rotation an-
gle (ERA) and (ii) the position of the CIP both in the ITRS
and GCRS. The ERA is the angle along the equator of the
CIP between the CIO and the TIO. The position of the CIP in
the ITRS is provided by the x, y-coordinates of the CIP unit
vector in the ITRS, which are the usual “pole coordinates”.

1 Now called, according to the recommendations of the
IAU Working Group on “Nomenclature for fundamental astron-
omy”, the Celestial and Terrestrial “intermediate” origins, CIO
and TIO, respectively; this will be used in this paper.
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The position of the CIP in the GCRS is provided by the x, y-
coordinates of the CIP unit vector (i.e. direction cosines) in the
GCRS, which are currently expressed in the form of (X, Y) co-
ordinates, in arcseconds, the values of which approximately
represent the corresponding angles with respect to the polar
axis of the GCRS. The CIP position (X, Y) takes rigorous ac-
count of frame bias, precession and nutation (Capitaine 1990).
These quantities represent the GCRS orientation of the celestial
intermediate system in which astronomical Earth-based obser-
vations are naturally referred; they are, for example, the pa-
rameters to which VLBI is directly sensitive (Brzezinski &
Capitaine 1993; Capitaine et al. 2003b). Therefore theoretical
expressions of these parameters allow one to compare theory
and observation without any intermediary and thus to best esti-
mate the basic physical parameters (e.g. the dynamical Earth’s
parameters).

The current IAU 2000 expressions for the (X, Y) coordi-
nates have been derived by Capitaine et al. (2003a) from the
IAU 2000 expressions of ∆ψ and ∆ε variables. In this paper, we
will use a different approach that will consist in developing the
equations for Earth rotation using explicitly the (X, Y) coordi-
nates with the aim of providing the precession-nutation model
directly in the form recommended by the IAU 2000 resolutions.

The equations of the rotational motion of the rigid Earth are
based on the equations of angular momentum conservation that
can be expressed in various forms. Existing analytical or semi-
analytical solutions for Earth rotation have been derived by
solving either Euler equations (Woolard 1953; Bretagnon et al.
1997), or Hamiltonian equations (Kinoshita 1977; Souchay
et al. 1999), or alternatively, the angular momentum equa-
tions themselves (Woolard 1953; Roosbeek & Dehant 1998).
Solutions are either for Euler angles of the terrestrial refer-
ence system with respect to the ecliptic system at a fixed
epoch (Woolard 1953; Bretagnon et al. 1997), or for Andoyer
variables and their canonically conjugate variables (Souchay
et al. 1999). Different iterative approaches have been used to
solve the equations. In some recent cases (Souchay et al. 1999;
Roosbeek & Dehant 1998) the solutions have first been ob-
tained relative to the angular momentum axis and then trans-
formed into solutions for the axis of figure by adding Oppolzer
terms. In other cases, they have been directly referred to the
axis of figure (Bretagnon et al. 1997) by solving second order
differential equations by successive approximations.

Our purpose here is to establish variational equations for
the rotational motion of the Earth in terms of the (X, Y) coor-
dinates of the CIP and ERA and to find a method to solve the
system with a semi-analytical approach in the most accurate
way. We therefore investigate the possible methods for provid-
ing semi-analytical solutions for the X and Y variables in the
axially symmetric case, ensuring a microarcsecond accuracy
over a time-span of a few hundred years. As the consideration
of a rigid model is only the first step in solving the Earth’s ro-
tational equations, we also study how the equations in terms
of the X and Y variables can be generalized to the case of a
deformable body and how this will modify the solution.

However, the use of the (X, Y) variables may not allow
one to write the complete equations in a sufficiently compact
form to provide rigorous analytical solutions in a simple and

direct way. Therefore, in another paper (Folgueira et al. 2005)
we will in parallel discuss the most suitable sets of variables
(especially canonical variables) to be used for analytically inte-
grating the equations of the Earth rotation for a rigid Earth, with
the property of (i) being the closest as possible to the (X, Y) co-
ordinates and (ii) leading to equations that can be integrated in
the simplest way to provide rigorous analytical solutions. This
will allow us to evaluate the theoretical accuracy of the semi-
analytical solution that can be obtained in solving the equations
for a rigid Earth established in this paper.

Moreover, in order to check the semi-analytical solution
against a numerical solution based on the same models and
constants, another paper (Souchay et al. 2005) will be devoted
to solving the complete equations in terms of (X, Y) and ERA,
using numerical integration.

Once the comparison between these three independent ap-
proaches is completed, the final semi-analytical solution for a
rigid Earth for the X and Y variables will be provided in a fur-
ther paper (denoted Paper II in the following).

In Sect. 2, after having recalled the necessary definitions
and background relative to the transformation between the ce-
lestial and terrestrial reference systems, we derive the expres-
sion of the components of the instantaneous rotation vector
as functions of the celestial coordinates X, Y of the CIP and
the ERA. In Sect. 3, starting from Euler dynamical equations
for a triaxial rigid Earth and using the expressions obtained in
Sect. 2, we develop the Earth rotation equations as function
of intermediary variables and, then in the axially symmetric
case, in terms of the X, Y parameters. Then, based on a nu-
merical evaluation of the order of magnitude of the terms of
these latter equations, we get their most appropriate form for a
practical integration. In Sect. 4, we investigate the methods for
solving the equations based on the method of variation of pa-
rameters. In Sect. 5, we describe the semi-analytical approach
to be followed for providing semi-analytical solutions for X
and Y; we report on the tests that have been performed re-
garding the efficiency of our approach, based on the IAU 2000
precession-nutation. In Sect. 6, we investigate an extension of
this approach to the more general model of a deformable Earth,
compliant with the P03 precession of Capitaine et al. (2003b)
that includes the contribution of the secular variation of the dy-
namical ellipticity of the Earth.

2. Relations between the celestial and terrestrial
reference systems and the Earth’s
instantaneous rotation vector

The new paradigm to transform between the International
Terrestrial System (ITRS) and the geocentric celestial reference
system (GCRS) is based on the use of the GCRS (X, Y) co-
ordinates of the CIP, the ERA and the celestial intermediate
reference system, denoted CIRS, defined by the CIP and the
intermediate origin CIO. As the basic Euler equations of Earth
rotation are expressed in terms of the ITRS components of the
Earth’s instantaneous rotation vector and as our purpose is to
express these equations in terms of the GCRS (X, Y) of the
CIP, we should, in a first step, obtain the (X, Y) expressions
as functions of those components. We should also specify the
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relationships between the various reference systems that will
be used in the different steps of this study.

2.1. Transformation between the celestial
and terrestrial reference systems

The matrix that transforms from GCRS to ITRS can be written
as (see IERS Conventions 2003)2:

[ITRS] = W(t) R(t) C(t) [GCRS] = M(t) [GCRS], (1)

where W(t), R(t), C(t) are the transformation matrices arising
from polar motion, from the rotation of the Earth around the
axis of the pole and from the motion of the celestial pole in the
celestial system, respectively.

