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Abstract

We consider the fast irreversible bimolecular chemical reaction A+B → C in the Poiseuille

flow through a channel, in which A displaces B. This system allows to systematically

study the impact of the interaction of interface deformation and diffusion on mixing and

reactive transport. At early times, the reaction is diffusion controlled. With increasing

time advection begins to dominate and we find enhanced reaction efficiency due to the

deformation of the interface between the two reactants. For times larger than the char-

acteristic diffusion time across the channel, mixing and reaction are quantified by the

Taylor dispersion coefficient. Predictions based on Taylor dispersion may significantly

overestimate the reaction efficiency at preasymptotic times, when the system is charac-

terized by incomplete mixing. This type of behaviors of incomplete mixing and reaction

have been observed in heterogeneous systems across different scales. Channel flow allows

to study them in detail for a well controlled system. We propose a dispersive lamella ap-

proach based on the concept of effective dispersion which accurately predicts the full evo-

lution of the product mass. Specifically, this approach captures the impact of interface

deformation and diffusive coalescence, which marks the transition to the Taylor regime.

It gives insight into the mechanism of incomplete mixing and its consequences for reac-

tive transport in more general porous media flows.

1 Introduction

The dynamics of reactive fronts and mixing interfaces is important for a wide range

of natural processes from the biosphere to natural and anthropogenic contamination of

aquifers. Natural aquifers exhibit heterogeneities that change the flow and transport dy-

namics. Heterogeneity modifies the topology of reactive fronts and mixing interfaces, which

leads to chemical reaction dynamics that are very different from the ones observed in the

laboratory under well-mixed equilibrium conditions [Raje and Kapoor , 2000; Gramling

et al., 2002; de Anna et al., 2014a] and the ones predicted by the transport laws for ho-

mogeneous media [Steefel et al., 2005; Li et al., 2006; Dentz et al., 2011].

Chemical species must physically come into contact one with another for chemi-

cal reactions to occur. Mixing, the process by which different substances originally seg-

regated tend to occupy the same volume, is what makes this contact possible. Mixing

controls biogeochemical transformations that are fast compared to mass transfer, such

as dissolution, precipitation, or degradation [Li et al., 2006; Simoni et al., 2007; Mar-

2



iani et al., 2010]. Mass transfer limitations induced by medium heterogeneity causes re-

duced reaction and mixing efficiency compared to equivalent homogeneous medium de-

scriptions based on hydrodynamic dispersion or macrodispersion [Gramling et al., 2002;

Li et al., 2006; Luo et al., 2008; Tartakovsky et al., 2009]. On the other hand, mixing

due to medium heterogeneity increases reaction compared to mixing by diffusion only

[Rolle et al., 2009; de Anna et al., 2014b; Jiménez-Mart́ınez et al., 2015].

Traditionally, Darcy scale reactive transport has been described by the advection-

dispersion-reaction equation (ADRE) [Steefel et al., 2005; Dentz et al., 2011], which ex-

presses species mass conservation due to advective-dispersive mass transfer and chem-

ical reaction as

φ
∂ci(x, t)

∂t
= −∇ · [qci(x, t)−D∇ci(x, t)]− ri(x, t, {cj(x, t)}), (1)

where φ is porosity, ci is the concentration of reactant i, q is Darcy velocity, D is the

dispersion tensor, and ri is the local reaction rate of species i, which in general may de-

pend explicitly on position, time, and concentrations of all reacting species {cj}. Reac-

tion rates are typically estimated from laboratory experiments under well-mixed condi-

tions in batch or flow through reactors [Steefel et al., 2005; Luo et al., 2008; Dentz et al.,

2011]. Their use in (1) is subject to the existence of a well-mixed support volume and

to mass transfer on the support scale being much faster than the chemical reaction. The

first condition implies that the microscopic Peclét number, which compares the diffusion

and advection time scales on the support scale, needs to be smaller than 1. The second

condition implies that the microscopic Damköhler number, which compares character-

istic mass transfer to reaction times, needs to be smaller than 1 [Battiato and Tartakovsky ,

2011]. A variety of laboratory [Kapoor et al., 1998; Raje and Kapoor , 2000; Gramling

et al., 2002; de Anna et al., 2014a] and field studies [Davis et al., 2000; Hess et al., 2002]

have shown that the ADRE overestimates the reaction efficiency. This may be traced

back to the fact that the above conditions are often not fulfilled, this means locally the

system is not well-mixed and the mass transfer time scales are larger than the reaction

time scales.

Laboratory and numerical experiments have shown that enhanced chemical reac-

tivity can be linked to deformation of mixing interfaces [Le Borgne et al., 2014; de Anna

et al., 2014a,b]. Lamellar approaches have been long used for the quantification of mix-

ing and reaction in spatially variable flow fields Ranz [1979]; Villermaux and Duplat [2003];
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Duplat and Villermaux [2008]; Duplat et al. [2010]; Le Borgne et al. [2013, 2014, 2015].

They are based on the concept that a heterogeneous concentration distribution can be

represented by an ensemble of non-interacting lamellae, on which diffusion is enhanced

through compression of the lamella due to flow deformation. Duplat and Villermaux [2008], Viller-

maux [2012] and Le Borgne et al. [2013] have extended this approach for random flows

to account for interactions between lamellae based on random coalescence. These ap-

proaches provide models for the mixing and reaction behaviors in the deformation and

coalescence regimes.

In this paper, we study the impact of flow variability on the reaction efficiency of

an instantaneous irreversible bimolecular chemical reaction A+B → C. This relatively

simple reaction can be seen as the building stone of more complex chemical reactions such

as metabolic activity of a biofilm [Steefel et al., 2005] or remediation of water contam-

ination by anthropogenic elements such as sulphides [Batens and Van Keer , 2003] and

ammonia [Garg et al., 2000]. It is an elementary reaction that allows to study in detail

the impact of the fundamental mechanisms of flow deformation and diffusion on mix-

ing and chemical reaction. We consider the laminar flow through a channel, which is char-

acterized by the parabolic Poiseuille profile. This flow scenario serves as a model sys-

tem for flow through open fractures, laminar reactors, single pores, and capillaries. This

system has been studied experimentally by Kapoor et al. [1998], who emphasized the im-

pact of concentration fluctuations around the vertical mean on the prediction of the over-

all reactivity. These authors considered the breakthrough of product concentration in

order to characterized the system reactivity. While the flow field here is deterministic,

it exhibits transport and mixing features typical for heterogeneous flow fields, such as

the evolution of effective and apparent dispersion coefficients towards a macrodispersion,

the Taylor dispersion coefficient, and front spreading due to spatially variable advection.

In fact, as we will see in the following, the reaction behavior shows features, which are

well known consequences of incomplete mixing of the (macroscopic) support scale. Thus,

even though the system is idealized it allows studying the fundamental mechanisms of

incomplete mixing and chemical reaction in heterogeneous systems. Thus, the developed

approaches and conclusions also apply to more general, heterogeneous flow situations.

In order to study the detailed dispersion and reaction behavior, we use a numer-

ical reactive random walk particle tracking (RWPT) [Benson and Meerschaert , 2008; Ed-

ery et al., 2009, 2010; Zhang et al., 2013; Alhashmi et al., 2015] to determine the evo-
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lution of the species concentrations and the global reactivity in terms of the total prod-

uct mass. The mixing behavior is characterized in terms of effective dispersion, which

measures the average width of a point injection in the channel cross-section, or in other

words, the Green function of the transport problem [Dentz and Carrera, 2007]. Based

on this concept we propose a dispersive lamella approach to quantify the impact of mix-

ing on chemical reaction.

