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(Received 10 May 2017; accepted 28 August 2017; published online 12 October 2017)

We investigate the dynamics of semiconductor lasers subject to time-delayed optical feedback

from the perspective of dynamical self-injection locking. Based on the Lang-Kobayashi model, we

perform an analysis of the well-known Low Frequency Fluctuations (LFFs) in the frequency-

intensity plane. Moreover, we investigate a recently found dynamical regime of fragmented LFFs

by means of a locking-range analysis, spectral comparison and precursor pulse identification. We

show that LFF dynamics can be explained by dynamical optical injection locking due to the

delayed optical feedback. Moreover, the fragmented LFFs occur due to a re-injection locking

induced by a particular optical pulse structure in the chaotic feedback dynamics. This is corrobo-

rated by experiments with a semiconductor laser experiencing delayed feedback from an optical

fiber loop. The dynamical nature of the feedback injection results in an eventual loss, but also pos-

sible regaining, of the locking, explaining the recently observed phenomenon of fragmented LFFs.

Published by AIP Publishing. https://doi.org/10.1063/1.5006945

The complex dynamics of semiconductor lasers subject to

time-delayed optical feedback originally represented a nui-

sance and impacted the performance of these lasers nega-

tively. The dynamical phenomenon of Low Frequency

Fluctuations (LFFs) is a prominent example1–11 that has

widely been studied due to its ubiquity and the variety of

time scales involved in the dynamics.
12

LFFs are charac-

terized by fast intensity fluctuations occurring during a

gradual power-buildup phase and erratic subsequent sud-

den power dropouts. These power dropouts recur on a

much slower time scale than the fast intensity pulsations

and even slower than the time scale introduced by the

delay. In this paper, we apply a complementary perspec-

tive to the usual approach to interpret the emergence of

the recurring LFF pattern. We conceptually treat the feed-

back as an externally injected drive signal to the otherwise

stable free-running laser and view the emission properties

as the result of dynamical injection-locking between the

laser and its own delayed output. Extending the earlier

work which introduced a similar perspective,2,13 we show

that LFF dynamics is associated with dynamical injection

locking and its eventual loss in the high gain region

(HGR), and, moreover, can also exhibit the possibility of

sudden regaining of the locking to the high gain region.

I. INTRODUCTION

Injection locking is a well-known synchronization phe-

nomenon that has been investigated in many different kinds

of oscillators.14–17 In optics, injection from an external

source is used e.g., as a tool to improve the coherence of

high-power lasers, to improve the performance of semicon-

ductor lasers in optical communication schemes, or to

enhance their dynamical bandwidth. Optical injection refers

to the situation where one laser is injected by a signal from

another (drive-) laser.18 In the case of injection locking, the

emission frequency of the injected laser is determined by the

optical frequency of the external signal.

Previous works investigated the synchronization of a

free-running response laser to a chaotic drive laser from

which it received optical injection. This was also studied for

cases in which the drive laser was exhibiting LFF-dynamics

induced by a delayed optical feedback.19–28 If both lasers are

perfectly matched and there is no detuning of the respective

free-running emission frequencies, the lasers desynchronize

only during the power-dropouts. This synchronization was

attributed to injection locking of the response laser to the

driver.26,28 Since the behavior of the response laser corre-

sponds directly to the dynamics induced by delayed feedback

from an external cavity, we thus view this synchronization as

corresponding to dynamical injection locking of a laser to its

own delayed feedback, in correspondence with Ref. 2. Later,

the injection locking criteria for the case of dynamical injec-

tion locking were found to be similar to those for stable

external injection.26,27 The combination of optical feedback

and continuous-wave optical injection has also been stud-

ied,29 showing the intricate relationship between feedback

instabilities and injection locking.

Experimental work30,31 on the LFF regime confirms and

illustrates the predictions of the Lang-Kobayashi (LK)

model3 for the dynamics in the phase space defined by the

intensity, carriers and the optical frequency of the laser. In

addition, the existence of a different manifestation of LFF

dynamics was shown,31 which is characterized by sudden

switching between the low output power following a dropout

and the high power, corresponding to the pre-dropout state.
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These sudden switches reoccur almost periodically with the

external cavity roundtrip delay. The switches from low to

high power are accompanied by rapid transitions of the emis-

sion frequency from the vicinity of the solitary laser fre-

quency to modes of the external cavity with a higher gain. A

phenomenologically similar dynamical regime was also

identified in ring lasers,32 but not analyzed in detail. Due to

the recurring structure of alternating segments of post- and

pre-LFF dynamics, this regime has been named “fragmented

LFF”. To understand its origin more thoroughly, we provide

a detailed analysis. In particular, we explain the dynamical

properties of this regime in the context of injection locking

and supporting the perspective that delayed feedback-

induced dynamics can be understood as a consequence of

continuous self-injection locking.

