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Ultrasensitive physical, chemical and biological sensors have emerged in the last
decade based on the measurement of the eigenfrequencies of micro- and nanosized
cantilever plates. Surface stress is omnipresent in these devices due to a variety of
factors such as the fabrication process, temperature variations and analyte adsorp-
tion. How surface stress influences on the eigenfrequencies of cantilever plates has
remained as an unsolved question in physics that has raised a long debate since first
experiments in 1975. Recent theoretical models have shed light on the role of the net
surface stress. Still, there exists a discrepancy between theory and some experimental
reports, affecting to the capability for quantification of these sensors. In this Letter, we
present a theoretical framework that demonstrates that the cantilever bending due to
differential surface stress between opposite faces of the cantilever, a neglected effect
in classical beam theory, plays a relevant role in the stiffness and eigenfrequencies of
cantilevers. We develop a new theoretical framework that provides analytical equa-
tions that accurately describe the effect of surface stress on the first three vibration
modes of cantilevers. Our findings provide the final piece of the puzzle for solving this
long-standing problem in physics. © 2018 Author(s). All article content, except where
otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5053561

I. INTRODUCTION

Micro- and nano-cantilevers are used as ultrasensitive mechanical sensors in a wide range of appli-
cations such as force microscopy/spectroscopy, biological sensors, optomechanics and accelerom-
eters.1–5 In the static operation mode, interaction forces are converted into displacements of the
cantilever that are readily detected by optical or electrical methods. This method allows measuring
the minuscule forces that govern biological interactions in single ligand-receptor force spectroscopy
assays (normal forces)2 as well as measuring the interactions within biomolecular films adsorbed
on the cantilever’s surface (in-plane forces).4,6,7 In the dynamic mode, the fundamental resonance
frequency of the cantilever is tracked in real-time for measuring the gradient of interaction forces,8,9

molecular adsorption10 and nanomechanical spectrometry of bioparticles.11–15 The measurement of
higher-order vibration modes has considerably gained interest due to the higher sensitivity and the
capability for providing richer information when several eigenfrequencies are monitored.11,12,14,16–18

A subject of interest during the past four decades has been to know whether the omnipresent sur-
face stress on cantilevers could modify their stiffness and eigenfrequencies.10,19–22 Surface stress
can be generated during the fabrication process and by molecular adsorption on the cantilever
surface. In addition, cantilevers are commonly coated with a thin metallic film for improving the
reflectivity or with active thin films for magnetic or piezoelectric actuation, which are stressed by
small amounts of heat or by the actuation force, respectively.23 The effect of surface stress was
first studied by Lagowski et al in 1975 with the seminal work of Ref. 20. The authors found
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that the fundamental resonance frequency of GaAs cantilevers was extremely sensitive to surface
stress. The experiments were interpreted with a taut string-like model, in which the tension is
provided by the net surface stress along the cantilever’s width. Only one year later, Gurtin et al
rebutted this interpretation in a very short paper that reminds that in the framework of classical
beam theory, strain-independent surface stress has no effect on the natural frequency of a thin
cantilever beam.19 In other words, cantilevers, unlike taut strings, have a free end to allow defor-
mation for relieving the surface stress. Curiously, this confrontation between experimental reality
and theoretical expectations has remained decades later.24,25 Sader et al. reconciled experiments and
theory by developing a cantilever plate model that takes into account the effect of the cantilever’s
width, traditionally ignored in the Euler-Bernoulli beam theory.26 Sader’s model reveals a region of
unreleased in-plane stress in the vicinity of the supporting clamp that arises from the clamping
restriction for in-plane displacements. The model was later improved and experimentally vali-
dated.27,28 However, still there exist significant discrepancies between the theory and the experimental
data.10,20,25,29

We believe that these discrepancies come from ignoring the cantilever bending induced by
surface stress differences between the two cantilever faces.4,30,31 This effect has been neglected as
within the framework of linear elasticity theory, the bending state of a cantilever has not effect
on its stiffness.28,32 However, it has been observed that small amounts of transversal curvature in
macroscopic thin plates can significantly increase the stiffness.33 A few works have pointed out that
the surface stress induced-curvature could significantly affect to the stiffness of cantilevers at micro-
and nanoscales.34–36 However, a theoretical explanation has remained elusive.