The paper is organized as follows. In Section 2 we describe the reactive transport

problems. Section 3 discusses the results of reactive RWPT simulations in the Poiseuille

flow. Section 4 determines the product evolution based on stretched lamellae and pro-

poses the dispersive lamella approach to capture the full evolution of reactivity includ-

ing stretching-enhanced mixing and coalescence.

2 Methodology

We consider the irreversible bimolecular chemical reaction

A+B
k−→ C, (2)

where k denotes the reaction rate coefficient. This elementary reaction can be consid-

ered as a constituent of more complex reactions, which can be built as combinations of

bimolecular and uni-molecular reactions [Gillespie, 2000].

2.1 Reactive transport

In this paper, we focus on the impact of mass transfer due to spatially variable ad-

vection and diffusion on chemical reaction, which is described by the following advection-

diffusion reaction equation (ADRE)

∂ci(x, t)

∂t
+∇ · v(x)ci(x, t)−D∇2ci = −kcA(x, t)cB(x, t) (3a)

∂cC(x, t)

∂t
+∇ · v(x)cC(x, t)−D∇2cC = kcA(x, t)cB(x, t) (3b)

for i = A,B, where u(x) is the flow velocity. As outlined in the Introduction, this for-

mulation requires that the support scale underlying this continuum description to be well-

mixed and that the microscopic Damköhler number be smaller than 1, this means that

the support volume is considered a well-mixed reactor. The global reaction behavior is
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characterized by the evolution of the total mass of the reaction product

mC(t) =

∫
dxcC(x, t). (4)

By integration of (3b) over the flow and transport domain, we obtain

dmC(t)

dt
= R(t), R(t) =

∫
dxkcA(x, t)cB(x, t), (5)

where R(t) is the reaction rate. We consider initially segregated A and B, which are dis-

tributed according to

cA(x, t = 0) = c0I(−L ≤ x < 0), cB(x, t = 0) = c0I(0 ≤ x < L), (6)

where L is the initial extension of the domain occupied by A and B species, I(·) is an

indicator function, which is equal to 1 if the argument is true and 0 else. The C species

is initially non-existent.

2.1.1 Constant flow

As a reference case, we consider first the constant flow velocity u(x) = vex, with

ex the unit vector in x-direction. Furthermore, the chemical reaction is assumed to be

fast, this means that c0k, with c0 a characteristic concentration, is larger that the char-

acteristic transport rate 1/τv, where τv = 2D/v2 is the time after which advective dis-

placements are larger than diffusive. This criterion can be expressed by the Damköhler

number which compares the reaction to the transport rate, Da = c0kτv, and corresponds

to Da � 1 in the following. In a domain infinitely extended in 1–direction, with the

initial conditions (6) for L→∞ the product concentration is given by [Gramling et al.,

2002]

cC(x, t) =
c0
2

erfc

( |x− vt|
2
√
Dt

)
, (7)

see also Appendix C.1. Note that Gramling et al. [2002] considered an inflow boundary

condition, for which this solution is only approximate, while for the initial value prob-

lem posed above it is exact. The product mass is given by

mC(t) = 2c0

√
2

π
σ(t), σ(t) =

√
2Dt, (8)

where σ(t) is the interface width. The scaling of the product mass as
√
t can be under-

stood as follows. Since the reaction is instantaneous, the reaction rate R(t) is equal to

the diffusive mass flux at the interface between the two species, which is jD ≈ Dc0/
√

2Dt,
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where c0 is the concentration difference across the interface and
√

2Dt its width. Thus,

one obtains from (5), mc(t) ≈ c0
√

2Dt. This solution serves as the reference for the be-

haviors observed for spatially variable flow. Appendix C.1 develops analytical solutions

for the initial conditions (6).

2.1.2 Poiseuille flow

In this paper, we focus on mixing and reaction in the laminar flow through a two-

dimensional channel, which is a model for mixing and reaction in flow through a single

pore, open fractures, and laminar flow reactors, for example. The half-width of the chan-

nel is denoted by a, the channel walls are impervious and represent no-slip boundaries

for the flow. Thus, the flow velocity is aligned with the channel axis and depends only

on the coordinate perpendicular to the channel orientation, u(x) = u(y)ex. The speed

u(y) is given by the parabolic Poiseuille profile

u(y) = v0

(
1− y2

a2

)
, (9)

where v0 is the maximum flow velocity. The mean flow velocity across the channel is given

by vm = 2v0/3. The A and B species are initially segregated according to (6) and the

C species is non existent. At the horizontal domain boundaries at y = ±a the solute

flux is zero. Under these conditions, there is no closed form analytical solution. Thus,

the reactive transport problem (3) is solved numerically using a reactive random walk

particle tracking (RWPT) method [Perez et al., 2018], whose analysis and implementa-

tion are presented in the next section. Kapoor et al. [1998] studied a similar system, namely

reactive transport in parabolic pipe flow, using laboratory experiments and numerical

simulations, which gives qualitatively similar results to the ones reported in the follow-

ing.

Transport can be characterized by the diffusion time across the channel diameter

τD = (2a)2/2D and the characteristic advection time τv = 2D/v2m, which measures

the time at which longitudinal advective and diffusive displacements are equal. For times

t < τv diffusion is the dominant transport process, for t > τv advection starts domi-

nating. These time scales define the Péclet number

Pe =

√
τD
τv

=
vma

2D
. (10)

If Pe� 1, diffusion is the dominant transport mechanism and the particles mix com-

pletely over the channel cross section before advection starts to impact on the longitu-
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dinal particle displacement. For Pe� 1, the solute mixes across the channel after an

advective profile along the flow field (9) has been established. The Damköhler number

here compares the characteristic advection time τv to the characteristic reaction time 1/c0k,

Da = c0kτv. (11)

The DaPe number for this system is given by

DaPe = c0kτD. (12)

It compares the mixing time across the channel cross-section to the characteristic reac-

tion time. For DaPe� 1, the system is characterized by incomplete mixing.

2.2 Numerical simulations

In the following, we briefly describe the numerical reactive random walk particle

tracking method used to solve the reactive transport problem, and the numerical setup.

2.2.1 Random walk particle tracking

The numerical simulations are based on random walk particle tracking combined

with a probabilistic rules for the reaction. The equation that governs the advective-diffusive

motion of particles belonging to the A, B and C species is the Langevin equation [Risken,

1996]

dx(t)

dt
= v[x(t)] +

√
2Dξ(t), (13)

where x(t) is the trajectory of a particle and ξ(t) is a vectorial Gaussian white noise char-

acterized by zero mean 〈ξ(t)〉 = 0 and covariance 〈ξi(t)ξj(t′)〉 = δijδ(t − t′), where

δij is the Kronecker delta. The flow velocity is u(x) = u(y)ex with u(y) given by (9).

No flux boundary conditions at the horizontal channel boundaries at y = ±a are im-

plemented through reflection of particles.