Two different representations can be used for the above
transformation (for more details, see for example Capitaine
1990 or IERS Conventions 2003). In the classical paradigm,
which is based on the use of the equinox as the origin along the
equator of date, the GCRS to ITRS transformation, omitting
polar motion, is written as the product of the individual rotation
matrices B (bias) followed by P (precession) then N (nutation)
and finally T (Earth rotation) expressed with Greenwich side-
real time. In the new paradigm, based on the use of the CIO as
the origin along the equator of date, the same transformation
is written as the product of a unique matrix C(t) to deal with
bias, precession and nutation, followed by a matrix R(t) to deal
with Earth rotation, expressed with ERA. The current explicit
components of the matrix transformation M(t) in (1), using the
new representation, have the following form:

– W(t) = R1(−yp) R2(−xp) R3(s′),
xp, yp being the ITRS coordinates of the CIP and s′ the
quantity which provides the ITRS position of the TIO;

– R(t) = R3(θ),
θ being the Earth rotation angle (ERA) which is directly
proportional to UT1. Note that the usual GST Greenwich
sidereal time at date t is related to ERA by subtracting the
“equation of the origins”, denoted EO (i.e. GST = θ −EO),
that is the CIO right ascension of the equinox (see NFA
IAU Working Group Recommendations 2005);

– C(t) equals:

C(t) = R3(−s).

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 − aX2 −aXY −X
−aXY 1 − aY2 −Y

X Y 1 − a(X2 + Y2)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,

X, Y being the x, y coordinates of the CIP unit vector in the
GCRS, s the quantity that provides the GCRS position of
the CIO, Z =

√
1 − (X2 + Y2) and a = 1/(1+Z). Note that

the celestial reference system derived from the GCRS by
the matrix transformation C(t) is the celestial intermediate
system (CIRS) defined by the CIP equator and the CIO.

As we are interested here in developing the rotational equations
of the Earth in terms of the X, Y coordinates and the ERA, we
will use the matrix transformation relative to the new paradigm.

2 Note that the IERS Conventions is using the inverse ITRS-to-
GCRS transformation.

Fig. 1. The Geocentric celestial reference system, GCRS (PoleC0, ori-
gin Σ0) and the celestial intermediate system CIRS (CIP equator, ori-
gin σ). The CIP is represented on the figure by the point P whose
GCRS coordinates are defined by: X = sin d sin E ,Y = sin d cos E.
The CIO is represented by the point σ; due to the kinematical defini-
tion of the NRO, σ is such that at each instant its motion is perpendic-
ular to the CIP equator. P0 ans σ0 are the CIP and CIO at J2000.

In order to simplify further developments for providing the ex-
pression of the instantaneous rotation vector, we will use an
equivalent form of the above components of M(t) by (i) replac-
ing the matrix R(t) by the rotation matrix R = R3(Θ) deal-
ing with the total rotation about the z axis and (ii) replacing
the matrices W(t) and C(t) by W and C, respectively deduced
from W(t) and C(t) by omitting the z-rotation for the s′ and s
quantities, respectively. This gives:

Θ = θ − s + s′, (2)

M = M(t) =WRC, (3)

W = R1(−yp) R2(−xp), (4)

R = R3(Θ), (5)

C =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 − aX2 −aXY −X
−aXY 1 − aY2 −Y

X Y 1 − a(X2 + Y2)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (6)

The celestial reference system derived from the GCRS by the
matrix transformation C is defined by the CIP equator and the
origin Σ on this equator. The CIP and the origins CIO and Σ on
the CIP equator are shown in Figs. 1 and 2, respectively.

2.2. Expression of the instantaneous rotation vector
as functions of the intermediate parameters

The components (ω1, ω2, ω3) of the Earth’s instantaneous ro-
tation vector −→ω with respect to the ITRS can be expressed as
follows (Kinoshita et al. 1979):

ṀM−1 = [−→ω] =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 ω3 −ω2

−ω3 0 ω1

ω2 −ω1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (7)
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Fig. 2. The origins σ (the CIO) and Σ on the CIP equator and the Earth rotation angle (ERA) (i.e. θ); γ and γ1 are the ascending nodes of the
ecliptic of date and J2000 ecliptic, respectively on the CIP equator.

where Ṁ and M−1 are respectively the derivative and the in-
verse of the matrix M. The substitution of the relation (3)
into (7) gives (Loyer 1997; Mathews 2003):

[−→ω] = ẆW−1 + WṘR−1W−1 + WRĊC−1R−1W−1

= [−→ωW ] + [−→ωR] + [−→ωC], (8)

where:

−→ωW =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
− cos xp ẏp

−ẋp

sin xp ẏp

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , −→ωR =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
sin xp cos yp Θ̇

− sin yp Θ̇

cos xp cos yp Θ̇

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,

−→ωC =
WR

Z

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
−Ẏ − X ṡ
Ẋ − Y ṡ

Z ṡ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (9)

and ṡ = a(YẊ − XẎ).

For simplifying the equations, we can state, by convention, that
the whole motion of the pole is modelled in the GCRS so that
there is no motion of the pole in the ITRS (i.e. xp = yp = s′ = 0;
W = I). This in fact means that the X, Y coordinates we are
considering are not those of the CIP itself, but correspond to a
pole P∗, that is slightly different from the CIP in the sense that
both (i) its free motion (i.e. Euler motion) and (ii) its subdiurnal
nutations in space, are considered to be in the GCRS instead of
the ITRS. P∗ is actually the Earth’s pole of figure. This will
have to be taken into account when writing the final form of
the equations in terms of X and Y of the CIP so that the above
motions in the GCRS should be subtracted in order to be con-
sidered instead in the ITRS. Until we reach this final step, the
quantities X, Y, Z and the corresponding quantity s will be de-
noted X∗, Y∗, Z∗ and s∗, respectively to make clear that they are
referred to the pole of figure instead of the CIP.

With such a convention (that will be justified later), −→ω re-
duces to the form:

−→ω =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
Θ̇

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ +
R
Z∗

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
−Ẏ∗ − X∗ ṡ∗
Ẋ∗ − Y∗ ṡ∗

Z∗ ṡ∗

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (10)

2.3. Relationships between the various reference
systems used in this paper

In Sects. 2.1 and 2.2, we have considered the celestial and ter-
restrial reference systems in which the Earth rotation parame-
ters are originally defined. Some properties of these reference
systems and of other reference systems that will be used in this
study are summarized in the following as well as the relation-
ships between these systems:

– the ITRS in which the classical Euler equations are written;
the origin on the ITRS equator is denoted�0 (i.e. � on the
CIP equator if the polar motion is omitted; see Fig. 2);

– the GCRS, which is the reference system defined by
IAU 2000 Resolution B1.3 for expressing motions with
respect to the geocenter; the pole of the GCRS is de-
noted C0, and the origin on the GCRS equator is denoted Σ0

(see Figs. 1 and 2);
– the J2000 equatorial reference system, defined by the

J2000 pole, P0 and the inertial mean equinox of J2000, γ0;
– the J2000 ecliptic reference system defined by the

J2000 ecliptic pole, Q0 and γ0; the inclination of the
J2000 equator with respect to the J2000 ecliptic is ε0;

– the equatorial reference system, defined by the CIP (de-
noted P) and the intersection, γ1 of the J2000 ecliptic and
the CIP equator; the inclination of the CIP equator on the
J2000 ecliptic is ωA + ∆ωA, which is the accumulated pre-
cession and nutation in obliquity from J2000; γ1 is dis-
tant (1) from γ0 along the J2000 ecliptic by the quantity
ψA+∆ψA, which is the accumulated precession and nutation
in longitude from J2000, and (2) from the equinox γ along
the CIP equator by the quantity χA + ∆χA, which is the ac-
cumulated precession of the ecliptic along the CIP equator
from J2000 (Lieske et al. 1977);

– the celestial intermediate reference system (CIRS), defined
by the CIP and the CIO (denoted σ); γ1 is distant from the
CIO along the equator of the CIP by the quantity −EO +
(χA + ∆χA), EO being the “equation of the origins”, σγ;

– the equatorial reference system defined by the CIP and
the point Σ on the equator of the CIP; Σ is such that
ΣM=Σ0M, M being the node of the equator of the CIP on
the GCRS equator; Σ is distant from the CIO by the
quantity −s. This celestial reference system will be denoted
CIRS’ in the following.
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Table 1. Transformation between the various reference systems used in this study. (ψ , ω , φ) are the Euler angles between the J2000 ecliptic
and the CIP equator. (ψA, ωA, χA) are the classical precession quantities defined by Lieske et al. (1977) and ∆ψA and ∆ωA are the nutations in
longitude and obliquity, respectively, referred to the J2000 ecliptic.