In this Letter, we develop a complete and novel theoretical framework for predicting the effect of
surface stress induced curvature on the stiffness and eigenfrequencies of micro- and nanocantilevers.
The theory accounts for three relevant effects previously ignored: i) internal stresses created by the
two-dimensional curvature, ii) bending moment restriction by the clamping and iii) the effect of
nonlinearities due to large static deformations.

II. RESULTS AND DISCUSSION

We study a cantilever plate with length L, width b and thickness h, Young’s modulus E and
Poisson’s ratio ν (Fig. 1(a)). The cantilever is under uniform and isotropic surface stress loading
on both faces, i.e., σs

+ and σs
− on upper and lower faces. We define differential surface stress as

∆σs =σs
+−σs

−, and net surface stress as, σs =σs
+ +σs

−. The effect of net surface stress is depicted
in Fig. 1(b). The unreleased in-plane stress near the clamping gives rise to a decrease of the resonance
frequency, whereas the change of the cantilever dimensions due to the released surface stress makes
the resonance frequency to increase.26,27 Here, we study the effect of differential surface stress that
induces a biaxial bending moment given by Ms =∆σs

h
2 (Fig. 1(c)). The clamping restriction makes

that the bending moment cannot be released near the clamping as it occurs with net surface stress.
Thus, the cantilever deforms with isotropic and uniform curvature except near the clamping. We
start the problem by studying the case of a cantilever plate that is unrestrained at all edges. Later,
we will analyze the effect of the clamping restriction with the aid of numerical methods. The static
displacement of the plate is then approximated by,

FIG. 1. Schematic of a cantilever plate showing: (a) the coordinate system and dimensions, (b) the unreleased in-plane stress
(σs) and the strain due to total surface stress (εs), and (c) the unreleased bending moment (Ms) and bending due to differential
surface stress (∆σs).
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ws(x, y) �
1
2
κs

(
x2 + y2

)
(1)

where κs =
6(1−ν)∆σs

Eh2 is the surface stress induced curvature. Let u|ωn
, v |ωn

and w |ωn
be the amplitudes

of the x and y in-plane displacements and z out-of-plane displacements at the nth order eigenfrequency
respectively. These amplitudes can be approximated by second-order Taylor-expansion in the vertical
coordinate z about the static displacement, referred to as Z(x, y)= z − ws(x, y),

u|ωn
=A

{
u0,n(x, y) −

∂ψn(x, y)
∂x

Z(x, y) +
1
2

u2,n(x, y)Z(x, y)2
}

(2)

v |ωn
=A

{
v0,n(x, y) −

∂ψn(x, y)
∂y

Z(x, y)

}
(3)

w |ωn
=A

{
ψn(x, y) − ζ(x, y)Z(x, y) +

ν

2
∂2ψn(x, y)

∂x2
Z(x, y)2

}
(4)

where ψn is the nth order normalized eigenmode that describes the vibration-mode shape, A is an
arbitrary amplitude factor and u0,n, u2,n, v0,n and ζ are unknown functions of our problem. The
proposed displacement field departs with respect to classical Kirchhoff-Love plate theory in four
relevant aspects.32 First, the neutral plane is substituted by the curved surface, ws of the bent plate.
This apparently innocuous modification gives rise to the coupling of the dynamic and static stresses
that plays a pivotal role in the stiffness of plates. Second, in-plane displacements of the mid surface
are nonzero, albeit in-plane stresses are not exerted for the plate vibration. This effect is intimately
linked to the previous effect. Third, a nonlinear term is included in the x-displacement that accounts
for the effect of large static deflections. Fourth, the out-of-plane displacement comprises in addition
to the eigenmode motion, first and second order terms in Z(x, y). The first order term arises from the
static deformation, whereas the second order term is just the result of the transverse strain associated
to the bending strain. Unknown functions in our proposed displacements, u0,n, u2,n, v0,n and ζ are
assumed to be linearly proportional to the maximum static deformation, thereby the displacements
recover the classical Kirchhoff-Love plate theory expressions when ws(x, y)= 0.