The Langevin equation (13) is discretized using an Euler scheme as

x(t+ ∆t) = x(t) + v[x(t)]∆t+
√

2D∆tη(t) (14)

where the η(t) are independent identically distributed Gaussian random variables char-

acterized by 0 mean and unit variance. At each time step, the position of each particle

is recorded and the distance between a given A and B particle is calculated. We describe

8



the point of view of a B particle, the one of an A particle is analogous. The survival prob-

ability Ps[x(t)] of a B particle in the time interval [t, t + ∆t] depends on the number

NA[x(t)] of A particles within a well-mixed volume ∆V centered at the position x(t) of

a B particle [Perez et al., 2018] as

Ps[x(t)] = exp [−pr(∆t)NA[x(t)]] , (15)

where pr(∆t) = kmp∆t/(N0∆V ) is the probability for a single reaction event, mp is

the mass carried by each particle, N0 is the total number of particles. Without loss of

generality, we set here mp = 1. The local reaction volume ∆V = πr2, where the re-

action radius is chosen as r =
√

24D∆t [Benson and Meerschaert , 2008]. The impact

of the choice of the reaction radius on the overall reaction behavior is studied in Perez

et al. [2018]. The occurrence of a reaction event is determined through a Bernoulli trial

based on the survival probability (15). If the reaction occurs, the B particle and the clos-

est A particle are removed and a particle C is placed at the middle point of the A and

B particle locations. Note that these details on removal of A and B and placing the C

particles have no impact on the simulated reaction behavior or the equivalence of the

particle scheme with the ADRE derived in the previous section. The motion of the pro-

duced C particles follows (14). The total number of C particles, or total mass, is calcu-

lated as

mC(t) = Nc(t). (16)

where Nc(t) is the number of C particles at time t. The equivalence between this reac-

tive RWPT method and the Eulerian reactive transport formulation (3) and its valida-

tion can be found in Perez et al. [2018]. Appendix A: discusses the impact of finite par-

ticle numbers on the product mass. Based on this assessment, the simulations use a to-

tal number of N0 > 106 particles.

In order to illustrate the concentration fields formed by the particles in the RWPT

model, we use an adaptive Gaussian kernel density estimator [Botev et al., 2010],

ci(x, t) =

Nc(t)∑
p=1

Kh (x− xp,i(t)) , (17)

where i = A,B,C, xp,i(t) is location of the pth particle of species i, and Kh(x) is a Gaus-

sian probability density function of mean 0 and variance h2. The bandwidth h is deter-

mined according to the procedure detailed in Botev et al. [2010]. Note that other authors

have used kernel density estimators for accurate predictions on local solute mixing and
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Table 1. Parameters applied on the reactive RWPT model.

Pe = 14 Pe = 48 Pe = 96

D (m2/s) 2 · 10−6 4.5 · 10−7 2.25 · 10−7

v0 (m/s) 8.5 · 10−3 6.5 · 10−3 6.5 · 10−3

N0 6 · 105 106 3 · 106

reactive transport in case of limited particle numbers [Fernàndez-Garcia and Sanchez-

Vila, 2011; Rahbaralam et al., 2015; Sole-Mari et al., 2017]. The reactive random walk

simulation according to the algorithm described above does not require kernel density

estimators. In fact, we make sure that the particle number is sufficiently high to avoid

finite size effects, as discussed in Appendix A: . Here, the reconstruction of the concen-

tration fields with kernel density estimator is only used to illustrate the concentration

distributions of the reacting species.

2.2.2 Numerical setup

We consider here three advection-dominated transport scenarios with Pe = 14, 48

and 96 whose specific parameters are detailed in Table 1. The Damköhler number is for

all scenarios Da > 5 such that reactions at times larger than τv can be considered in-

stantaneous. The DaPe number is DaPe > 70. Thus, reactive transport is strongly

affected by incomplete mixing and the system cannot be considered well-mixed for a wide

range of times. The reactive transport problem is solved with the random walk parti-

cle tracking simulator described in the previous section. As initial condition, we consider

uniform areal distributions of A and B particles from x = −3 · 10−1 m to x = 0 m

and x = 0 m to x = 3·10−1 m, respectively. The characteristic reaction time is 1/c0k =

10−2 s, the time step is ∆t = 10−2 s. The reaction radius is equal to r =
√

24D∆t.

Note that the chosen diffusion coefficients are high with respect to the values of solutes

in water but comparable to the ones reported for NAPL contaminants [Lee and Chrysikopou-

los, 1995]. The number of particles required to suppress finite size effects, this means,

artificial incomplete mixing, depends on the Péclet number, see also Appendix A: .
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2.3 The lamella concept and effective dispersion

In this section, we briefly summarize the concept of the stretched lamella [Ranz ,

1979] to quantify the concentration content of a solute under the action of advection and

diffusion. Then we present an alternative approach, termed here the dispersive lamella

based on the concept of effective dispersion [Kitanidis, 1988; Dagan, 1990; Dentz et al.,

2000; Dentz and Carrera, 2007]. To this end, we consider an instantaneous line injec-

tion perpendicular to the direction of flow in the channel, this means c(x, t = 0) = δ(x)/2a.

The concentration c(x, t) can be represented in terms of the Green function g(x, t|y′) as

c(x, t) =
1

2a

a∫
−a

dy′g(x, t|y′), (18)

where g(x, t|y′) satisfies

∂g(x, t|y′)
∂t

+ u(y)
∂g(x, t|y′)

∂x
−D∇2g(x, t|y′) = 0, (19)

for the initial condition g(x, t|y′) = δ(x)δ(y − y′) and no-flux boundary conditions at

the horizontal boundaries. The lamellar approaches discussed in the following can be seen

as approximations for the Green function g(x, t|y′), for which in general no closed form

analytical solution can be found.

2.3.1 The stretched lamella

In order to quantify the impact of fluid deformation and the associated mixing be-

havior on chemical reactions, Ranz [1979] developed the lamellae method. This method

has been the basis for the quantification of mixing and reaction in heterogeneous flow

fields [Ranz , 1979; Duplat and Villermaux , 2008; Meunier and Villermaux , 2010; Viller-

maux , 2012; Le Borgne et al., 2013, 2014; de Anna et al., 2014a; Bandopadhyay et al.,

2017]. The lamella approach decomposes the material line into a set of non-interacting

infinitesimal linear line segments (lamellae), which are transported purely advectively,

are deformed by the action of the flow field, and mix with the ambient fluid due to dif-

fusion as illustrated in Figure 1. The concentration content along the parabolic front is

determined by diffusion and the local shear deformation. The concentration in the cen-

ter, where the shear deformation is minimum, is much lower than at the sides where shear

is increasing. The stretched lamella approach, described in the following, approximates

the Green function g(x, t|y′).
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ŷ

✓(x̂, t)

Figure 1. Illustration of the stretched lamella approach [after Villermaux , 2012]. The lamella

elongates due to flow deformation and mixes due to diffusion. The concentration profile across a

lamella is Gaussian shaped. The concentration map is obtained by random walk particle tracking

for a line injection, Pe = 96 at t = 20τv.

First, the advection-diffusion problem is transformed into the coordinate system

of a purely advectively transported strip, which deforms and rotates a according to the

flow action, see Figure 1. A strip located at the vertical position y′ moves with the con-

stant velocity u(y′) and deforms and rotates due to shear action α(y′) = du(y′)/dy′.

The coordinate transform is

x̂ = A>(t|y′) [x− xa(t|y′)] , xa(t|y′) =

u(y′)t

y′

 , (20)

where A(t|y′) is the orthogonal matrix

A(t|y′) =
1

λ(t)2

α(y′)t −1

1 α(y′)t

 (21)

which rotates into the coordinate system, whose x′-axis is perpendicular to the strip. Note

that the strip orientation and length are given by

δz(t|y′) = δy

α(y′)t

1

 , λ(t|y′) =
|δz(t|y′)|
δy′

=
√

1 + α(y′)2t2, (22)
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where δy′ is the infinitesimal initial strip length. The Green function g(x, t|y′) is expressed

in terms of the Green function ĝ(x̂, t|y′) in the moving coordinate system as

g(x, t|y′) = ĝ
(
A>(t|y′) [x− xa(t|y′)] , t|y′

)
. (23)

By inserting the latter into Eq. (19), we obtain after some algebra

ĝ(x̂, t|y′)
∂t

+ ε(t|y′)x̂ · ∇ĝ(x̂, t|y′)−D∇2ĝ(x̂, t|y′) = 0, (24)

where ε(t|y′) is the deformation rate tensor in the moving coordinate system,

ε(t|y′) =
1

λ(t)2

α(y′)2t α(y′)3t2 − α(y′)

0 −α(y′)2t

 . (25)

Typically mass transfer across the strip is disregarded and the Green function only de-

pends on the coordinate x′ perpendicular to the strip,

ĝ(x̂, t|y′) = λ(t|y′)θ(x̂, t|y′)δ(y − y′), (26)

where θ(x̂, t|y′) satisfies

∂θ(x̂, t|y′)
∂t

− γ(t|y′)x̂∂θ(x̂, t|y
′)

∂x̂
−D∂

2θ(x̂, t|y′)
∂x̂2

= 0. (27)

The elongation rate γ(t|y′) is defined by

γ(t|y′) =
1

λ(t|y′)
dλ(t|y′)
dt

=
α(y′)2t

1 + α(y′)2t2
. (28)

Note that in this approach, the lamellae do not sample the transverse velocity contrast

and do not interact. They are independent. They displace due to advection only and mix

due to stretching enhanced diffusion. Dispersion of the interface in this approach is bal-

listic because each lamella moves at its own constant velocity u(y′).