TRANSFORMATION MATRICES SECTION / FORMULA
(Reference plane, equinox / departure point) in this paper

CIRS’: (CIP equator, Σ) −→ CIRS: (CIP equator, σ) R3(s) Sect. 2

CIRS: (CIP equator, σ) −→ GCRS: (GCRS equator, Σ0) C Sect. 2 / (6)

GCRS: (GCRS equator, Σ0) −→ ITRS: (ITRS equator, �0) M =WRC Sect. 2 / (3), (4), (5), (6)

(CIP equator, γ1) −→ (CIP equator, Σ) R3(– EO + s + χA + ∆χA) Sect. 5

(ecliptic J2000, γ0) −→ (ecliptic J2000, γ1) R3(ψA + ∆ψA) = R3(−ψ) Sect. 5

(ecliptic J2000, γ1) −→ (CIP equator, γ1) R1(ωA + ∆ωA) = R1(−ω) Sect. 5

(CIP equator, γ1) −→ (CIP equator, �) R3(GST + χA + ∆χA) = R3(φ) Sect. 5

The transformations between these various reference systems
are specified in Table 1. The links between the various origins
are shown in Fig. 2.

3. Rotational equations in terms of the celestial
coordinates of the CIP

3.1. Equations for a rigid Earth expressed
in the celestial reference system

3.1.1. Triaxial case

The equations for Earth rotation can be written in the classical
form of Euler dynamical equations in the terrestrial system:
⎧⎪⎪⎪⎨⎪⎪⎪⎩

A ω̇1 + (C − B)ω2ω3 = λ
B ω̇2 + (A − C)ω1ω3 = µ
C ω̇3 + (B − A)ω1ω2 = ν

(11)

where (ω1, ω2, ω3) and (λ, µ, ν) are the terrestrial components
of the instantaneous rotation vector and of the external torque,
respectively, and A, B, C are the Earth’s principal moments of
inertia.

We introduce the intermediary variables �1, �2, �3 de-
fined by:

�1 =
−Ẏ∗ − X∗ ṡ∗

Z∗
; �2 =

Ẋ∗ − Y∗ ṡ∗

Z∗
; �3 = ṡ∗ , (12)

(i.e. in a first approximation,�1 and�2 are the time derivatives
of −Y∗ and X∗ respectively). They are directly linked to the
terrestrial components of the instantaneous rotation vector by:

−→ω =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
Θ̇

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ + R

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
�1

�2

�3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

cosΘ�1 + sinΘ�2

− sinΘ�1 + cosΘ�2

Θ̇ + �3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (13)

or, equivalently:
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
ω1

ω2

ω3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

cosΘ�1 + sinΘ�2

− sinΘ�1 + cosΘ�2

θ̇

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (14)

which shows that�1 and�2 are the two first components of the
instantaneous rotation vector in the celestial reference system

denoted CIRS’ (cf. Table 1), linked to the axis of figure and the
origin Σ on the instantaneous equator.

Relation (14) allows us to transform (11) into the following
equations, at the first order in the triaxial parameter, ε:

Ā �̇1 +
{
Ā Θ̇ + (C − Ā)(Θ̇ + �3)

}
�2

+ ε(C − 2Ā) {− sin 2Θ�1 + cos 2Θ�2} (Θ̇ + �3) =

λ cosΘ − µ sinΘ + ε {λ cosΘ + µ sinΘ}

Ā �̇2 −
{
Ā Θ̇ + (C − Ā)(Θ̇ + �3)

}
�1

+ ε(C − 2Ā) {cos 2Θ�1 + sin 2Θ�2} (Θ̇ + �3) =

λ sinΘ + µ cosΘ + ε {λ sinΘ − µ cosΘ}

C(Θ̈ + �̇3) + Āε
{
sin 2Θ (�2

2 − �2
1) + 2 cos 2Θ�1�2

}
= ν

(15)

where Ā = A+B
2 and ε = B−A

A+B whose numerical values are
Ā = 8.0102 × 1037 kg2 and ε = 1.24841 × 10−5, respectively
(Folgueira & Souchay 2005).

The components (L, M,N) of the external torque in the ce-
lestial reference system CIRS’ are such that:

L = λ cosΘ − µ sinΘ

M = λ sinΘ + µ cosΘ

N = ν. (16)

Using the above expression for the torque components, along
with the relation θ̇ = Θ̇+ ṡ, Eqs. (15) can be written in the form:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ā �̇1 +
{
C θ̇ − Ā ṡ

}
�2

+ ε(C − 2Ā) {− sin 2Θ�1 + cos 2Θ�2} θ̇ =
L + ε {λ cosΘ + µ sinΘ}

Ā �̇2 −
{
C θ̇ − Ā ṡ

}
�1

+ ε(C − 2Ā) {cos 2Θ�1 + sin 2Θ�2} θ̇ =
M + ε {λ sinΘ − µ cosΘ}

Cθ̈ + Āε
{
sin 2Θ (�2

2 − �2
1) + 2 cos 2Θ�1�2

}
= N.

(17)
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Equations (17) are the rigorous dynamical equations of Earth
rotation for a rigid triaxial Earth, at the 1st order in the triax-
ial parameter, ε, expressed in terms of the ERA and the varia-
bles�1, �2 that are related to the GCRS coordinates X∗ and Y∗
of the unit vector directed to the pole of figure by relation (10).

3.1.2. Axially symmetric case

The terms in Eqs. (17), that are multiplied by the factor of
triaxiality ε, give rise only to short periodic terms of semi-
diurnal period in the GCRS. These terms are in fact not rele-
vant when considering only the motion in space with periods
greater than 2 days, which actually correspond to the definition
of the CIP; there is moreover no coupling effects between the
diurnal or semi-diurnal nutations and terms appearing at peri-
ods greater than 2 days. The triaxiality effect can therefore be
omitted without modifying the solutions for the celestial mo-
tion of the CIP. Note that Ā is, in this case, equal to A.

This results in a simplification of the equations, corres-
ponding to the “axially symmetric case”, as:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�̇1 +
{

C
A θ̇ − ṡ

}
�2 =

L
A

�̇2 −
{

C
A θ̇ − ṡ

}
�1 =

M
A

Cθ̈ = N.

(18)

These equations are the rigorous dynamical equations of Earth
rotation for a rigid Earth model in the axially symmetric case,
expressed in the celestial reference system in terms of the ERA
and the variables �1 and �2.