II. RATE EQUATION DESCRIPTION

Rate equation models have been extensively used to

understand the dynamical behavior of semiconductor lasers.

They allow for analytical insights and serve as a basis for

numerical simulations. Thus, a quantitative and qualitative

comparison with experiments can be obtained. The rate

equations for the field EðtÞ and carriers N(t) in a semiconduc-

tor laser subject to optical injection or optical feedback read

_EðtÞ ¼ 1

2
1þ iað Þ GðEðtÞ;NðtÞÞ � cð ÞEðtÞ þ jAðtÞ; (1)

_NðtÞ ¼ J=e� ceNðtÞ � GðEðtÞ;NðtÞÞjEðtÞj2; (2)

where AðtÞ ¼
ffiffiffiffiffiffiffi
Pinj

p
eixi t is chosen for optical injection and

AðtÞ ¼ Eðt� secÞ eix0sec for optical feedback, with sec being

the delay time. In the latter case, these equations represent

the so-called Lang-Kobayashi model.33 In Eqs. (1) and (2),

the gain is defined as GðIðtÞ;NðtÞÞ ¼ g NðtÞ�NT

1þ�IðtÞ , with g being

the differential gain, NT the carriers at transparency, � the

gain saturation coefficient, and intensity IðtÞ ¼ jEðtÞj2. Other

parameters and constants in the rate equations are the line-

width enhancement factor a, the photon decay rate c, the

pump current J, the electron charge e, and the carrier decay

rate ce, respectively. Finally, j is the feedback or injection

rate, xi is the angular frequency of the injected field, x0 is

the angular frequency of the free-running laser, and Pinj is

the injected power.

A. Optical injection

In the case of continuous wave (CW) optical injection,

two main conditions for locking behavior have been found:

the detuning between the frequency of the injection laser and

the frequency of the injected laser must not be too large, and

the injected power has to be sufficiently high.4,34,35 A com-

mon formulation of the necessary locking condition is4

jDxj � xL ¼ j
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p ffiffiffiffiffiffiffi
Pinj

PL

r
; (3)

where Dx ¼ xi � x0 is the angular detuning between the

emission frequencies of the injection laser (xi) and the free-

running laser (x0). In Eq. (3), xL and PL denote half of the

detuning locking range and the locking power, respectively.

Both are calculated from the relative equilibria of the locking

case

EðtÞ ¼
ffiffiffiffiffiffi
PL

p
eiðxi tþ/LÞ nðtÞ ¼ DnL: (4)

However, it was shown4,34,35 (also, see Ref. 4) that lock-

ing is not always stable, if condition (3) is met. Due to the

condition34

Dx ¼ �j
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p ffiffiffiffiffiffiffi
Pinj

PL

r
sin ð/L þ arctanaÞ ; (5)

for the detuning Dx resulting from the calculation of relative

equilibria of Eqs. (1)–(2), it can be seen that (3) is a neces-

sary, but not sufficient locking condition. From Eq. (5), it

follows for the locked phase /L

/L ¼
�arctana� arcsin

Dx
xL

�arctanaþ arcsin
Dx
xL
þ p:

8>><
>>: (6)

From Eq. (6), it can be seen that locking stability is asym-

metric for negative and positive detuning Dx. This asymmetry

stems from the amplitude-phase coupling expressed by the

linewidth enhancement factor a. The maximum output power

is attained for negative detuning.34 From the Routh-Hurwitz

stability criterion, it can be deduced that almost only for a cer-

tain band on the negative detuning side in the ðDx;PinjÞ sta-

bility diagram, injection locking is stable. For negative

detuning Dx < 0, stable locking (within the locking range)

always exists, in contrast to positive detuning.4

B. Optical feedback

We now consider a time-delayed feedback signal from

an external cavity instead of the external signal injection.

The resulting phase condition for solutions of Eqs. (1) and

(2) then reads36

x�x0ð Þsec¼�jsec
jEðt� secÞj
jEðtÞj

ffiffiffiffiffiffiffiffiffiffiffiffi
1þa2

p
sinðxsecþ arctanaÞ;

(7)

where x is the optical angular frequency. From this condi-

tion, one can derive the so-called External Cavity Mode

(ECM) solutions3,5,7,37 as relative equilibria, which lie on an

ellipse in the carrier-frequency plane. Equation (7) for the

optical feedback case directly corresponds to condition (5)

for the case of external signal injection. Thus, the injection-

locking criterion (3) again needs to be fulfilled.