Here we approximate the shear rate α(y) by its vertical average

α(y) ≈ α =
1

2a

a∫
−a

dyα(y) =
v0
a
. (29)

In this approximation, γ(t|y′) = γ(t), λ(t|y′) = λ(t) and θ(x̂, t|y′) = θ(x̂, t) are inde-

pendent from y′. Equation (27) is the basis for the lamellar reaction model used in Sec-

tion 4. The chemical reaction is solved for a single lamella and the overall reactivity is

obtained by integration over all stretched lamellae.

We emphasize that the stretched lamella approach is based on non-interacting lamel-

lae, this means, the merging of lamellae due to transverse diffusion and the sampling of
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the vertical flow contrast are not taken into account in this model. Each lamella remains

on its initial streamline. Thus, when one considers the overall dispersion of the line, it

increases ballistically because each line segment moves at its initial velocity u(y′). This

approximation fails at times that are of the order of the diffusion time over the chan-

nel cross-section, τD = (2a)2/2D.

2.3.2 The dispersive lamella

Here we present an alternative approach based on the concept of effective disper-

sion to account for the action of transverse diffusion. In the stretched lamella approach,

the concept of the lamella describes a material element that deforms and diffuses in the

flow field. In the dispersive lamella approach proposed here, the lamella describes a ma-

terial element that disperses as a result of the diffusive sampling of the vertical veloc-

ity contrast. This concept is illustrated in Figure 2, which shows the evolution of the Green

function g(x, t|y′) from point sources at different positions in the channel cross section.

As pointed out above, the plumes close to the channel boundaries are more deformed

and thus disperse more than those located in the center. This deformation is accounted

for in the stretched lamella approach. With increasing time, however, a lamella samples

the velocity contrast across the channel cross section due to transverse diffusion, and even-

tually covers the whole cross section as shown in Figure 3. This mechanism, which leads

to the phenomenon of Taylor dispersion, is not accounted for in the stretched lamella

approach.

Here, instead of transformation into the coordinate system of a purely advectively

transported strip, we transform into the coordinate system that moves with the center

of mass m(t|y′) of the Green function g(x, t|y′). The position vector in the transformed

system is thus

x̂ =

x−m(t|y′)

y

 , m(t|y′) =

∫
dxxg(x, t|y′). (30)

The Green function then reads in terms of the Green function ĝ(x̂, t|y′) as

g(x, t|y′) = ĝ[x−m(t|y′), y, t|y′]. (31)

Inserting the latter into Eq. (19), we obtain

∂ĝ(x̂, t|y′)
∂t

+ v′(y, t|y′)∂
2ĝ(x̂, t|y′)
∂x̂2

−D∇̂2ĝ(x̂, t|y′) = 0, (32)
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Figure 2. Illustration of the dispersive lamella approach. Concentration g(x, t|y′) evolving

from point injections at y′ = −0.8,−0.5, 0, 0.5, 0.8 a at t = 20τv for Pe = 96. The concentration

profile across a lamella is a Gaussian whose width is described by σe(t).

where v′(t|y′) is the velocity fluctuation around the center of mass velocity,

v′(y, t|y′) = u(y)− v(t|y′), v(t|y′) =
m(t|y′)
dt

. (33)

Transformation into the coordinate system that evolves with the center of mass ve-

locity v(t|y′), guarantees that the effect of transverse diffusion on the interface shape is

accounted for correctly. Recall, that the stretched lamella approach gives a ballistic in-

terface evolution at all times. In order to account for the impact of diffusive sampling

of the vertical velocity contrast on the interface evolution, we approximate ĝ(x̂, t|y′) by

the following projection

ĝ(x̂, t|y′) ≈ G(y, t|y′)θ(x̂, t|y′), (34)

where θ(x̂, t|y′) is the vertically integrated concentration defined by

θ(x̂, t|y′) =

a∫
−a

dyĝ(x̂, t|y′), (35)

and

G(y, t|y′) =

∞∫
−∞

dx̂ĝ(x̂, t|y′), (36)
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Figure 3. Evolution of the concentration distribution g(x, t|y′) evolving from a point injection

at y′ = −0.5 a at (top to bottom) t = 3.5, 70 τv and τD for Pe = 62.

is the Green function for transverse diffusion. The vertically integrated θ(x̂, t|y′) rati-

fies the transport equation

∂θ(x̂, t|y′)
∂t

−De(t|y′)∂
2θ(x̂, t|y′)
∂x̂2

= 0, (37)

see Appendix B: . The effective dispersion coefficient De(t|y′) describes the rate of change

of the variance of g(x, t|y′) in flow direction,

De(t|y′) =
1

2

dσ2(t|y′)
dt

, σ2(t|y′) =

∫
dx [x−m(t|y′)] g(x, t|y′). (38)

Equation (37) characterizes the concentration content of a dispersive lamella, which de-

forms due to the action of the flow field and disperses due to vertical sampling of the flow

variability by transverse diffusion as illustrated in Figures 2 and 3. Thus, it accounts for

the diffusive sampling across the cross section which is disregarded by the stretched lamella

approach.

Exact analytical expressions for m(t|y′) and σ2(t|y′) can be found in Dentz and Car-

rera [2007]. Note that m(t|y′) = v(y′)t at t� τD and m(t|y′) = vmt at t� τD. Sim-

ilarly, σ2(t|y′) = 2Dt for t � τD and σ2(t|y′) = 2Dt + 2Dt for t � τD, where D =

2v2ma
2/105D is the Taylor dispersion coefficient [Taylor , 1953]. The effective dispersion

coefficient De(t|y′) has been studied in detail in Dentz and Carrera [2007]. In the fol-

lowing, we approximate De(t|y′) by its average over the channel cross section,

De(t) =
1

2a

a∫
−a

dy′De(t|y′). (39)
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Thus, θ(x̂, t|y′) = θ(x̂, t) is independent from y′. The effective dispersion coefficient rep-

resents the average dispersion of the initial line source. The corresponding effective vari-

ance is

σ2
e(t) =

1

2a

a∫
−a

dy′σ2(t|y′). (40)

The effective dispersion coefficient De(t) can be written as [Dentz and Carrera, 2007]

De(t) = 2Da(t)−Da(2t), (41)

where Da(t) is the apparent dispersion coefficient. It is obtain from the apparent vari-

ance σ2
a(t)

σ2
a(t) =

1

2a

a∫
−a

dy′
∫
dx(x− vmt)2g(x, t|y′), (42)

which measures the spread of the solute distribution c(x, t) about its center of mass po-

sition vmt. The apparent dispersion coefficient Da(t) is defined in analogy to (38) as

Da(t) =
1

2

dσ2
a(t)

dt
. (43)

As a consequence of (41), the effective variance σ2
e(t) can be written as

σ2
e(t) = 2σ2

a(t)− σ2
a(2t)

2
. (44)

We obtain an explicit analytical expression for De(t) by noting that Haber and Mauri

[1988] developed the following analytical expression for σ2
a(t) for two-dimensional lam-

inar flow

σ2
a(t) = 2Dt+ 2Dt

1− 1− e−φπ
2Dt
4a2

φπ
2Dt
4a2

 , (45)

where φ = (n+ 1)2 with n the number of symmetry planes of the flow. For the chan-

nel flow under consideration here φ = 4. Using the approximation (45) in (41) and (44)

gives explicit expressions for the effective dispersion coefficient and variance. Figure 4

shows the evolution of the effective and apparent variances σ2
e(t) and σ2

a(t) determined

from numerical random walk simulations and the analytical expressions based on (45).