For rotational symmetry, we know that: ν ≡ N = 0. Then,
the third equation gives:

θ = Ω t, (19)

Ω being the mean angular velocity of the Earth.
In the case of rotational symmetry where there is no sub-

diurnal nutations, the only difference of the pole P∗ with respect
to the CIP is in considering the free motion in the GCRS instead
of the ITRS. We will state that the free motion corresponding
to the following equations will be, at the final stage, taken into
account as a motion in the ITRS so that the pole realized by
the solutions will be the CIP. We will therefore omit the aste-
risk in denoting the quantities X, Y, Z and s in the following
expressions and will use instead of relation (12), the following
relation:

�1 =
−Ẏ − X ṡ

Z
;�2 =

Ẋ − Y ṡ
Z

;�3 = ṡ. (20)

3.2. The axially symmetric case: equations in terms
of X, Y and ERA

3.2.1. Equations in terms of X , Y and ṡ

The two first rotational equations for the rigid Earth in the axi-
ally symmetric case in terms of X, Y, Z and ṡ can be derived as

follows from Eqs. (18), with θ = Θ + s, using expressions (20)
for �1 and �2:

− 1
Z

Ÿ − X
Z

s̈ − Y
Z3

Ẏ2 − C − A
A

Y
Z

ṡ2 − X
Z3

ẊẎ − XY
Z3

Ẏ ṡ

− 1
Z

{
X2

Z2
− C − 2A

A

}
Ẋ ṡ +

C
A

1
Z

ẊΘ̇ − C
A

Y
Z

ṡΘ̇ =
L
A

1
Z

Ẍ − Y
Z

s̈ +
X
Z3

Ẋ2 +
C − A

A
X
Z

ṡ2 +
Y
Z3

ẊẎ − XY
Z3

Ẋ ṡ

− 1
Z

{
Y2

Z2
− C − 2A

A

}
Ẏ ṡ +

C
A

1
Z

ẎΘ̇ +
C
A

X
Z

ṡΘ̇ =
M
A
· (21)

3.2.2. Equations in terms of X , Y : rigorous form

In the axially symmetric case, relations (2) and (19) give:

Θ̇ = Ω − ṡ. (22)

We can introduce the following auxiliary quantities, related to
the time derivatives of Z, a and ṡ:

Ż = − 1
Z

{
XẊ + YẎ

}

ȧ =
a2

Z

{
XẊ + YẎ

}
ṡ2 = a2Y2Ẋ2 + a2X2Ẏ2 − 2a2XYẊẎ

s̈ =
a2

Z
XYẊ2 +

a2

Z
(Y2 − X2)ẊẎ

−a2

Z
XYẎ2 + aYẌ − aXŸ. (23)

The substitution of the above quantities and (22) for Θ̇ gives us
the following equations in terms of X and Y:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
F1Ẍ + F2Ÿ + F3Ẋ2 + F4Ẏ2 + F5 ẊẎ + F6Ẋ + F7Ẏ = L

A ,

G1Ẍ +G2Ÿ +G3Ẋ2 +G4Ẏ2 +G5ẊẎ +G6Ẋ +G7Ẏ = M
A ,

(24)

where the expressions for the functions Fi and Gi (for i = 1
to 7) are:

F1 = − a
Z

XY

F2 = − 1
Z

{
1 − aX2

}

F3 = − a
Z

Y

{(
2 − aY2

)
+

(
a
Z
+

1
Z2

)
X2

}

F4 =
Y
Z

{
− 1

Z2
+

(
a2

Z
+

a
Z2
+ a2

)
X2

}

F5 =
X
Z

{(
2a − 1

Z2

)
+

(
a2

Z
+

a
Z2

)
X2 −

(
a2

Z
+

a
Z2
+ 2a2

)
Y2

}

F6 =
CΩ
A

1
Z

{
1 − aY2

}

F7 =
CΩ
A

a
Z

XY (25)
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and,

G1 =
1
Z

{
1 − aY2

}

G2 =
a
Z

XY = −F1

G3 = − X
Z

{
− 1

Z2
+

(
a2

Z
+

a
Z2
+ a2

)
Y2

}

G4 =
a
Z

X

{(
2 − aX2

)
+

(
a
Z
+

1
Z2

)
Y2

}

G5 =
Y
Z

{(
1

Z2
− 2a

)
+

(
a2

Z
+

a
Z2
+ 2a2

)
X2 −

(
a2

Z
+

a
Z2

)
Y2

}

G6 =
CΩ
A

a
Z

XY = F7

G7 =
CΩ
A

1
Z

{
1 − aX2

}
. (26)

We note that, except for the limitation to the axially symmetric
case, no approximations have been made for deriving Eqs. (24)
and expressions (25) and (26).

3.2.3. Developed form of the coefficients Fi and Gi

In order to write Eqs. (24) in an appropriate form for being in-
tegrated, it is more convenient to have explicit formulas for Fi

and Gi (for i = 1, 7) as functions of only the X and Y coordi-
nates of the CIP in GCRS. As the aim is ensuring a microarc-
second accuracy over a time-span of a few hundred years, we
have computed the Taylor series expansion of the quantities a
and Z with respect to X and Y, as in Capitaine (1990). After
some developments, we obtain the following expressions for
the Fi and Gi quantities, which have been verified to comply
with the required accuracy:

F1 = − 1
2

XY − 3
8

X3Y

F2 = −1 − 1
2

Y2 − 3
8

X2Y2

F3 = −Y − 3
2

X2Y − 15
8

X4Y − 1
2

Y3

F4 = −Y − 1
2

X2Y − 3
8

X4Y − 3
2

Y3

F5 = −2XY2

F6 =
CΩ
A

{
1 +

1
2

X2 +
3
8

X4 +
3
8

X2Y2 +
5
16

X6

}

F7 =
CΩ
A

{
1
2

XY +
3
8

X3Y +
3
8

XY3 +
5
16

X5Y

}
(27)

and,

G1 = 1 +
1
2

X2 +
3
8

X4 +
3
8

X2Y2 +
5

16
X6

G2 =
1
2

XY +
3
8

X3Y

G3 = X +
3
2

X3 +
15
8

X5 +
1
2

XY2

G4 = X +
1
2

X3 +
3
8

X5 +
3
2

XY2

G5 = 2X2Y + 3X4Y

G6 =
CΩ
A

{
1
2

XY +
3
8

X3Y +
3
8

XY3 +
5

16
X5Y

}

G7 =
CΩ
A

{
1 +

1
2

Y2 +
3
8

X2Y2

}
. (28)

Equations (24), together with expressions (27) and (28), con-
stitute the set of the differential equations for the Earth rota-
tion parameters written in a compact and self-consistent form
in terms of the X , Y variables.

3.2.4. Numerical estimation of the terms
in the equations

In order to investigate the possible methods for providing so-
lutions of the above equations, we should know the order of
magnitude of the various terms. Table 2 provides the estimated
development of the terms of the differential equations as func-
tion of time based on the following approximate development
for X, Y and s derived from Capitaine et al. (2003a):

X = − 0.02 + 2004.19 t − 0.43 t2 − 0.20 t3 − 6.84 sinΩ

+ 0.21 t cosΩ

Y = + 0.01 − 0.03 t − 22.41 t2 + 9.21 cosΩ + 0.15 t sinΩ

s = 0.004 t − 0.04 t3 (29)

with the amplitudes in arcseconds rounded off to 10 mas and t
in century.

This table makes clear which terms are the prominent terms
in the Earth’s rotational equations expressed in terms of the
X, Y variables.

3.2.5. Equations in terms of X , Y : appropriate form
for practical integration

Table 2 shows that there are two prominent terms in each equa-
tion in (24), namely those multiplied by F2 and F6 for the first
one, and those multiplied by G1 and G7 for the second one.
Equations (24) can be transformed into a form where only these
prominent terms are in the first member, the other terms, with
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Table 2. Numerical estimation of the terms of the differential equations (24) of Earth’s rotation as function of time based on the IAU 2000
expressions of X and Y (Capitaine et al. 2003a).