If we consider feedback-induced dynamics, the spectral

drift typically associated with the chaotic dynamics is medi-

ated by matching the appropriate phase conditions and a drift

towards external cavity modes with a maximal gain.5,7,36

The linewidth enhancement factor a is crucial in this context,

since a nonzero a influences the frequency difference

between the solitary laser mode (SLM) and the mode
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exhibiting the highest gain, i.e., the maximum gain mode

(MGM).5 For a better understanding of the feedback-induced

instabilities, it is helpful to use the amplitude-phase formula-

tion of the dimensionless Lang-Kobayashi equations, which

can be rewritten as evolutions for the intensity IðtÞ ¼ jEðtÞj2
and for the phase difference over the delay interval gsec

ðtÞ
:¼ /ðtÞ � /ðt� secÞ , respectively,5

_IðtÞ
2IðtÞ ¼

1

2
G IðtÞ;NðtÞð Þ � cð Þ þ j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Iðt� secÞ

IðtÞ

s
cos gsec

ðtÞ þw
� �

;

(8)

_gsec
ðtÞ ¼ a

2
G IðtÞ;NðtÞð Þ � G Iðt� secÞ;Nðt� secÞð Þ½ �

� j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Iðt� secÞ

IðtÞ

s
sin gsec

ðtÞ þ w
� �

þ j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Iðt� 2secÞ
Iðt� secÞ

s
sin gsec

ðt� secÞ þ w
� �

; (9)

with the gain GðIðtÞ;NðtÞÞ ¼ gðNðtÞ � NTÞ=ð1þ �IðtÞÞ.
Important terms to understand the frequency dynamics

are the square root terms in the phase evolution Equation (9),

due to which a sudden drastic decrease in either the intensity

I(t) or in the delayed intensity Iðt� secÞ induces a large

change in the phase difference gsec
ðtÞ. Since the first term on

the rhs of Eq. (9) is negative most of the time, the itineracy

has a tendency towards lower frequencies, resulting in the

drift. This drift slows down, the more the trajectory

approaches the external cavity modes with a higher gain.

This is because the carrier number differences decrease

towards the lower end of the ellipse of ECMs, and the abso-

lute value of the first term in Eq. (9) with the driving factor a
thus decreases. In the region of higher gain ECMs, the sys-

tem therefore spends more time around each involved

ECM—the dwell time increases.28

III. LOW FREQUENCY FLUCTUATIONS

The common interpretation of the LFF behavior is that

the laser dynamics exhibits chaotic itineracy between the

external cavity modes with a drift towards the High Gain

Region (HGR), the area surrounding the MGM. Recent

experimental results31 confirm that the phase-space trajec-

tory itinerates from the vicinity of the solitary laser mode

(SLM) (which is defined by the free-running emission fre-

quency without any feedback) towards lower frequencies

during the power buildup, as was predicted by theory and

simulations.3 This phase space itineracy is guided by the

structure of the attractor of the delay system which is consti-

tuted by the ellipse of External Cavity Modes (ECMs) in

frequency-carrier space. The itineracy during the LFF

dynamics leads to an increase in the effective detuning of the

laser’s emission from its solitary frequency. This detuning is

maximal when the laser emits in the high gain region (HGR)

of the attractor, which is located near the lower end of the

mode ellipse. Laser emission at lower frequencies coincides

with a higher intensity output. The Lang-Kobayashi (LK)

model implies that the sudden power dropouts are

accompanied by large frequency jumps to the vicinity of the

solitary mode. In this paper, we elaborate on and extend the

view that the frequency jump is the result of a temporary

loss of dynamical self-injection locking.2

A. Numerical simulations

In the following, we numerically investigate the

feedback-induced LFF-dynamics from the perspective of

“self-locking”. To that end, we consider Eqs. (1)–(2) with the

time-delayed feedback. To account for spontaneous emission,

we add a Langevin noise term FE with hFEðtÞFEðt0Þi ¼ 2bce

ndðt� t0Þ and zero mean hFEðtÞi ¼ 0 to the field equation and

obtain the standard Lang-Kobayashi rate equations.33

The chosen parameters for our simulation are provided

in Table I. There, Jthr;sol defines the solitary lasing threshold

current.

The finite time emission frequency is calculated via the

phase difference gT over a time interval T

gT ¼ /ðtÞ � /ðt� TÞ ¼ xT: (10)

For this, we calculate the instantaneous phase /ðtÞ from

the complex field E. Without loss of generality, we set

x0 ¼ 2pf0 ¼ 0. x then equals the detuning Dx from the soli-

tary angular frequency. The frequency Df is then calculated by

Df ðtÞ ¼ 1

2p
Dx: (11)

In the following, we set T¼ 10 ns, unless otherwise stated.