At early times for t < τv both variances behave in the same way as 2Dt. For increas-

ing times, τv < t < τD, σ2
a(t) grows faster than σ2

e(t) due to advective deformation

(spreading) of the solute front. When t > τD both variances converge towards the same

behavior of 2(D+D)st. The analytical solutions compare well with the numerical data.
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Figure 5. Concentration maps of (left panel) A and (right panel) C at times (top to bottom)

t = 0.4, 290 τv, τD and 2τD for Pe = 96.

Equation (37) with De(t|y′) = De(t) is the basis for the dispersive lamella approach

employed in Section 4 for the prediction of reactive transport. The reactive transport

problem is solved for a single dispersive lamella. The overall reactivity is then obtained

by integration over all dispersive lamellae that evolve from the initial solute distribution.

3 Mixing and reaction in the flow through a channel

In this section, we study mixing and reaction in channel flow for the scenarios de-

scribed in Section 2.2.2. Figure 5 shows the concentration maps of reactant A and prod-

uct C for Pe = 96. The evolution of the product mass is shown in Figure 6 for the three

Pe under consideration. The evolution of the reaction front is governed by the compe-
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tition between diffusive expansion and the deformation caused by the velocity field. At

early times, t ≤ τv, molecular diffusion controls the chemical reaction through mass trans-

fer across the interface [Raje and Kapoor , 2000; de Anna et al., 2014b,a]. The distribu-

tion of the product concentration is uniform in the vertical direction and it behaves ac-

cording to (7) along x. The product mass in this regime increases diffusively according

to (8) as illustrated in Figure 6.
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100

t/τv

m
C
(t
)

Pe = 14
Pe = 48
Pe = 96

Figure 6. The evolution of mC(t) obtained from reactive RWPT for different Pe is shown by

symbols. The early time estimation of the product mass evolution (8) is shown by solid lines, the

late time evolution given by (8) parameterized by the Taylor dispersion coefficient D is denoted

by dashed lines.

For increasing times τv ≤ t � τD, the interface deforms following the parabolic

velocity profiles and its shape is described by xf (y, t) = u(y)t. The interface length in-

creases and as a result the global reactivity increases. Flow variability enhances the re-

action efficiency compared to uniform flow as pointed out by Kapoor et al. [1998]. The

impact of deformation of the mixing front is analogous to observations made at the Darcy

scale in heterogeneous flows [de Barros et al., 2012; Le Borgne et al., 2014].

For times τv � t ≤ τD, the interface length decreases due to diffusive mixing

across the channel, which may be seen as the diffusive coalescence of the lamellar seg-

ments that make up the interface [see also the discussion in de Anna et al., 2014a]. The
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growth rate of the product mass decreases. For times t � τD, the interface straight-

ens and the system can be considered well-mixed in the cross-section of the channel. The

interface width can be described by the Taylor dispersion coefficient [Taylor , 1953], which

here is given by D = 2v2ma
2/105D. Taylor dispersion quantifies the impact of the in-

terplay of interface deformation and diffusive coalescence on asymptotic mixing. Despite

the finiteness of the initial distributions of A and B, mass production is well described

by (8) for D = D as illustrated in Figure 6. This is further discussed in the next sec-

tion. Note that extrapolation of the asymptotic behavior to pre-asymptotic times t <

τD, may significantly overestimate the reactivity. The reason is that at times τv < t <

τD the system is characterized by incomplete mixing. In the following, we investigate

the quantification of the evolution of the reaction efficiency with emphasis on stretch-

ing and coalescence behavior during the intermediate time regime τv < t < τD and

the transition to the asymptotic Taylor regime.

4 Incomplete mixing

As pointed out in the previous section, the asymptotic reactive transport descrip-

tion in terms of the Taylor dispersion coefficient does not quantify properly the chem-

ical reaction at pre-asymptotic times, for which the species concentrations are not fully

mixed transversely. In the following, we first apply the stretched lamella approach to ac-

count for the impact of the deformation of the interface between the A and B species

on the overall reactivity. Then, we develop an approach, termed the dispersive lamella,

to capture the full reaction behavior, which relies on the concept of effective dispersion [Ki-

tanidis, 1988; Dagan, 1990; Dentz et al., 2000]. This approach relies on the quantifica-

tion of the effective interface width and its evolution and accounts for both stretching

enhanced mixing and diffusive coalescence.

4.1 The stretched lamella

We first model the system reactivity using the stretched lamella approach, which

describes the evolution of concentration by Eq. (27), where we set α = α such that γ(t|y′) =

γ(t). Thus, reaction and diffusion across a single lamella are described by [see also, Ban-
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dopadhyay et al., 2017]

∂θi(x̂, t)

∂t
− γ(t)x̂

∂θi
∂x̂

+D
∂2θi(x̂, t)

∂x̂2
= −kθA(x̂, t)θB(x̂, t) (46a)

∂θC(x̂, t)

∂t
− γ(t)x̂

∂θi
∂x̂

+D
∂2θC(x̂, t)

∂x̂2
= kθA(x̂, t)θB(x̂, t), (46b)

where x̂ is the direction perpendicular to the direction of stretching, D stands for the

diffusion coefficient, and i = A,B. This problem can be solved for fast reactions, which

gives for the concentration of C

θC(x̂, t) =
2ac0

2
erfc

[
|x̂|√
2s(t)

]
, (47)

for L → ∞ in the initial conditions (6), see Appendix (C.2). The concentration of C

in the strip coordinate system is obtained by using (26) as

cC(x̂, t) =
1

2a

a∫
−a

dy′λ(t|y′)θC(x̂, t)δ(y − y′) = λ(t)
c0
2

erfc

[
|x̂|√
2s(t)

]
(48)

The total product mass is then given by integration over space according to (4), which

gives for the total mass

mC(t) = c0

√
2

π
`(t)s(t), (49)

where `(t) = 2aλ(t) is the interface length and s(t) its width. Corrections to the species

concentration and product mass due to the fact that L is finite here are discussed in Ap-

pendix (C.2) The interface length and width are approximately given by

`(t) = 2a
√

1 + α2t2, s(t) =

√
2D(t+ α2t3/3)

1 + α2t2
. (50)

Note that `(t)s(t) measures the area of the mixing zone. At times t� α−1 expression (49)

reduces to (8) for reaction-diffusion in uniform flow. For t� α−1, expression (49) pre-

dicts that

mC(t) = 2c0aα

√
4D

3π
t3/2. (51)

The prediction (49) of the product mass is illustrated in Figure 7 for Pe = 48 and

96. We omit the data for Pe = 14 because it behaves qualitatively in the same way while

the time scales τD and τv are less separated. The stretched lamella model predicts the

early time behavior and the behavior in the intermediate regime for t� τD. Note that

the lamellar reaction model is based on independent lamella. As soon as the individual

strips start interacting due to diffusion across the channel, the prediction (49) breaks down.