Next, we assume that the eigenmodes of the plate are negligibly modified by the static deformation
and are approximated by,

ψn(x, y)= φn(x) −
1
2
νφn

′′(x)y2 (5)

where φn(x) represent the Euler-Bernoulli unidimensional eigenmodes and the second term accounts
for the first-order deviation of the vibration of plates with respect to beams.

We proceed by applying linear elasticity relations to derive the strain tensor from the displacement
vector given by

(
u|ωn

, v |ωn
, w |ωn

)
, and calculating the force vector at each cross-section of the plate

as well as the Lagrangian of the system. The unknown functions of the problem, u0,n, v0,n, u2,n and ζ
(Eqs. (2)–(4)) are then obtained by applying equilibrium conditions and solving the Euler-Lagrange
equations (supplementary material). We focus here on the resulting relative changes in the potential
and kinetic energies due to the static deformation respectively given by,

∆Un

Un
=

{
µn +

(1 − ν)2

60

(
b4

L2h2

)}
(κsL)2 (6)

∆Tn

Tn
= τn(κsL)2 + 2

∆ωn

ωn
(7)

The relative change of potential energy is proportional to the square of the dimensionless cur-
vature, κsL and accounts for the nonlinear stiffening of the cantilever due to the static deformation.
It includes two terms, the first term proportionality constant, µn, is independent of the cantilever
dimensions and arises from the geometric changes of the cantilever due to the static deformation
and the nonlinear term in the x-displacement function, u2,n. For the first three vibration modes
µn= 0.46925, 0.38725, 0.35231. The proportionality constant of the second term is mode-independent

and rapidly increases as the plate is wider, ∼
(

b
L

)4
, and thinner, ∼

(
L
h

)2
. It arises from the in-plane

stresses generated by the orthogonal coupling of the dynamic and static curvatures.33 Hereinafter,
the first two proportionality constants in the potential energy are referred to as nonlinear beam

ftp://ftp.aip.org/epaps/aip_advances/E-AAIDBI-8-047810
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stiffening and nonlinear plate stiffening coefficients. The relative change of kinetic energy includes
two terms. The first term proportional to the square of the dimensionless curvature, κsL accounts for
the nonlinear inertial effect and is independent of the cantilever dimensions. Coefficient τn is result
of the sum of the geometric effects on the effective cantilever mass and the increase of kinetic energy
associated to the displacement in the x-direction. For, the first three vibration modes τn=0.42867,
0.61831, 0.44593. The second term in the kinetic energy is the unknown of our problem, the relative
eigenfrequency shift. The relative changes in the eigenfrequencies are obtained by balancing the
dynamic potential and kinetic energies,13 ∆ωn

ωn
= 1

2

(
∆Un
Un
−
∆Tn
Tn

)
.

We have compared our analytical equation of the eigenfrequency shifts with numerical simula-
tions by the finite element method (FEM). The theory accurately describes the FEM results for narrow
plates that satisfy b

L < 0.2. For wider plates, the model becomes less accurate and the deviation mostly
arises from our estimation of the nonlinear plate stiffening coefficient. By careful examination of the
numerical simulations, we have scrutinized the error induced by the adopted approximations. First
source of error comes from the assumed vibration mode shape in Eq. (5). This is a good approximation
for the fundamental vibration mode of cantilever plates with b

L < 0.3. However, the approximation
becomes progressively less accurate for higher vibration modes and higher values of b

L .18 This error
can be reduced by including higher order terms in y in the eigenmode approximation at the expense
of more complex expressions. We circumvent this difficulty by adding a term ∼