The precise value of T does not have a qualitative influence

on the results, as long as it is at least an order of magnitude

larger than the period of relaxation oscillations of the laser

(0:1� 1 ns) and sufficiently small such that the events on

time-scales smaller than sec can be resolved.

In Fig. 1, we show the well-known “regular” LFFs in

the intensity (upper panel) and in the frequency (lower panel)

domain, obtained by numerically solving (1)–(2) with the

parameter values given in Table I. The dynamics exhibits

single power dropout events that are accompanied by fre-

quency jumps (red lines). “Regular” in this context is used

not to indicate a periodic appearance, but to contrast them

from the below discussed fragmented LFF. These power

dropout events initiate the successive power buildup phases.

TABLE I. Simulation parameters as in Eqs. (1) and (2).

Parameter Symbol Value

Linewidth enhancement factor a 3.0

Photon decay rate c 200 ns–1

Spontaneous emission factor b 10–6

Feedback rate j 56 ns–1

Feedback delay sec 80 ns

Solitary emission frequency x0 0.0

Carrier decay rate ce 1 ns–1

Gain saturation coefficient � 10�7

Differential gain g 10�5 ns–1

Carriers at transparency NT 1:8� 108

Pump current J 1:02 � Jthr;sol
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To emphasize the average power buildup after the power

dropouts, the intensity has been low pass-filtered with a cut-

off frequency of 250 MHz. We plot �Df to illustrate the sim-

ilarity of the dynamical characteristics in both domains. In

Fig. 1, we have highlighted in light grey (red) the trajectories

of length sec after the characteristic power drops and fre-

quency jumps.

In the same parameter regime, the regular LFF-dynamics

coexists with the dynamics of “fragmented” LFFs.31,32 Figure

2 shows an exemplary transition between the regime of regu-

lar LFFs with a single power dropout (yellow lines) and frag-

mented LFFs with multiple power drops (red lines) and jumps

(green lines) alongside the associated inverse frequency

behavior. In the fragmented LFFs, consecutive power drop-

outs and power jumps are separated by the feedback delay sec.

We denote the time of the first power dropout initiating

the fragmented LFFs as td, while the first power jump occurs

at time t0. This is illustrated by a magnified view of Fig. 2

which is shown in Fig. 3. Shortly after a power dropout at td,

the intensity dynamics exhibits at t0 a sudden increase to lev-

els comparable with pre-dropout magnitudes, which is

accompanied by an excursion to lower frequencies corre-

sponding to the HGR, i.e., to the frequencies before the drop-

out occurred.

The emission at lower frequencies and high powers lasts

until t ¼ td þ sec. Then, the intensity drops again and the

emission frequency jumps back to frequencies close to the

solitary laser mode (SLM), i.e., like following a regular

LFF-dropout. Repetitions of this process reoccur at t ¼
t0 þ m � sec; m ¼ 1; 2; :: forming a switching behavior, as

shown in the example in Fig. 2.

From extensive simulations of this dynamical regime,

we find the durations of post-dropout low intensity emission

intervals ½td; t0� in different fragmented LFFs to follow a

broad distribution. The sudden power increase can occur at

times t0 ranging from few nanoseconds to almost one delay

time after the dropout. The sudden power increase is associ-

ated with a sudden frequency change from the SLM region

to the HGR region resulting in sec-separated frequency pul-

sations. This indicates that injection locking plays an impor-

tant role for the observed dynamics.

To adopt the perspective of “self-injection locking,” we

illustrate the trajectory in the frequency-intensity space.

First, the locking condition in Eq. (3) has to be reformulated

to fit the framework of feedback injection. The injected

power Pinj thus now corresponds to the feedback intensity

Iðt� secÞ. The locking power PL is a steady state value, but

since our dynamics exhibits chaotic fluctuations, we choose

the long-time average intensity hIðtÞi ¼ 1
l

Pl
t¼0 IðtÞ � hIi,

with l being the length of the time series, to take its place.

With Eq. (11), the locking condition then becomes

2p � jDf j � j
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Iðt� secÞ
hIðtÞi

s

FIG. 1. Numerically obtained intensity (upper panel) and frequency (lower

panel) time series showing the regular LFF behavior. The characteristic

power drops and frequency jumps are marked in light grey (red) color. For

clarity, the intensity has been low pass-filtered with a cutoff frequency of

250 MHz.

FIG. 2. Numerically obtained intensity (upper panel) and frequency (lower

panel) time series showing the transition from regular LFF dynamics to

unconventional “fragmented LFF” behavior. The intervals of rapidly

increasing frequency and the corresponding intensity drops are drawn in

light grey (red) and intervals of rapid frequency decrease and power jumps

are shown in grey (green). For clarity, the intensity has been low pass-

filtered with a cutoff frequency of 250 MHz.