Term Coefficient (in arcseconds) of

t0 t1 t2 t3 t4

F1 Ẍ – −0.9 × 10−8 −0.1 × 10−7 −0.2 × 10−2 −0.2 × 10−2

F2 Ÿ 44.8 −0.1 × 10−1 0.2 × 10−3 −0.1 × 10−14 0.3 × 10−6

F3 Ẋ2 0.1 × 10−7 −0.1 × 10−10 0.2 × 10−2 −0.2 × 10−5 −1.0 × 10−6

F4 Ẏ2 – – 0.6 × 10−11 −0.2 × 10−14 0.1 × 10−5

F5 ẊẎ – – 0.3 × 10−20 −0.3 × 10−23 0.1 × 10−14

F6 Ẋ 77 708.4 −197 007.5 −115 748.2 −61.2 −9.3

F7 Ẏ – – 0.3 × 10−4 −0.1 × 10−7 5.5

G1 Ẍ −3071.9 −4291.0 −2.1 −0.2 0.1 × 10−4

G2 Ÿ – 0.1 × 10−9 −0.6 × 10−13 0.2 × 10−4 −0.1 × 10−7

G3 Ẋ2 – 0.2 −0.2 × 10−3 −0.1 × 10−3 0.9 × 10−8

G4 Ẏ2 – – – 0.9 × 10−4 −0.4 × 10−7

G5 ẊẎ – – – 0.5 × 10−13 −0.5 × 10−16

G6 Ẋ – −0.1 × 10−2 0.9 × 10−6 −244.3 0.2

G7 Ẏ – 20120.4 1271.7 −12.8 0.1 × 10−9

much less magnitude, being moved to the second member. This
gives:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
F2Ÿ+F6Ẋ = L

A − F1Ẍ − F3Ẋ2 − F4Ẏ2 − F5ẊẎ−F7Ẏ

G1Ẍ+G7Ẏ = M
A −G2Ÿ −G3Ẋ2 −G4Ẏ2 −G5ẊẎ−G6Ẋ.

(30)

The unknowns also appear in the second members of Eqs. (30),
but according to Table 2, their effects are of the sec-
ond order. Such a form of the equations facilitates find-
ing the solution to a high degree of accuracy by successive
approximations.

Each coefficient F2, F6, G1, G7, appearing in the first
member of the equations, can be split into two parts, one
prominent term, which is constant, and an additional term, of
much less magnitude, denoted F′2, F′6, G′1, G′7, respectively
which is dependent, at the second order, on the variables X
and Y. In a further step in transforming the equations into
a form which facilitates finding a solution by successive ap-
proximations, the terms multiplied by F′2, F′6, G′1, G′7, can
be moved to the second member; this allows us to write the
equations as:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− Ÿ + CΩ
A Ẋ = L

A − F1 Ẍ − F′2 Ÿ − F3 Ẋ2 − F4 Ẏ2

− F5 ẊẎ − F′6 Ẋ − F7 Ẏ

Ẍ + CΩ
A Ẏ = M

A − G′1 Ẍ − G2 Ÿ − G3 Ẋ2 − G4 Ẏ2

−G5 ẊẎ − G6 Ẋ − G′7 Ẏ,

(31)

where:

F′2 = F2 + 1; F′6 = F6 − CΩ
A

;

G′1 = G1 − 1; G′7 = G7 − CΩ
A
· (32)

This provides a form of the rigorous equations in the
axial-symmetric case, that is suitable for a practical semi-
analytical integration. Using (27) and (28), we can see that
the coefficients F′2, F′6, G′1 and G′7 are such that:

F′2 � −
1
2

Y2 − 3
8

X2Y2

F′6 �
CΩ
A

{
1
2

X2 +
3
8

X4 +
3
8

X2Y2 +
5

16
X6

}

G′1 �
1
2

X2 +
3
8

X4 +
3
8

X2Y2 +
5

16
X6

G′7 �
CΩ
A

{
1
2

Y2 +
3
8

X2Y2

}
(33)

which makes clear that the terms multiplied by these coeffi-
cients are of the second order in the X , Y quantities.

4. Methods for solving the equations in terms of X
and Y

4.1. Use of the intermediary variables �1 and �2

One possibility for providing solutions for the X and Y varia-
bles in the axially symmetric case is to integrate Eqs. (18) to
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provide a solution for �1 and �2 and then to use relation (20)
to obtain the solution for X and Y.

Equations (18) can be transformed into the following form
where the first members of the equations include only the
largest terms as function of the variables �1 and �2, the
other ones, which are much smaller, being moved into the sec-
ond members:⎧⎪⎪⎪⎨⎪⎪⎪⎩
�̇1 +

C
A Ω�2 =

L
A + ṡ�2

�̇2 − C
A Ω�1 =

M
A − ṡ�1.

(34)

These equations can be integrated using the method of “varia-
tions of parameters” (Moulton 1930) in a similar way than the
method described in Woolard (1953) and in Bretagnon et al.
(1997). This consists in using the solution for the reduced sys-
tem as obtained when the second member is reduced to zero
and to get a particular solution of the general equations as an
expression with the same form, but with the constants of inte-
gration transformed into time-dependent quantities.

The reduced equations are:
⎧⎪⎪⎪⎨⎪⎪⎪⎩
�̇1 +

C
A Ω�2 = 0

�̇2 − C
A Ω�1 = 0

(35)

of which the solution has the following form:

�1 = Ks sinσ t + Kc cosσ t

�2 = Kc sinσ t − Ks cosσ t (36)

Ks and Kc being the constants of integration of the free mo-
tion and σ its frequency (i.e. Euler frequency in the celestial
system):

σ =
C
A
Ω. (37)

The solution of the general equations derived by the method
of the variations of parameters has a form similar to (36), but
with Kc and Ks considered as being time dependent quanti-
ties Kc(t) and Ks(t), such that �1 and �2 verify Eqs. (34). This
gives:

K̇s =
L
A

sinσt − M
A

cosσt + ṡ(�2 sinσt +�1 cosσt)

K̇c =
L
A

cosσ t +
M
A

sinσ t + ṡ(�2 cosσt −�1 sinσ t). (38)

A quadrature of (38) will give the expression for Kc(t)
and Ks(t), which once substituted into (36) will provide the ex-
pression as function of time for the intermediary variables �1

and �2.
Using relation (20) gives:

�1 = A1 Ẋ + B1 Ẏ

�2 = A2 Ẋ + B2 Ẏ . (39)

or, equivalently:

Ẋ = a1 �1 + b1 �2

Ẏ = a2 �1 + b2�2 , (40)

with:

a1 =
B2

A1B2 − A2B1
; b1 =

−B1

A1B2 − A2B1

a2 =
−A2

A1B2 − A2B1
; b2 =

A1

A1B2 − A2B1
· (41)

The development of the coefficients a1, a2, b1, b2 derived from
a Taylor development of the quantities Z and s in terms of X
and Y is:

a1 =
1
2

XY +
5
8

X3Y +
5
8

XY3

b1 = 1 − 1
2

X2 − 1
8

X2Y2 − 1
8

X4

a2 = −1 +
1
2

Y2 +
1
8

X2Y2

b2 = 1 +
1
2

(X2 + Y2) +
3
8

X4 +
11
8

X2Y2, (42)

which allows us to derive the X and Y expressions from the
developments obtained for �1 and �2 by a simple quadrature
of (40) and successive approximations of the developments of
expressions (42).