(
b6

L4h2

)
to the non-

linear plate stiffening factor, whose proportionality constant is obtained by fitting FEM calculations.
Second source of error arises from neglecting the clamping restriction, which has two effects. First
effect is of geometric nature, the static deformation ws(x, y) is not a paraboloid with uniform and
isotropic curvature as approximated in Eq. (1). Although, there is not an exact analytical solution
to this problem, we know that the transversal curvature is zero in the clamping and exponentially
increases up to the asymptotic value with a characteristic length given by the cantilever’s width.31

The clamping geometric effect is here included by replacing the cantilever’s width b by be−c b
L in the

nonlinear plate stiffening factor, where c � 0.7745 is obtained by fitting the numerical results. Sec-
ond effect of the clamping arises from the unreleased transversal bending moment near the clamping
referred here to as clamping stress effect (Fig. 1(b)). By careful examination of the numerical simu-
lations, we find that this effect induces plate softening and it can be simply accounted by replacing
the biaxial prefactor by (1 − ν)2 − 2ν. Including all these corrections, the eigenfrequency shift is
given by,

∆ωn

ωn
=


αn +

1
120

*
,

b4e−4c b
L

L2h2
+
-




(
(1 − ν)2 − 2ν

)
+ λn(ν)*

,

b2e−2c b
L

L2
+
-







(κsL)2 (8)

where λn(ν) for the first three vibration modes is given by,

*.
,

λ1

λ2

λ3

+/
-
=
*.
,

−0.33 8.82 −29.31
10.83 −26.77 −11.45
8.13 −3.22 −29.80

+/
-

*.
,

1
ν
ν2

+/
-

(9)

Notice that the function λn(ν) breaks the mode degeneration of the nonlinear plate stiffening
coefficient. The constant αn =

µn−τn
2 is the result of the counterbalance between the nonlinear beam

stiffening and nonlinear inertial effects that give positive and negative eigenfrequency shifts, respec-
tively. This coefficient is positive for the first vibration mode (α1 ≈ 0.02029), whereas is negative
for the second and third vibration modes (α2 ≈−0.11553, α3 ≈−0.04670). The trend observed here
is consistent with reports in which microcantilevers exhibited stiffening in the nonlinear frequency
response of the fundamental mode, and softening in the second and third vibration modes.37,38 The
first term is referred hereinafter to as nonlinear beam effect. The second term in Eq. (8) accounts for
the nonlinear plate stiffening.

For the sake of a better understanding, we will focus now on a microcantilever with length
L = 10 µm, thickness h= 0.1 µm, Young’s modulus E = 169 GPa and Poisson’s ratio ν = 0.064. The
values of E and ν correspond to those of single-crystal silicon when the length and the width of the
cantilever are in the 110 directions.39 The first three eigenfrequencies are 1.35, 8.44 and 23.6 MHz,
respectively. Left graph in Fig. 2 shows the relative shifts of the first three eigenfrequencies as
a function of the cantilever width-to-length ratio for a fixed value of differential surface stress
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FIG. 2. Relative shift of the first three eigenfrequencies, ∆ωn/ωn, of a cantilever subject to a differential surface stress of
1 N/m as a function of the width-to-length ratio, b

L , and Poisson’s ratio, ν. Fixed parameters of the calculations: E = 169 GPa,
L = 10 µm and h= 0.1µm. Symbols represent FEM data and lines represent our theoretical results, Eq. (8). Left graph shows,
∆ωn/ωn vs b

L forν = 0.064. Right graph shows,∆ωn/ωn vsν for a narrow cantilever beam, b
L = 0.05, and for a wide cantilever

plate b
L = 0.3.