FIG. 3. Magnified view of the intensity dynamics shown in Fig. 2. td marks

the time of the first power drop in the fragmented LFFs and t0 is the time of

the first rapid power increase following that first dropout.
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and thus the locking boundary

Iðt� secÞ
hIðtÞi ¼

2p � Dfð Þ2

j2 1þ a2ð Þ : (12)

For comparability with Eq. (12), we rescale our intensity

dynamics I(t) correspondingly by normalizing it analogously

to the left hand side of Eq. (12) to IðtÞ=hIi.
In Fig. 4, we plot the LFF dynamics shown in Fig. 1,

now in ðDf ; I=hIiÞ-space. As in the time series, the power

dropout intervals are marked by dark grey (red) lines, while

the rest of the (low pass-filtered) dynamics is depicted in

grey. In addition to showing the slow components, we here

show the dynamics also with a slightly larger filter band-

width of 1 GHz to illustrate the influence of faster pulsations.

Furthermore, we indicate the boundary of the (static) injec-

tion locking region according to Eq. (12) by a dashed line,

which in this representation has a parabolic shape. The

region of stable injection locking in this space is above the

dashed line.

The LFF cycle begins close to the SLM (lower right cor-

ner of Fig. 4), where the power buildup starts. The buildup is

accompanied by a frequency drift towards lower frequencies,

which leads to an increase in the effective detuning Df of the

emission frequency from its solitary value. At some point,

the power suddenly drops, while the trajectory is in the HGR

(upper left corner of Fig. 4). In Fig. 4(b), the representation

with 1 GHz filtering shows that due to the large variations

due to chaotic pulsations, the trajectory can temporarily

leave the region of stable injection locking. This can cer-

tainly be mediated by partial destructive interference

between the driving feedback field and the field at the same

time within the semiconductor laser cavity. As long as the

trajectory remains close to the HGR, the laser can get imme-

diately relocked, in particular, if the phase coherence

between the feedback field and the laser field is (partially)

restored. If, however, the excursion is long enough, so that

the laser does not regain locking immediately, a power drop-

out occurs. Then, the laser is no longer injection locked to

the driving feedback field. For about one delay time sec, the

laser remains unlocked to its feedback. In Fig. 4, this can be

recognized by the red trajectory leaving the dashed blue

injection locking boundary. After the loss of locking, the

feedback field is no longer sufficient to restore injection

locking. After about one delay time sec, the laser frequency

and the feedback drive are both around the solitary frequency

(Df ¼ 0), and self-injection locking is regained. Thus, the

laser emission is again injection locked to its own feedback

signal, and the LFF dynamical cycle starts again. This inter-

pretation is in no contradiction to the usual interpretation

based on trajectories around modes and antimodes (ECM),3

but provides a complementary extended perspective. It high-

lights the role of partially destructive (constructive) interfer-

ence for losing (maintaining or regaining) the self-injection

locking and therefore for the temporally irregular occurrence

and characteristics of the dropout events. Moreover, it also

allows for the explanation of the occurrence of fragmented

LFF, which is less intuitive in the often used ECM picture.

The corresponding phase space plot for the case of frag-

mented LFF is shown in Fig. 5, which matches the dynamics

depicted in the time series in Fig. 2. The light grey (yellow)

line denotes the trajectory of the preceding regular dropout,

the red and green lines represent intervals of power dropouts

and associated frequency jumps beginning at t ¼ td þ m � sec

and intervals of power jumps and associated frequency

excursions beginning at t ¼ t0 þ m � sec, respectively. Also,

for these “fragmented” LFFs, the dropouts are associated

with temporary unlocking from the feedback signal and the

trajectories cross the locking boundary resulting in a power

dropout.

The jumps back to high power are accompanied by fre-

quency shifts to pre-dropout frequencies within the HGR.

The trajectory remains inside the locking range until the fol-

lowing power drop occurs indicating re-injection locking

during that interval. The trajectories of the multiple transi-

tions from the SLM-region to the HGR form a dynamical

“channel” that is not being observed during regular LFFs.