4.2. Integration of the equations in the X, Y variables

Another possibility for providing solutions for the X
and Y variables in the axially symmetric case is to directly
integrate the equations in terms of these variables. The same
method of variations of parameters as used for integrating
Eqs. (34) can be employed for integrating Eqs. (31) that can
also be written in a simpler form as:
⎧⎪⎪⎪⎨⎪⎪⎪⎩
− Ÿ + CΩ

A Ẋ = L
A + F′′

Ẍ + CΩ
A Ẏ = M

A + G′′,
(43)

with:

F′′ = −F1Ẍ−F′2Ÿ−F3Ẋ2−F4Ẏ2−F5ẊẎ − F′6Ẋ−F7Ẏ

G′′ = −G′1Ẍ−G2Ÿ−G3Ẋ2−G4Ẏ2−G5ẊẎ−G6Ẋ−G′7Ẏ. (44)

The reduced equations are:
⎧⎪⎪⎪⎨⎪⎪⎪⎩
− Ÿ + CΩ

A Ẋ = 0

Ẍ + CΩ
A Ẏ = 0

(45)

of which the solution has the following form:

Ẋ = −K′c sinσ t + K′s cosσ t

Ẏ = K′s sinσ t + K′c cosσ t (46)

K′s and K′c being the constants of integration of the free motion
with the Euler frequency σ in the celestial system.

Note that, according to the CIP definition, the free motion
itself will have to be taken into account as a motion in the ITRS,
but in contrast, when solving the rotational equations in space,
the resonance frequency of the reduced equations is the fre-
quency of the free motion in the GCRS.

The general solution for X and Y is obtained by a quadra-
ture of the expression for Ẋ and Ẏ, these latter quantities being
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obtained by substituting into (46), the expression derived from
the computation of:

K̇′s = − L
A

sinσ t +
M
A

cosσ t − F′′ sinσ t +G′′ cosσ t

K̇′c = − L
A

cosσ t − M
A

sinσ t − F′′ cosσ t −G′′ sinσ t, (47)

where F′′ and G′′ are given by (44).

5. The semi-analytical approach

In order to obtain the solutions of the differential equations es-
tablished in the previous sections, using, in the second mem-
bers of these equations, the expressions for the perturbing
torque exerted on the Earth, we will have to compute a num-
ber of sums, products, derivatives and integrations of semi-
analytical expressions. We will describe in this section the ap-
proach that has been followed for dealing with such series in
order to obtain the solutions in a semi-analytical form; we will
report on the evaluated efficiency of the integration process and
on the main characteristics of the solutions.

5.1. Fourier and Poisson series manipulations

The semi-analytical computations performed in this paper as
well as in the following one (Paper II) for (i) obtaining the ex-
pressions of the components of the external torque and (ii) solv-
ing the differential equations, are based on the software pack-
age GREGOIRE developed by J. Chapront (2003). More details
on this software can be found in Capitaine et al. (2003).

All the semi-analytical expressions to be used include a
polynomial form in time and a periodic part with several hun-
dreds or thousands of Fourier and Poisson terms.

5.2. Tests on the efficiency of the approach
for integrating the equations

The complete solution X , Y of the equations of the rigid Earth
corresponding to the expression of the perturbing torque de-
rived from the theories of the Moon, the Sun and the planets
will be computed in the next paper (Paper II) based on the
equations established in this paper. Before performing such a
complete computation, we have made a number of simulations
for testing the efficiency of the approach.

The tests have used the GREGOIRE software and have
been based on a “simulated” semi-analytical expression of the
torque components corresponding to the IAU 2000 precession-
nutation. These torque components have been derived from
the rigorous rotational equations of the axially-symmetric rigid
Earth, expressed in terms of Euler angles between the J2000
ecliptic system and the equatorial system of date (see for ex-
ample Woolard 1953 or Bretagnon et al. 1997). The computa-
tion has consisted in writing that the second members of these
two first equations, which are the two first torque components
divided by A (the Earth’s equatorial moment of inertia), equal
the first members of these equations, expressed in terms of the
Euler angles ψ, ω and φ, or equivalently, of the precession and

nutation angles ψ ′A = ψA + ∆ψA and ω ′A = ωA + ∆ωA in lon-
gitude and obliquity, respectively referred to the J2000 ecliptic
(see Table 1). The IAU 2000 expressions of the torque com-
ponents have thus been derived from the following equations
using the IAU 2000A expressions of the precession-nutation
quantities:

L1

A
= −ω̈′A + σ ψ̇′A sinω′A + ψ̇′A

2
sinω′A cosω′A

M1

A
= sinω′Aψ̈′A + σ ω̇

′
A + 2 ψ̇′Aω̇

′
A cosω′A. (48)

Note that the torque components obtained in this way have
no dynamical meaning, but are simply “simulated” expres-
sions for testing the integration process. Note also that the
components L1, M1 are referred to the CIP equator and to the
equinox γ1 to which the considered Euler angles actually re-
fer (see Table 1 and Fig. 2). These components have thus to
be converted into components L , M in the CIRS’ to be used as
second members of Eqs. (34) or (43) to be solved for obtaining
the X , Y solutions.

The purpose of these simulations was to test and to com-
pare the two methods described in Sects. 4.1 and 4.2, and also
to evaluate the accuracy of the results. Such an evaluation was
obtained by comparing the semi-analytical solution for X, Y
with the solution, used here as a reference, which was derived
indirectly by Capitaine et al. (2003a) from the IAU 2000 so-
lution for the classical quantities ψA, ωA of precession and ∆ψ
and ∆ε of nutation.

The simulations have consisted in:
(i) constructing the IAU 2000 semi-analytical expression of

the “simulated” torque components L1, M1 following the
approach described above (i.e. expressing the first mem-
bers of the rotational equations in terms of the IAU 2000
expressions of the classical precession-nutation angles);

(ii) transforming the components L1 , M1 into components
L , M in the CIRS’ by applying the appropriate rotation
(i.e. EO−s − χA − ∆χA about the CIP axis; see Fig. 2) to
the semi-analytical series for the quantities L1 and M1;

(iii) integrating the rotational equations, using the two methods
described in Sects. 4.1 and 4.2, respectively:

– Eqs. (34), and then (40);
– Eqs. (43);

doing successive approximations, starting from a very sim-
plified expression of X and Y, up to a convergence of the
solution at a 0.01 µas level;

(iv) comparing solutions for X, Y obtained by the two methods;
(v) comparing the solutions for X, Y with those derived in-

directly from the IAU 2000 solutions for the classical
precession-nutation variables.

The simplified expression to be used to begin the iteration pro-
cess was a rough approximation of the linear terms of X and Y,
respectively. The obtained expressions were the sum of a poly-
nomial form in t of degree 5 and a sum of Fourier and Poisson
terms having the arguments of the IAU 2000 nutation.

The numerical values for the phases and frequencies of the
fundamental arguments of the series used in this preliminary
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step of the work have been those of the IAU 2000 nutation as
provided in the IERS Conventions (2003) and the numerical
value for the frequency of the free motion (37) of the Earth in
the GCRS, σ = (C/A)Ω (Ω being the mean Earth’s angular
velocity), which is a key quantity for integrating the equations,
has been σ = 230 877.2099 rad/cy.

The solutions with a cut-off of 0.1 µas include a polynomial
form in t of degree 5, plus 1157 and 941 Fourier terms in X
and Y, respectively and 278 (315), 53 (43), 5 (6) Poisson terms
of degrees 1, 2 and 3, respectively for these two quantities.

The tests have shown that the approaches described in
Sects. 4.1 and 4.2:

– are efficient in providing solutions for Earth rotation in
terms of the X, Y parameters that converges at a 0.01 µas
level after only a very few iterations;

– provide independently X, Y solutions that are consistent to-
gether within one microarcsecond, except for a few terms
(see below).