∆σs = 1 N/m. The curves show to regimes: the beam-like regime for b
L.0.1 where the eigenfrequen-

cies are dominated by the nonlinear beam effect, thus exhibiting little dependence on the cantilever’s
width, and the plate-like regime for b

L&0.2 where the effect of nonlinear plate stiffening becomes

dominant and the eigenfrequencies rapidly increase as ∼
(

b
L

)4
. In general, the transition between

these two regimes occurs for b
L ∼

√
h
L . For the case examined here, the relative eigenfrequency shifts

approximately are 20, -130 and -50 ppm in the beam-like regime, and can achieve more than 400
ppm in the plate-like regime. Since for the second and third vibration modes, the nonlinear beam
effect gives negative eigenfrequency shifts, there exist a width where the nonlinear beam effect and
nonlinear plate stiffening cancel each other, being insensitive to the surface stress. This occurs when
b≈ 2.25 µm for the second vibration mode and b≈ 1.8 µm for the third vibration mode. Interestingly,
this phenomenon can be used for uncoupling the effect of differential surface stress from other effects
(mass and stiffness)12 on the eigenfrequency shift.

Right graphs in Fig. 2 show the effect of Poisson’s ratio on the fractional frequency shifts for a
narrow cantilever beam, b

L = 0.05, and for a wide cantilever plate b
L = 0.3, keeping ∆σs = 1 N/m. In

the limit of narrow cantilevers, the eigenfrequency shifts are independent of the Poisson’s ratio for
same values of cantilever bending. The dependence on the Poisson’s ratio in this case, arises from
the dependence of the cantilever curvature on the surface stress that is κs ∼ (1 − ν). In the case of
wide cantilever plates, Poisson’s ratio strongly influences the frequency response. This comes from
the dependence of the nonlinear plate stiffening on the Poisson’s ratio that at first order scales as(
(1 − ν)2 − 2ν

)
, where the term−2ν arises from clamping stress effect described above. Interestingly,

plate stiffening can turn into negative (softening) for Poisson ratios above a critical value that depends
on the cantilever width. In our example (Fig. 2, right-bottom graph), the critical Poisson’s ratio is
0.285, 0.220 and 0.297 for the first three vibration modes.

We now emphasize the accuracy of our model: the mean deviation between the results obtained
by the analytical equation (8) in Fig. 2 and the FEM simulations is below 1% for the first two modes
and 2% for the third mode for b

L < 0.3. For wider cantilevers, the error becomes significant for the
second and third modes, being of about 3.7% and 7.3% at b

L = 0.35, repectively.
In Fig. 3, we compare the effects of differential surface stress (∆σs) (left graph) and net surface

stress (σs) (right graph) for the first and second vibration modes. The surface stress loading on the
top and bottom faces for these cases are σs

+ =−σs
− = σ

2 and σs
+ =σs

− = σ
2 , respectively. In the

practical case, in which surface stress is only acting on the upper face, ∆σs =σs =
σ
2 , the resonance

frequency shift can be calculated as the half sum of the two effects. The analysis is performed for
a narrow cantilever beam, b= 0.5 µm and for a wide cantilever plate b= 3 µm and three Poisson’s
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FIG. 3. Relative frequency shifts of the first (blue) and second vibration (red) modes of a microcantilever as a function of
differential surface stress (left) and net surface stress (right) for b

L = 0.05 (top) and b
L = 0.3 (bottom) Symbols represent FEM

data and lines represent our theoretical results, Eq. (8). For net surface stress effect only FEM data is shown. The microcantilever
is 10 µm long and 0.1µm thick. The data is shown for several Poisson’s ratio values: 0.064, 0.2 and 0.3. The relative frequency
shifts of the first and second vibration modes due to net surface stress overlap for b

L = 0.05 (right-top graph) and almost overlap

for b
L = 0.3 and ν=0.064 when differential surface stress varies (left-bottom graph).

ratio values: 0.064, 0.2 and 0.3. The most remarkable difference between these two effects is that the
resonance frequency shift goes as the square of differential surface stress whereas is linear with the
net surface stress. For b

L = 0.05, ∆σs induces positive and negative eigenfrequency shifts in the first
and second vibration modes, respectively. The eigenfrequency shifts of the second vibration mode
are significantly larger than those of the first vibration mode. On the contrary, the eigenfrequency
shift induced by net surface stress is independent of the vibration mode for the first three vibration
modes (third vibration mode data not shown). In the regime of narrow beams, the main effect of
net surface stress is the modification of the cantilever length (geometric effect), giving rise to27