FIG. 4. Regular LFF dynamics corresponding to Fig. 1 in frequency-

intensity space (grey). The power dropouts and frequency jumps are shown

in dark grey (red). The intensity has been low pass-filtered and normalized

by the overall average. The region of stable injection locking is above the

dashed line, according to Eq. (12). (a) The intensity has been low pass-

filtered with a cut-off frequency of 250 MHz. The arrows indicate the tempo-

ral evolution of the LFF dynamics. (b) The intensity has been low pass-

filtered with a cut-off frequency of 1 GHz.
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The high delayed feedback intensity, still originating from

HGR emission, can relock the laser after its original ejection

from the HGR. With each repetition of the switching process

the transitions begin at a larger intensity level and an increas-

ing frequency detuning from the SLM. In fact, the low inten-

sity periods of the switching process follow the common

regular LFF trajectory. This is in correspondence to the

observations in recent experiments.31

To put our results into context with the earlier insightful

work by Mørk et al.,2 we note that they had identified a bist-

ability between two stable states or a stable state and a limit

cycle solution. These solutions had been associated with a

self-injection locked solution and an unlocked solution. As an

origin of the switches, noise was considered the source of the

dropouts in regular LFFs. In our work, we identify the chaotic

dynamics with its fast intensity pulsations as the origin of the

switches from the HGR emission towards the solitary laser

frequency. We have accordingly analyzed the behavior on

faster time scales than the delay time which was chosen in

Ref. 2. This dynamical view has consequences. The fast cha-

otic pulsations affect the onset of the regular LFF due to the

pulsating nature and the corresponding time windows of low

intensity in-between, therefore, not necessarily requiring

noise. Moreover, as discussed in this section, we find an

almost immediate switching back to the HGR (within one

delay time) that eluded the studies in Ref. 2, due to the lack of

temporal resolution and deterministic high intensity pulses. In

fact, in their work, the bistability vanishes with the dropout

and reoccurs only after about ten delay times, a typical feature

of the regular LFF behavior. In Secs. IV–VI, we discuss the

role of the spectral characteristics and the importance of cha-

otic high intensity pulses for the onset of fragmented LFFs.

IV. FREQUENCY LOCKING IN THE SCENARIO OF
FRAGMENTED LFFS

To gain further insight into the role of re-injection lock-

ing for fragmented LFFs, we compare the spectral

characteristics of the high-power emission intervals with the

spectral characteristics, one delay time sec before. The laser

with feedback emits a broad emission spectrum within any

time interval. Therefore, we do not consider the frequency

derived from the delay phase difference in Eq. (10), which

reduces the spectral information to a scalar value, but the

whole spectral composition. To that end, we calculate the

short-time emission spectra S(t) via Fast Fourier

Transformation (FFT) of the complex field EðtÞ during 4 ns

intervals (800 sample points) centered around time t.
Figure 6 shows the spectral dynamics of the fragmented

LFFs depicted in Fig. 2 with the spectra S(t) calculated as

described above. The optical power spectral density (PSD) is

shown grey-coded in the log-scale, while the (red) line

depicts the spectral center of mass of the current emission.

Re-injection locking requires that the previous time-

delayed spectrum and the current spectrum match. To dem-

onstrate the spectral correlation in the fragmented LFFs, we

pick as an example an instantaneous emission spectrum from

the center of the interval ½t0; td þ sec� and the corresponding

spectrum of the delayed feedback from ½t0 � sec; td� (see

arrows in Fig. 6). These spectra are depicted in Fig. 7 and

show very high congruence. We note that upon investigation,

all pairs of spectra extracted in this manner at appropriate

times in fragmented LFFs match to a similar degree. This

confirms the role of re-injection locking during LFF-

fragmentation.

V. DYNAMICAL PRECURSORS

LFFs are initiated with the original (primary) power

dropout. The existence of a prehistory leading to a power

dropout has been discussed before and indications of a deter-

ministic mechanism leading to the dropouts were identi-

fied.30 Also, the occurrence of the fragmented LFFs might

depend on the pulse properties in the dynamics preceding the

dropout. Accordingly, we investigate the existence of com-

mon dynamical precursors to the re-injection locking events

by analyzing intensity time series in the fragmented LFF

FIG. 5. Fragmented LFF dynamics corresponding to Fig. 2 in frequency-

intensity space (grey). The colored parts correspond to the intervals marked

in the same color in Fig. 2. The intensity has been low pass-filtered and nor-

malized by the overall average. The dashed line depicts the edge of the

injection-locking range, according to Eq. (12).

FIG. 6. Spectral dynamics S(t) during the transition from regular to frag-

mented LFF behavior (see Fig. 2). The spectral information is grey-coded as

power spectral density in the logarithmic scale and the dark (red) line depicts

the current spectral center of mass.
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regime. In particular, we extract from our simulated time

series, all instances of a dynamical transition between regu-

lar LFF-dynamics and LFFs with fragmentation. We limit

our analysis to these cases to make sure that the studied rein-

jection patterns are not initiated by previous fragmentation

pulsations. From our simulated data, we identify 36 clear

transitions of this type and we use the dynamics of these 36

cases to investigate common precursors.