Comparisons of the solution for the X , Y quantities with re-
spect to the IAU 2000 solutions obtained indirectly from the
classical precession-nutation variables have shown that differ-
ences larger than 5 µas include:

– one constant term in each quantity;
– one linear term in Y with an amplitude of 142 µas/cy and

one quadratic term in X with an amplitude of 1.6 µ/cy2;
– one term in each quantity with an amplitude larger

than 200 µas corresponding to a nutation term with an am-
plitude of the order of 1 mas and a period greater than
100 centuries (i.e. argument: 2l′ − 2F + 2D + 2Ω);

– 17 terms with amplitudes larger than 5 µas all correspond-
ing to very long periodic nutation terms with amplitudes of
the order of a few tenths of mas.

This shows that there are no differences larger than 5 µas
for 99% of the terms. Moreover the differences listed above
can be explained as follows:

– the constants terms in the differences are due to the
fact that the celestial pole offsets, which are part of the
IAU 2000 X , Y expressions, are integration constants that
cannot be determined by integration of the differential
equations;

– the polynomial terms in the differences are due to the effect
of the frame bias in right ascension (i.e. 14.6 mas) that is
not present in the IAU 2000 expressions for the ψA and ωA

quantities used for calculating the torque;
– the differences in the long periodic terms are due to the

fact that the amplitudes of these terms are largely ampli-
fied by the integration process. Special care would have
been required regarding the precision of the corresponding
term of the torque before integration; this was not in the
scope of this experimental stage based on a torque expres-
sion derived from the first and second order derivatives of
the IAU 2000 precession-nutation.

Such tests have therefore validated the rotational equations es-
tablished in this study, as well as the efficiency of the proposed

approach and the integration process. The approach has been
proved to be able to provide semi-analytical expressions of
the solutions for the X, Y variables with an accuracy better
than 1 µas after one century when special care is taken for very
long periodic terms. This will have to be especially taken into
account in Paper II for the final step of the integration.

The method described in Sect. 4.2, which directly involves
the X, Y parameters, will be the method retained in Paper II
for finding the complete solution. The method described in
Sect. 4.1, which has the advantage of being based on a sim-
pler form of the differential equations to be solved, can be con-
sidered only as being an intermediary step for comparison and
validation purpose.

5.3. Contributions to the solutions from the different
terms of the equations

In order to best understand the integration process in terms of
the X , Y variables, we have computed separately the contribu-
tions to the solution from:

– the solution of the simplified form of the equations Ẋ = L
σA

and Ẏ = M
σA , similar to the so-called “Poisson equations” in

the case of Euler angles (Woolard 1953);
– the complementary part dX = Ẏ

σ
and dY = −Ẋ

σ
of the solu-

tions of Eqs. (43), similar to the so-called “Oppolzer terms”
in the case of Euler angles (Woolard 1953);

– the solution of Eqs. (43) with the second member reduced
to the F′′ and G′′ terms; such solutions represent the effects
due to the deviation of the X , Y variables from the sim-
plest form of variables of this problem, such that ψ′A sin ε0

and ω′A.

This has shown where the main contributions to the solu-
tions in X , Y come from. The solution of the simplified form
of the equations (i.e. Poisson equations) has obviously been
found to be the major contribution. Additionally to this part,
“Oppolzer terms” in X and Y consist of hundred of terms
greater than 1 µas, whose largest ones are of the order of a few
mas (Fourier terms) and a few hundred of µas (Poisson terms).
Finally, the contributions from F′′ and G′′ greater than 0.1 µas
are composed of:

– polynomial terms of:

−0.′′031537 t3 + 0.′′000020 t4 in X; and
0.′′0000004 t + 0.′′000264 t4 in Y;

– one Fourier term with an amplitude of −0.4 µas in the
18.6 y nutation in Y and one Poisson term of degree 1 with
an amplitude of −12 µas;

– nine Poisson terms of degree 2 in X with amplitudes larger
than 1 µas (of which two of amplitudes larger than 20 µas)
and one in Y and two Poisson terms of degree 3 in X and
one in Y.
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6. Expression of the equations for a deformable
Earth

In this section, we will study how the rotational equations for
a rigid Earth in terms of the CIP X , Y coordinates can be gen-
eralized to the case of a deformable Earth and how this would
modify their solution. For this purpose, we will use Liouville
equation (Munk & MacDonald 1960) which relates the rota-
tional angular momentum I−→ω with the torque −→L :

∂

∂t
(I−→ω) + −→ω × (I−→ω) = −→L , (49)

where I is the inertia tensor:

I =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
A F E
F B D
E D C

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (50)

of which the elements are time-dependent, with D, E and F be-
ing small quantities whose squares, products and higher powers
can be neglected.

6.1. Rotational equations in the case of a deformable
Earth

Substituting (50) into (49) and retaining only the linear terms
give the following expressions in terms of the parameters ε
and Ā:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Āω̇1+(C−Ā)ω2ω3−εĀ(ω̇1+ω2ω3)+Ėω3−Dω2
3 = λ

Āω̇2−(C−Ā)ω1ω3+εĀ(ω̇2−ω1ω3)+Ḋω3+Eω2
3 = µ

Cω̇3 + Ċω3 = ν.

(51)

Similarly to the rigid case, we will limit the expressions to the
axially symmetric case by neglecting the terms multiplied by
the triaxiality factor ε (which give rise only to the sub-diurnal
nutations). This gives:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Ā ω̇1 + (C − Ā)ω2ω3 + Ėω3 − Dω2
3 = λ

Ā ω̇2 − (C − Ā)ω1ω3 + Ḋω3 + Eω2
3 = µ

C ω̇3 + Ċ ω3 = ν.

(52)

We can express Eqs. (52) in terms of the intermediary vari-
ables �1, �2 and �3, using (14), with the simplification result-
ing from the rotational symmetry (i.e. Θ̇ ≈ Ω − ṡ and Ā = A).
Substituting expression (20) of those variables in terms of X
and Y, we obtain the following system of differential equations
for the case of a deformable body, corresponding to the two
first equations of (52):⎧⎪⎪⎨⎪⎪⎩

F1Ẍ+F2Ÿ+F3Ẋ2+F4Ẏ2+F5ẊẎ+F6Ẋ + F7Ẏ = ψ1

G1Ẍ+G2Ÿ+G3Ẋ2+G4Ẏ2+G5ẊẎ+G6Ẋ+G7Ẏ = ψ2,
(53)

where the functions Fi and Gi have the same expressions (25)
and (26) as in the case of the rigid Earth and where,

ψ1 =
L
A
− Ω

A
(Ė cosΘ − Ḋ sinΘ) +

Ω2

A
(D cosΘ + E sinΘ)

ψ2 =
M
A
− Ω

A
(Ė sinΘ + Ḋ cosΘ),

−Ω
2

A
(−D sinΘ + E cosΘ), (54)

are the components of the “excitation function”: ψ = ψ1 + iψ2,
classically split up (see, for example, Munk & MacDonald
(1960) or Moritz & Mueller (1987)) into three components:

ψ = ψRD + ψL + ψTD, (55)

with,

ψRD being for the rotational deformation because of centrifu-
gal distortions;

ψL = L+i M
A for the external torque effect; and

ψTD for the tidal deformation of the Earth.

6.2. Effect of the rotational deformation

The periodic variations in the inertia tensor arising from the ro-
tational deformation are given by (Munk & MacDonald 1960,
p. 25) as:

D =
k2

ks

C − A
Ω

ω2

E =
k2

ks

C − A
Ω

ω1

F = 0, (56)

where, k2 is the “Love number” of degree 2 and ks is the so-
called “secular Love number”.