∆ωn/ωn ≈ (1+2ν)σs
Eh . The magnitude of both effects, differential and total surface stress is comparable

in narrow beams for surface stress values of ∼ 1 N/m. Cantilever plates with b
L = 0.3 exhibit a very

different behavior. Differential surface stress can induce relative frequency shifts exceeding 10-3 for
ν = 0.064 that are significantly larger than those induced by net surface stress. The effect of differential
surface stress mitigates as the Poisson’s ratio increases and change of sign for ν = 0.3. Net surface
stress effect decreases in wide plates with respect to narrow beams, especially in the first vibration
mode. This decrease arises from the unreleased stress near the clamping (Fig. 1(a)) that goes as26

∼−ν(1 − ν)
(

b
L

)3 ( L
h

)2 σs
Eh .

III. CONCLUSION

In conclusion, we have presented a novel theoretical framework that describes the effect of
differential surface stress on the stiffness and eigenfrequencies of cantilevers. The theory accounts
for linear and nonlinear effects previously ignored, providing a solid base to reformulate the results
of classical beam theory. The results shown here, together with previous studies of the effect of
net surface stress,26,27 enable to provide a definitive answer to the long standing problem in physics
initiated by Gurtin et al in 1976: the effect of surface stress on the natural frequency of thin crystals.19

SUPPLEMENTARY MATERIAL

See supplementary material for a more detailed derivation of the equations of this manuscript
and for additional information about the finite element simulations.
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36 U. Harms, L. Kempen, and H. Neuhäuser, Thin Solid Films 323(1-2), 153 (1998).
37 W. J. Venstra, H. J. R. Westra, and H. S. J. van der Zant, Appl. Phys. Lett. 97(19), 193107 (2010).
38 L. G. Villanueva, R. B. Karabalin, M. H. Matheny, D. Chi, J. E. Sader, and M. L. Roukes, Phys. Rev. B 87(2), 024304

(2013).
39 M. A. Hopcroft, W. D. Nix, and T. W. Kenny, J. Microelectromech. S. 19(2), 229 (2010).

https://doi.org/10.1021/cr4003837
https://doi.org/10.1039/b811426a
https://doi.org/10.1038/nnano.2006.208
https://doi.org/10.1039/c2cs35293a
https://doi.org/10.1038/ncomms12496
https://doi.org/10.1073/pnas.152330199
https://doi.org/10.1038/nbt0901-856
https://doi.org/10.1063/1.347347
https://doi.org/10.1088/0957-4484/21/34/342001
https://doi.org/10.1063/1.113896
https://doi.org/10.1038/nnano.2012.119
https://doi.org/10.1038/ncomms13452
https://doi.org/10.1038/srep06051
https://doi.org/10.1038/ncomms7482
https://doi.org/10.1016/j.semcancer.2017.08.011
https://doi.org/10.1063/1.1948521
https://doi.org/10.1038/nnano.2011.186
https://doi.org/10.1088/0957-4484/23/31/315501
https://doi.org/10.1063/1.89173
https://doi.org/10.1063/1.88231
https://doi.org/10.1063/1.3177326
https://doi.org/10.1088/0960-1317/26/6/063001
https://doi.org/10.1016/j.tsf.2007.05.003
https://doi.org/10.1103/physrevb.72.085405
https://doi.org/10.1063/1.2006212
https://doi.org/10.1103/physrevlett.99.206102
https://doi.org/10.1103/physrevlett.108.236101
https://doi.org/10.1103/physrevb.85.085440
https://doi.org/10.1063/1.2372700
https://doi.org/10.1063/1.1342018
https://doi.org/10.1088/0957-4484/23/47/475702
https://doi.org/10.1038/srep29627
https://doi.org/10.1063/1.4940951
https://doi.org/10.1021/nn200623c
https://doi.org/10.1016/s0040-6090(97)01026-2
https://doi.org/10.1063/1.3511343
https://doi.org/10.1103/physrevb.87.024304
https://doi.org/10.1109/jmems.2009.2039697