In the following, we will present an approach that accounts for the full evolution of the

product mass.
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Figure 7. Evolution of mC(t) for (top to bottom) Pe = 96, Pe = 48 from reactive RWPT
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variance σ2
a(t) and (red dash-dotted lines) the effective variance σ2

e(t). The black dash-dotted line

denotes the evolution of mC(t) obtained from the stretched lamella (49).

4.2 The dispersive lamella

The approach outlined in the previous section considers elementary units, lamel-

lae, which make up the initial interface. These lamellae are independent and mass trans-

fer across these non-interacting elementary units is due to diffusion and the local defor-

mation action of the flow field. As discussed in Section 4, the dispersive lamella consid-

ers point elements that make up the initial interface, and follow their advective-diffusive

motion in the flow field. In this approach, the evolution of the solute concentration is

described by (37). Thus, the evolution of the species concentrations due to reactions at
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the interface is given by

∂θi(x̂, t)

∂t
−De(t)

∂2θi(x̂, t)

∂x̂2
= −kθA(x̂, t)θB(x̂, t), (52a)

∂θC(x̂, t)

∂t
−De(t)

∂2θC(x̂, t)

∂x̂2
= kθA(x̂, t)θB(x̂, t). (52b)

for i = A,B, where we set the effective dispersion coefficient De(t|y′) = De(t) as dis-

cussed in Section (4). For the initial conditions (6) with L→∞, the concentration of

C across the lamella is given by

θC(x̂, t) =
2ac0

2
erfc

[
|x̂|√

2σ2
e(t)

]
, (53)

see Appendix C.3. Using expression (34) we obtain for the concentration of C at the in-

terface

cC(x̂, t) =
1

2a

a∫
−a

dy′G(y, t|y′)θ(x̂, t) =
c0
2

erfc

[
|x̂|√

2σ2
e(t)

]
. (54)

The total mass of C produced is obtained by integration of (53) according to (4) as

mC(t) = 2c0

√
2

π
aσe(t), (55)

see also (8). The area of the mixing zone here is given by 2aσe(t). Recall that σe(t) is

a measure for the effective interface width. Corrections due to the finiteness of L are dis-

cussed in Appendix C.3.

Figure 7 shows the evolution of the product mass obtained from the numerical ran-

dom walk simulations and the analytical estimate (55) from the dispersive lamella ap-

proach for Pe = 48 and 96. As shown in Figure 6 the behavior for Pe = 14 is quali-

tatively similar, but the transition regime of incomplete mixing is short. Thus we omit

this data here. The dispersive lamella approach gives equally good results for this case.

We have also plotted the evolution of product mass for an interface that evolves

with the apparent width σa(t), For t < τv diffusion dominates and all three approaches

agree with the simulations results. For times τv < t � τD, the stretched and disper-

sive lamellae provide a good description of the product mass evolution. The interface

model based on σa(t) overestimates the product mass because it overestimates the in-

terface width as discussed above. For times τv � t < τD, the stretched lamella model

fails to predict the simulation data because it does not account for the diffusive inter-

action of individual strips. The dispersive lamella on the other hand describes the re-

action behavior well also in this interaction regime. In the late time regime t � τD,
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both the dispersive lamella model and the interface model based on σa(t) describe the

data very well, while the stretched lamella model fails to match the data. Note that, de-

spite the finite extensions of the initial species concentrations, the solution (55) provides

a very good estimate even though the distribution of the A species is notably disperse

as shown in Figure (5). As shown in Appendix C.3, expression (55) provides a good so-

lution for finite initial extension L of the species concentration as long as σe(t)�
√

2L,

which is the case for the times under consideration here. For larger times, the product

mass eventually goes toward the constant mC(t) = 2aLc0, which means all the prod-

uct species have been consumed. The dispersive lamella approach agrees with the sim-

ulation data at all times. In particular, it captures both stretching enhanced mixing and

the diffusive coalescence in the intermediate and late time regimes.

5 Conclusions

We quantify the impact of flow variability on a fast irreversible bimolecular reac-

tions in Poiseuille flow through a channel. This system shows features of incomplete mix-

ing known for more complex porous media flows, namely the overestimation of the re-

action efficiency by the use of macroscale dispersion coefficient, here, the Taylor disper-

sion coefficient. This overestimation is caused by incomplete mixing on the support scale,

which here refers to the channel cross-section. Only when the channel cross-section is

completely mixed by transverse diffusion, this means for times greater than the diffu-

sive time scale over the channel cross section 2a, τD = (2a)2/2D, quantifies the Tay-

lor dispersion coefficient D = 2v2ma
2/105D a macroscopic mixing effect that account

for the interaction of flow variability and diffusion. At preasymptotic times for t < τD

this is very different.

We distinguish three different pre-asymptotic behaviors, which are separated by

the characteristics advection scale τv = 2D/vm and the diffusion scale τD. The time

scale τv measures the time at which longitudinal advective and diffusive displacements

are equal. At times smaller t < τv, the product mass increases ∼
√
Dt as in a constant

plug flow reactor. Mixing and reaction are due to diffusion only. For increasing times

τv < t � τD the reaction behavior is dominated by the deformation of the diffuse in-

terface, or equivalently, the stretching of the independent lamellae that constitute the

interface. The linear growth of the interface length together with the diffusive increase

of its width leads to mC(t) ∼ t3/2. Then at later times for τv � t < τD, the lamellae
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that form the interface start interacting, or coalescing, which marks the cross-over to the

Taylor regime for which mC(t) ∼
√

(D +D)t. Note that on one hand, we observe an

increase of reactivity due to the variability of velocity compared to uniform flow and dif-

fusion only. On the other hand, we observe the consequences of incomplete mixing be-

cause the asymptotic Taylor dispersion coefficient overestimates the reactivity. Similar

phenomena have been observed for reactive transport on the Darcy scale, where the hy-

drodynamic dispersion coefficient turns out to overestimate the system reactivity [Gram-

ling et al., 2002; Li et al., 2006; Luo et al., 2008; Tartakovsky et al., 2009]. This empha-

sizes the importance of incomplete mixing and the correct quantification of it for the sound

modeling of macroscale reactive transport in heterogeneous flows in general.

The stretched lamella approach [Ranz , 1979; Villermaux and Duplat , 2003; Duplat

and Villermaux , 2008; Duplat et al., 2010; Le Borgne et al., 2013, 2014, 2015] is able to

quantify the impact of interface deformation and accounts for the impact of preasymp-

totic incomplete mixing on the system reactivity. The stretched lamella approach can

be see as an approximation to the Green function of the advection-diffusion problem in

the channel. It considers diffusion and advection in the coordinate system attached to

an advectively transported material element, which, upon linearization of the advection

term renders an exactly solvable model, which depends on the local deformation prop-

erties of the flow field and diffusion. As this model is based on independent lamellae, it

does not account for the impact of transverse diffusion on the interface evolution, and

thus cannot account for the full evolution of reactivity.

We develop a dispersive lamella approach, which describes the full temporal evo-

lution of the reaction product accurately. Like the stretched lamella approach, the de-

veloped model is based on an approximation of the Green function for the advection-diffusion

problem. Here, however, we transform into the coordinate system moving with the cen-

ter of mass velocity of a partial plume representing the Green function. The impact of

transverse diffusion on the interface evolution is quantified through a projection oper-

ation, which includes vertical averaging across the channel cross section. From this pro-

jection emerges an effective equation for the evolution of the Green function which is char-

acterized by the effective dispersion coefficient, which describes the average growth rate

of the width of the Green function. In fact, in the moving coordinate system, the evo-

lution of the Green function is governed by a dispersion equation characterized by the

time-dependent effective dispersion coefficient De(t), which accounts for both stretch-
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ing enhanced diffusion at early times and front coalescence at late times. Based on an

analytical expression for De(t), the dispersive lamella quantifies the full evolution of the

product mass and particularly the stretching and coalescence processes in a single mod-

eling framework.