Using expressions (56) in (54), allow us to write the part
of the excitation function due to the rotational deformation in
terms of �1, �2, �̇1, �̇2 and ṡ as:

ψRD
1 =

k2

ks

C − A
A
{−�̇1 + ṡ�2}

ψRD
2 = − k2

ks

C − A
A
{�̇2 + ṡ�1} , (57)

which shows that the rotational deformation modifies Eqs. (34)
by transforming the GCRS frequency of the free motion, σ,
into the frequency Γ:

Γ =
CΩ

A
(
1 + k2

ks

C−A
A

) � σ
(
1 − k2

ks

C − A
A

)
· (58)

The numerical value of Γ/σ corresponding to realistic values
for the Love number (i.e. k2 ≈ 0.3; ks ≈ 0.96 and C−A

A ≈ 0.003)
is of the order of 1−0.001.

The rotational equations in terms of X and Y should thus be
written as:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

F1 Ẍ + F2 Ÿ + F3 Ẋ2 + F4 Ẏ2 + F5 ẊẎ + F′′6 Ẋ + F′′7 Ẏ

= ψL
1 + ψ

TD
1

G1 Ẍ +G2 Ÿ +G3 Ẋ2 +G4 Ẏ2 +G5 ẊẎ +G′′6 Ẋ +G′′7 Ẏ

= ψL
2 + ψTD

2

(59)
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where:

F′′6 = Γ
1
Z

{
1 − aY2

}
=
Γ

σ
F6

F′′7 = Γ
a
Z

XY =
Γ

σ
F7

G′′6 = Γ
a
Z

XY = F′′7

G′′7 = Γ
1
Z

{
1 − aX2

}
=
Γ

σ
G7 . (60)

6.3. J2 rate contribution to the excitation function

Considering a deformable Earth requires taking into account,
in addition to the rigid Earth component ψL = (L + iM) / A
of the excitation function due to the external torque, the J2 rate
effect produced by the secular variation of the dynamical ellip-
ticity of the Earth (see for example Williams 1994 or Bourda
& Capitaine 2004). J2 is the zonal coefficient of the geopo-
tential of degree 2, which is directly related to the dynamical
ellipticity of the Earth, Hd (see for example Kinoshita 1977) by
the relation: J2 ≈ C Hd

M R2 , M being the mass of the Earth and R
the mean radius of the Earth.

This variation in J2 (which is such that J̇2 / J2 is of the
order of −3 × 10−6/cy), creates a secular variation of the first
order component of the external torque whose effect on pre-
cession was included in the recent P03 solution for precession
(Capitaine et al. 2003b).

The additional contribution to ψL due to the deformation of
the Earth can be written, as:

dψL =
J̇2

J2
t

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
A

3Gm
a3

MR2J2

(a
r

)3
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

sinΛ sinϕ cosϕ
− cosΛ sinϕ cosϕ

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎫⎪⎪⎪⎬⎪⎪⎪⎭ (61)

where the quantity between brackets is the first order part of
the external torque acting on the Earth. In this expression, G is
the gravitational constant, r, a and m are the distance to the
Earth, the mean distance and the mass of the perturbing body,
respectively,Λ, ϕ, the ITRS longitude and latitude of this body.

Note that the additional effect dψL can equivalently be
taken into account by multiplying the first order part of the
torque by the factor:

(
1 + J̇2 t/ J2

)
.

6.4. Effect of the tidal deformation of the Earth

The effect of the tidal deformation of the Earth is to create the
component ψTD of the excitation function. This component,
which originates from the tidal potential, is the sum of terms
appearing exactly at the same frequencies as the terms of the
ψL component due to the external torque. Considering the ana-
lytical expressions of these two parts of the excitation function
as function of time, allows one to group the terms correspond-
ing to the same frequency. This shows that the amplitude A j

with frequency ω j in the ITRS, of the term j of the torque as

expressed in the ITRS, is modified when considering the effect
of ψTD in the following ratio:

R j = 1 − k2 n j

ksΩ
, (62)

n j = Ω − ω j, being the frequency of the term j in the GCRS.

6.5. Change in the solution

In the purpose of integrating the equations, it is convenient to
rewrite (59) as follows:⎧⎪⎪⎪⎨⎪⎪⎪⎩
− Ÿ + Γ Ẋ = L

A + dψL
1 + ψTD

1 + F′′

Ẍ + Γ Ẏ = M
A + dψL

2 + ψTD
2 + G′′.

The change in the Euler frequency, from σ to Γ given by (58),
due to the elasticity of the Earth, will modify the expression
for K′s(t) and K′c(t) derived by (38) and by (47), which, in turn,
will modify the expression of the amplitudes of the periodic
terms in X and Y (i.e. of the nutations). The effect will be de-
pendent on the difference of the nutation frequency with respect
to the frequency of the free motion.

The modifications of the amplitudes of nutation in X and Y
due to the tidal effects will appear through a similar process
than the previous effect (i.e. the corresponding change in Ks(t)
and Kc(t)), but in this case the change will be directly depen-
dent on the nutation frequency.

The effect on the X , Y solution of the dψL contribution due
to the secular variation of the dynamical ellipticity of the Earth
can be deduced from the J2 rate effect on the precession and nu-
tation angles computed by Capitaine et al. (2005a); this would
correspond to a change of −3 mas/cy2 in the quadratic term
in X and to the addition of a few Poisson terms in both coordi-
nates X and Y, the largest one being of the order of 20 µas/cy
at the 18.6-yr period.

7. Concluding remarks

In this paper, we have established the equations of the rotational
motion of the rigid Earth as function of the Earth Orientation
Parameters (EOP) of the new paradigm that is recommended
by the IAU 2000 resolutions to transform between the celestial
and terrestrial reference systems. Starting from Euler dynam-
ical equations for a rigid Earth, and using expressions for the
components of the instantaneous rotation vector as functions
of the celestial coordinates X, Y of the Celestial intermedi-
ate pole, and the Earth rotation angle, ERA, the equations of
Earth rotation were obtained explicitly in terms of X, Y and the
ERA. Then, taking into account the order of magnitude of the
terms in these equations, we have developed the most appro-
priate form for a practical integration and we have investigated
the methods for providing solutions for an axially symmetric
Earth. We have performed a number of simulations for test-
ing the approach and the integration process. These tests have
shown that the method is efficient in providing semi-analytical
solutions for X and Y with an accuracy compliant with that
of the current IAU 2000A precession-nutation model. We have
also provided the main characteristics of the solutions. Finally,
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we extended this approach to a model of a deformable Earth
compliant with the P03 precession solution of Capitaine et al.
(2003b) that includes the contribution of the secular variation
of the dynamical ellipticity of the Earth.

This paper is the first in a series of papers describing the
progress of the European DESCARTES Sub-project entitled
“Advances in the integration of the equations of the Earth’s ro-
tation in the framework of the new parameters adopted by the
IAU 2000 resolutions”, which was described in Folgueira et al.
(2004). The study presented here will be followed by another
paper, denoted Paper II, providing the semi-analytical solutions
of the equations (established in this paper) corresponding to the
external torque derived from the most precise semi-analytical
theories for the Moon, Sun and planets. This work is also ac-
companied by two other papers. One (Folgueira et al. 2005) is
a review of the sets of variables to be used for a rigorous an-
alytical integration of the equations of the Earth rotation. The
other (Souchay et al. 2005) is for checking the solution against
a numerical solution based on the same constants.
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