Figure 8 shows a 2D histogram of the feedback intensi-

ties of the 36 re-injection locking cases around time t0 � sec.

The feedback-histograms are computed for 4 ns time win-

dows around t0, i.e., for jEðtÞj2 with t in ½t0 � sec � 2 ns; t0

�sec þ 2 ns�. The dynamics used to obtain the histogram in

Fig. 8 have been low pass-filtered with a cutoff frequency of

1 GHz for clarity. The (red) line depicts the average intensity

over all the aforementioned 36 instances. The histogram

shows a clustering in bins that correspond to a significant

pulse structure forming at time t ¼ t0 � sec. The average

dynamics time trace reflects the existence of this pulse struc-

ture as well.

We attribute this characteristic pulse structure to be

responsible for the resulting intensity- and frequency-jumps

constituting the re-injection locking phenomenon and initiat-

ing the observed dynamical trajectory back into the HGR.

Thus, we can identify a dynamical precursor or initiator for

the re-injection locking intervals characteristic of the frag-

mented LFF regime. It is important to note that, although

exhibiting a certain pulse structure, the particular intensities

of the pulses resulting in re-injection locking show a statisti-

cal spread. We again interpret this such that it is the combi-

nation of the precursor pulse structure fed back to the laser

along with the current state of the laser system, which deter-

mines whether the trajectory back to relocking in the HGR

can be completed.

Figure 9 depicts how the identified precursor pulse

structure builds up over time approaching t ¼ t0. We show

the averaged intensity time series within 4 ns intervals of all

36 re-injection cases for time shifts of integer multiple delay

times before t0, i.e., at times t0 � n � sec with n ¼ f20; 15;
10; 5; 1; 0g. The pulse structure develops as a peak-valley-

peak structure that evolves towards a high peak structure.

The panel on the lower right of Fig. 9 shows the primary

re-injection locking event. Originating from being close to

the solitary laser emission frequency after the dropout, the

system exhibits a sudden power increase and subsequent

intensity levels corresponding to the pre-dropout levels. The

consistent shape of the high peak structure triggering the re-

injection locking can be interpreted to be related to the

observation that certain phase space trajectories lead to

unusually large amplitude pulses in semiconductor lasers

with optical feedback or injection.38,39 Depending on the

operating conditions and the laser parameters, the character-

istic pulse events can be rare, occurring only for very few

dropout events, or they can be more frequent having a high

probability to occur within the first delay time after the drop-

out. Here, these characteristic pulse events are not only

FIG. 7. Comparison of optical power spectral density emitted before the first

dropout at time td (see Fig. 3) in fragmented LFFs and one delay time sec

later, just after re-injection locking occurs (see arrows in Fig. 6).

FIG. 8. Precursor pulse for the re-injection locking event: a 2 D-histogram

of 36 intensity traces in 4 ns intervals surrounding the time t ¼ t0 � sec. The

dark grey (red) line depicts the average over all traces. The intensity has

been low pass-filtered for clarity with a cutoff-frequency of 1 GHz.

FIG. 9. Evolution of average precursor pulse approaching the time of the re-

injection-locking event. Shown is the average intensity over 36 similar

pulses during 4 ns intervals centered around t ¼ t0 � n � sec for

n ¼ f20; 15; 10; 5; 1; 0g. The lower right panel (n¼ 0) shows the beginning

of the actual re-injection locking interval with a significant increase in aver-

age intensity after the precursor pulse.
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interesting from a statistical point of view, but also have a

direct consequence, resulting in a significant change in the

subsequent dynamical evolution.

The build-up of the average precursor pulse can be bet-

ter seen in a spatio-temporal representation. In this represen-

tation, the delay time acts as a pseudo-space variable, and

subsequent sec-segments are plotted on top of each other40

reflecting the temporal evolution of the trajectories in the

spatio-temporal representation. In Fig. 10, we show the evo-

lution of the average dynamics preceding a re-injection lock-

ing event in the fragmented LFF. As it can be seen at the

bottom of Fig. 10, a peak-valley-peak structure builds up

over several delay times, before the re-injection locking

event occurs at the top of Fig. 10. Phenomenologically, we

interpret the occurrence of the fragmented LFF as being trig-

gered by this characteristic pulse structure. If the chaotic

dynamics does not contain a trigger pulse structure of a simi-

lar kind, the dynamics will keep exhibiting regular LFFs

instead of fragmented LFFs. Thus, regular and fragmented

LFFs can coexist for identical numerical parameters or

experimental conditions, as also observed in experiments.31

VI. EXPERIMENTAL PRECURSORS

In the following, we compare these findings with experi-

mental observations, as presented in Ref. 31. The experimen-

tal setup and conditions are as in Ref. 31. A single mode

distributed feedback (DFB) laser diode emitting at k0 �
1543 nm is coupled to a single mode optical fiber (SMF-28)