The proposed approach can be generalized straightforwardly to three dimensions

and randomly stratified porous media, for which expressions for the effective and appar-

ent dispersion coefficients exists both for infinite and confined media [Matheron and de Marsily ,

1980; Güven et al., 1984; Fiori and Dagan, 2002; Zavala-Sanchez et al., 2009; Bolster

et al., 2011]. Furthermore, the fact that asymptotic (macro) dispersion, here, Taylor dis-

persion, overestimates mixing and reaction (incomplete mixing) has been observed in porous

media on the pore and Darcy scales [e.g., Gramling et al., 2002; Dentz et al., 2011]. Due

to this analogy, the findings and modeling approaches in terms of effective dispersion may

have an impact for effective reactive transport modeling in heterogeneous flows in a range

of applications.

Acknowledgments

We acknowledge the support of the European Research Council (ERC) through the

project MHetScale (617511) and the Spanish Ministry of Economy, Industry and Competitiveness-

FEDER (CGL2016-80022-R). The numerical data used in the article can be obtained

by following the steps and using the parameter values detailed in the paper. We thank

Alberto Bellin, Diogo Bolster, he editor Xavier Sanchez-Vila, associate editor Daniel Fernandez-

Garcia and two anonymous reviewers for their valuable comments and recommendations.

A: Finite size effects in modeling the reaction

We illustrate the impact of the total particle number in the chemical reaction com-

paring the simulations for Pe = 96 for 3 · 106 particles and 105 particles. Figure A.1

compares numerical data to the exact analytical solution (8) parameterized by D and

D, which is valid at early times t � τv and late times t � τD. We find that at times

t ≤ τv, when D controls the reaction, lower N0 creates artificial concentration fluctu-

ations due to fluctuations of particle numbers between subvolumes, which simulates an

artificial incomplete mixing. Thus, reactivity may be underestimated as a result of this

effect. Clearly, the insufficient number of particles to model the reaction produces a loss

in accuracy. This artificial effect must not be confused with the occurrence of true in-
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Figure A.1. Evolution of mC(t) for different particle numbers. Expression (8) with (dashed

line) D and (solid line) D predict the early and later time behavior of mC(t), respectively.

complete mixing. The data from the simulation with N0 = 3 ·106 particles accurately

matches the analytical solution at early times. At intermediate times, τv ≤ t � τD,

where true, physical incomplete mixing dominates, the simulations at both N0 behave

similarly because the artificial incomplete mixing is overshadowed by the true physical

effect. Similarly, at asymptotic times, both particle numbers give good estimates because

Taylor dispersion is the result of the diffusive sampling of the cross-sectional velocity over

time, which is less affected by a low particle number. In order to exclude artificial in-

complete mixing and finite size effects, the reactive random walk particle tracking re-

sults are performed with N0 > 106 particles. Note that the particle number necessary

to avoid the effect of artificial incomplete mixing at early times depends on the Péclet

number. For low Péclet numbers, particles explore a larger radius per random walk step

∝
√

2D∆t and therefore mix faster locally than at high Péclet numbers. The physically

well-mixed support volume is larger than for high Pe. Thus, for a lower total particle

number, one has at low Pe the same number of particles inside a well-mixed support vol-

ume as for a higher particle number at high Pe fro which the well-mixed support vol-

ume is much smaller.
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B: The dispersive lamella

Here we briefly derive Equation (37), which forms the basis for the dispersive lamella

approach. We separate ĝ(x̂, t|y′) into the projection G(y, t|y′)θ(x̂, t|y′) and fluctuations

θ′(x, t|y′) about it such that

ĝ(x̂, t|y′) = G(y, t|y′)θ(x̂, t|y′) + θ′(x̂, t|y′). (B.1)

Inserting this decomposition into (32) gives

∂G(y, t|y′)θ(x̂, t|y′)
∂t

+
∂θ′(x̂, t|y′)

∂t
+ [u′(y)− v′(t|y′)]G(y, t|y′)∂θ(x̂, t|y

′)

∂x̂

= − [u′(y)− v′(t|y′)] ∂θ
′(x̂, t|y′)
∂x̂

+D

(
∂2

∂x̂2
+

∂2

∂y2

)
[G(y, t|y′)θ(x̂, t|y′) + θ′(x̂, t|y′)] ,

(B.2)

where we used that v′(ŷ, t|y′) = u(y) − v(t|y′), which can be written as v′(ŷ, t|y′) =

u(y) − vm − [v(t|y′) − vm] ≡ u′(y) − v′(t|y′). The fluctuation of the center of mass

velocity v′(t|y′) is given by [Dentz and Carrera, 2007]

v′(t|y′) =

a∫
−a

dyu′(y)G(y, t|y′). (B.3)

Furthermore, we note that the Green function G(y, t|y′) satisfies

∂G(y, t|y′)
∂t

−D∂
2G(y, t|y′)
∂y2

= 0 (B.4)

for the initial condition G(y, t = 0|y′) = δ(y − y′). This implies that

∂G(y, t|y′)θ(x̂, t|y′)
∂t

−D ∂2

∂y2
G(y, t|y′)θ(x̂, t|y′) = (B.5)

G(y, t|y′)∂θ(x̂, t|y
′)

∂t
+ θ(x̂, t|y′)

[
∂G(y, t|y′)

∂t
−D ∂2

∂y2
G(y, t|y′)

]
(B.6)

= G(y, t|y′)∂θ(x̂, t|y
′)

∂t
(B.7)

Thus, we can write Eq. (B.2) as

G(y, t|y′)∂θ(x̂, t|y
′)

∂t
+
∂θ′(x̂, t|y′)

∂t
+ [u′(y)− v′(t|y′)]G(y, t|y′)∂θ(x̂, t|y

′)

∂x̂

= − [u′(y)− v′(t|y′)] ∂θ
′(x̂, t|y′)
∂x̂

+D
∂2

∂y2
θ′(x̂, t|y′) +D

∂2

∂x̂2
[G(y, t|y′)θ(x̂, t|y′) + θ′(x̂, t|y′)] ,

(B.8)

Vertical integration gives

∂θ(x̂, t|y′)
∂t

= −
a∫
−a

dy [u′(y)− v′(t|y′)] ∂θ
′(x̂, t|y′)
∂x̂

+D
∂2

∂x̂2
θ(x̂, t|y′) (B.9)
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By subtracting the latter from Eq. (B.9), we obtain for the fluctuation θ′(x̂, t|y′)

∂θ′(x̂, t|y′)
∂t

−D∂
2θ′(x̂, t|y′)
∂y2

= − [u′(y)− v′(t|y′)]G(y, t|y′)∂θ(x̂, t|y
′)

∂x̂
(B.10)

where we disregard terms of second order in the fluctuating quantities and diffusion in

flow direction because transverse diffusion is the key sampling mechanism. By using the

Green function G(y, t|y′) of vertical diffusion we can write θ′(x̂, t|y′) as

θ′(x̂, t|y′) = −
t∫

0

dt′
a∫
−a

dy′′ [u′(y′′)− v′(t′|y′)]G(y, t− t′|y′′)G(y′′, t′|y′)∂θ(x̂, t
′|y′)

∂x̂
. (B.11)

Inserting this expression into the right side of (B.2) gives

∂θ(x̂, t|y′)
∂t

=

t∫
0

dt′K(t, t′|y′)∂
2θ(x̂, t′|y′)
∂x̂2

+D
∂2

∂x̂2
θ(x̂, t|y′). (B.12)

where we defined the dispersion kernel by

K(t, t′|y′) =

a∫
−a

dy

a∫
−a

dy′′ [u′(y)− v′(t|y′)] [u′(y′′)− v′(t′|y′)]G(y, t− t′|y′′)G(y′′, t′|y′).

(B.13)

The latter can be written as

K(t, t′|y′) =

a∫
−a

dy′′u′(y′′)G(y′′, t′|y′)v′(t− t′|y′′)− v′(t|y′)v′(t′|y′), (B.14)

where we used (B.3) and the Markov property of the Green function, which means that

a∫
−a

dy′′G(y, t− t′|y′′)G(y′′, t′|y′) = G(y, t|y′) (B.15)

The time integral of K(t, t′|y′) is equal to the effective dispersion coefficient De(t|y′) de-

fined in Dentz and Carrera [2007]

De(t|y′) =

t∫
0

dt′K(t, t′|y′)

=

t∫
0

dt′
a∫
−a

dy′′u′(y′′)G(y′′, t′|y′)v′(t− t′|y′′)− v′(t|y′)
t∫

0

dt′v′(t′|y′). (B.16)

The memory term on the right side of (B.12) can be localized in time for t− t′ � t,

∂θ(x̂, t|y′)
∂t

=

 t∫
0

dt′K(t, t′|y′)

 ∂2θ(x̂, t|y′)
∂x̂2

+D
∂2

∂x̂2
θ(x̂, t|y′), (B.17)

which gives Eq. (37) for the dispersive lamella.
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C: Analytical solution for a finite initial condition

We derive here analytical solutions for the initial conditions (6). In the following,

we give analytical solutions for the species concentrations and the product mass for a

homogeneous medium, the stretched lamella and the dispersive lamella approaches. First

we note that the concentrations cAC = cA + cB and cBC = cB + cC satisfy conserva-

tive advection-diffusion equations for the same initial conditions as cA and cB because

cC is initially 0. As we consider an instantaneous reaction, the A and B species cannot

coexist and thus, the product concentration is given by

cC(x, t) = min [cAC(x, t), cBC(x, t)] , (C.1)

because cAC = cC if cA < cB and vice versa.

C.1 Homogeneous medium

Thus, for a homogeneous medium with v(x) = v = constant, the solutions for

cAC and cBC are

cAC(x, t) =
c0
2

[
erfc

(
x− vt√

4Dt

)
− erfc

(
x+ L− vt√

4Dt

)]
(C.2)

cBC(x, t) =
c0
2

[
erfc

(
x− L− vt√

4Dt

)
− erfc

(
x− vt√

4Dt

)]
(C.3)

The product concentration is given by cAC for x ≥ vt and by cBC for x < vt. In the

limit L→∞, the concentration of C is given by (7). Thus, we obtain for the product

mass mC(t)

mC(t) =

vt∫
−∞

dxcBC(x, t) +

∞∫
vt

dxcAC(x, t), (C.4)

which we can write because of symmetry as

mc(t) = 2

∞∫
vt

dxcAC(x, t). (C.5)

Inserting (C.3) gives

mc(t) = c0

L∫
0

dxerfc

(
x√
4Dt

)
= c0
√

4Dt

L/
√
4Dt∫

0

dxerfc (x) (C.6)

Performing the remaining integral, we obtain

mC(t) = c0

√
4Dt

π

[
1− exp(−4τL/t) +

√
4πτL/t erfc(

√
4τL/t

]
, (C.7)
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where we defined the diffusion time τL = L2/D over the initial extension of the species.

For t � τL, the evolution of the product mass is essentially equal to the one for L →

∞ and given by mC(t) = 2c0
√
Dt/π. For t� τL it behaves as

mC(t) = c0L

(
1− 1√

4πt/τL

)
+ . . . . (C.8)

C.2 Stretched lamella

The stretched lamella approach requires solution of the equation

∂θ(x̂, t)

∂t
− γ(t)x̂

∂θ(x̂)

∂x̂
−D∂θ(x̂, t)

∂x̂2
= 0, (C.9)

where θ stands for the concentrations θAC = θA+θC and θBC = θB+θC , respectively.

In order to solve (C.9), we consider the variable transform according to Ranz [1979],

z = x̂ exp [Γ(t)] , Γ(t) =

t∫
0

dtγ(t′) (C.10)

and

η(t) =

t∫
0

dt′ exp[2Γ(t)], (C.11)

Note that

exp[Γ(t)] = λ(t), (C.12)

where λ(t) is given by (22). We set θ(x̂, t) = θ0[x̂λ(t), η(t)], where θ0(z, η) satisfies

∂θ0(z, η)

∂η
−D∂

2θ0(z, η)

∂z2
= 0. (C.13)

The latter is a diffusion equation whose solution for the initial condition θ(z, η = 0) =

I(−L1 ≤ z < L2) is

θ0(z, η) =
1

2

[
erfc

(
z + L1√

4Dη

)
− erfc

(
z − L2√

4Dη

)]
(C.14)

Thus, we obtain for θ(x̂, t)

θ(x̂, t) =
1

2

[
erfc

(
x̂1 + L1λ(t)−1√

2s(t)2

)
− erfc

(
z − L2λ(t)−1√

2s(t)2

)]
, (C.15)

where we defined

s(t)2 = 2Dλ(t)−2
t∫

0

dt′λ(t′)2. (C.16)
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Using expression (28) with α(y′) = α gives expression (50) for s(t). We obtain θAC(ẑ, t)

and θBC(ẑ, t) by setting in (C.22) L1 = −L and L2 = 0, and L1 = 0 and L2 = L,

respectively. The solution (47) is obtained in the limit L → ∞. Along the same lines

as in the previous section, we obtain for the product mass across a single stretched lamella

δmC(t) = c0

√
2

π
λ(t)s(t)

(
1− exp[−A(t)2] +

√
πA(t)erfc [A(t)]

)
, (C.17)

where we defined A(t) = L exp[−Γ(t)]/
√

2s(t)2.

C.3 Dispersive lamella

The solution method is fully analogous to the previous section. The dispersive lamella

approach requires solution of the equation

∂θ(x̂, t)

∂t
−De(t)

∂θ(x̂, t)

∂x̂2
= 0, (C.18)

where θ stands for the concentrations θAC = θA+θC and θBC = θB+θC , respectively.

In order to solve (C.9), we consider the variable transform

η(t) =

t∫
0

dt′De(t′), (C.19)

and set θ(x̂, t) = θ0[x̂, η(t)], where θ0(z, η) satisfies

∂θ0(z, η)

∂η
− ∂2θ0(x̂, η)

∂x̂2
= 0. (C.20)

The latter is a diffusion equation whose solution for a the initial condition θ(x̂, η = 0) =

I(−L1 ≤ x̂ < L2) is

θ0(x̂, η) =
1

2

[
erfc

(
x̂+ L1√

4η

)
− erfc

(
z − L2√

4η

)]
(C.21)

Thus, we obtain for θ(x̂, t)

θ(x̂, t) =
1

2

[
erfc

(
x̂1 + L1√

2σ2
e(t)

)
− erfc

(
x̂1 − L2√

2σ2
e(t)

)]
, (C.22)

where σ2
e(t) is given by (40). Along the same lines as above, we obtain for the product

mass of a single dispersive lamella

δmC(t) = c0

√
2

π
σe(t)

(
1− exp[−Ae(t)2] +

√
πAe(t)erfc [Ae(t)]

)
, (C.23)

where we defined Ae(t) = L/
√

2σe(t)2. The solutions (53) and (55) are obtained in the

limit L→∞. Note the the product mass mC(t) can be approximated by the product

mass for L→∞ as long as Ae(t)� 1, this means σe(t)�
√

2L.
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