forming a fiber-based feedback loop with a delay time of s ¼
77:6 ns. The feedback attenuation has been determined con-

sidering coupling losses and losses in the fiber loop to

amount to 	9 dB. The laser is biased at 7.75 mA, corre-

sponding to Ibias ¼ 1:04Ith. An optical attenuator and a polar-

ization controller are used to accurately define the feedback

conditions. A fraction of 10% of light in the fiber is coupled

out for detection and amplified by a semiconductor-optical

amplifier.

In order to visualize the pulse structure giving rise to the

re-injection locking and its evolution, we choose a similar

approach as for the precursors obtained from the numerical

modelling. The temporal position of the re-locking event is

obtained based on the time-resolved frequency information

measured by heterodyning.41 Following the initial dropout,

we locate the frequency transition from the SLM frequency

back towards the frequencies of high gain modes. Between

the onset of this frequency transition and the relocking pulse,

we find a temporal shift of 	12 samples—corresponding to

0.3 ns. Once the time t0 of the relocking event was identified,

each intensity trace was additionally aligned in time such that

the re-injection locking pulses are located at t ¼ t0. This step

required a fine adjustment typically within the range of 62

samples, corresponding to 650 ps. Such a small temporal cor-

rection lies well within the experimental uncertainty. Utilizing

a temporally resolved histogram with 20 bins in intensity, we

successfully identify the precursor in the experiment. The

resulting structure one time delay before the first re-injection

locking event is depicted in Fig. 11. The presented data corre-

spond to intensity dynamics of 33 individual events inside a

time interval ½t0 � sec � 2 ns; t0 � sec þ 2 ns�. The red curve

shows the intensity dynamics averaged over all 33 traces. By

visual comparison between Figs. 8 and 11, we see good agree-

ment between the numerical model and the experiment. We

therefore conclude that our interpretation of fragmented LFFs

as a dynamical re-injection locking of the laser due to charac-

teristic pulses from the delayed feedback is confirmed by the

experiment.

Following the methodology employed during the numer-

ical investigations, we now explore the temporal evolution

during the precursor build-up, until the final relocking.

Figure 12 depicts the optical pulse at the time of relocking

(n ¼ 0), the precursor (n ¼ 1), and finally 5 delay times

before the fragmenting event (n ¼ 5). Crucially, the average

precursor intensity reveals a pulse at t ¼ t0 � sec, which is

preceded by a short window of low optical intensity.

Therefore, the precursor at t ¼ t0 � 5sec in Fig. 12 follows a

valley-peak structure, reminiscent of the one observed in the

numerical simulations of Fig. 9 (n ¼1). In contrast to the

FIG. 10. Spatio-temporal representation of the evolution of the intensity of

the average precursor pulse approaching the time of the re-injection-locking

event (t¼ 0).

FIG. 11. Precursor pulse for the re-injection locking event: a 2 D-histogram

of 33 intensity traces recorded experimentally in 4 ns intervals surrounding

the time t ¼ t0 � sec. The dark grey (red) line depicts the average over all

traces.
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numerical simulations, we were not able to trace back the

precursor pulse for longer periods of time beyond 5sec, due

to the limited signal-to-noise ratio of the measured intensity

time-traces. Still, we provide experimental evidence of the

existence of such a characteristic precursor pulse well above

statistical fluctuations.

VII. SUMMARY

We have presented a detailed analysis of LFF dynamics

illustrating that dynamical injection locking and its loss can

be attributed to be the key mechanism underlying this

dynamics. We have shown that LFF dynamics continuously

fulfills the necessary conditions for injection locking except

for time intervals associated with the characteristic dropouts.

Elaborating on the dynamical regime of “fragmented” LFFs,

we have demonstrated by means of spectral analysis that the

additionally occurring intervals of high intensity pulsations

are characterized by frequency re-locking to the delayed

feedback signal. By a quantitative analysis of intensity

dynamics preceding the fragmentation, we found a character-

istic intensity pulse structure as a common dynamical feature

which is responsible for the re-injection locking. By compar-

ison with experiments, we could corroborate the initiation of

re-injection locking by such a characteristic pulse structure.
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