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Abstract
Ultracold atom experiments allow the study of topological insulators, such as the non-interacting
Haldanemodel. In this workwe study a generalization of theHaldanemodel with spin–spin on-site
interactions that can be implemented on such experiments.We focus onmeasuring thewinding
number, a topological invariant, of the ground state, whichwe compute using amean-field calculation
that effectively captures long-range correlations and amatrix product state computation in a lattice
with 64 sites. Ourmain result is that we showhow the topological phases present in the non-
interactingmodel survive until the interactions are comparable to the kinetic energy.We also
demonstrate the accuracy of ourmean-field approach in efficiently capturing long-range correlations.
Based on state-of-the-art ultracold atom experiments, we propose an implementation of ourmodel
that can give information about the topological phases.

1. Introduction

Ultracold atoms trapped in optical lattices allow the simulation of rich physicalmodels that cannot be easily
recreated in solid statematerials [1, 2]. Great experimental breakthroughs include the simulation of the Bose–
Hubbard [3] and Fermi–Hubbardmodels [4, 5], the implementation of fermionic and bosonic latticemodels
with artificial gaugefields, such as theHofstadtermodel [6–8] or topological Floquet bandmodels [9] and of
particular relevance for this work, the realization of theHaldanemodel [10]. TheHaldanemodel [11] is an
example of a 2D topological insulator (TI), a quadraticHamiltonianwith a non-trivial topological invariant
which, while being insulating in their bulk, supports protected currents along its edges [12]. An interesting
problem is the study of how this, or other TImodels, aremodified by the presence of interactions, either by
destroying the topologically protected phase, or by replacing it with other non-trivial phases. Somework has
already been done in thefield of interacting TIs, the spinlessHaldanemodel with nearest neighbor interactions
[13], theHaldane–Hubbardmodel with spin and on-site interactions [14–23], the Kane–Melemodel [24, 25],
pyrochlores [26], the synthetic Creutz–Hubbardmodel [27] or a general TI in the context of the fractional
quantumHall effect [28].

In this workwe study the topological phases of theHaldanemodel with spin 1/2 fermions for a broad range
of on-site interactions using twomethods: (i) amean-field approach inmomentum space that effectively takes
into account long-range correlations and (ii) amatrix product state (MPS) ansatz in a 2D lattice [29, 30]with
2×32 sites.We have found that the topological phaseswhich appear in the non-interactingmodel extend to
values of the interactionwhichmatch the kinetic energy of the fermions. In this broad range, themomentum
spacemean-field theory compares favorably with themore costly and difficultMPS simulations, and the
winding number provides an accurate characterization of the TI phase. For stronger interactions, the ground
state becomes aMott insulator, where, in accordance to earlier work, a non-trivial spin ordermay appear
[14–22]. On account of our numerical results, we discuss a possible ultracold atom experiment that can directly
simulate ourmodel, based on previous experiments with TIs [6, 7, 10] and themeasurement of topological
properties [31].
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The article is structured as follows. In section 2we describe a generalization of theHaldanemodel with spin–
spin on-site interactions, how topology arises in the non-interacting limit and how it can be detected by
measuring thewinding number. In section 3we begin our study of interactions, introducing amean-field
variational wavefunction that exactly reproduces the non-interacting ground state. This function is a product
state inmomentum space andmay capture the long-range correlations needed to describe a topological phase
with interactions. Using a global optimization procedure, we estimate the ground state energy andwavefunction
within this ansatz.Wefind evidence of a topological phase for nonzero interactions, as well as a cross-over into a
Mott insulator and double occupancy regions for strongly repulsive and strongly attractive interactions,
respectively. In section 4we study the same problem, using theMPS ansatz spanned over a 2Dhoneycomb
lattice. Computationally intensive simulationswith up to 64 lattice sites and bond dimensions up to 180 confirm
the predictions of themean-field ansatz, including the topological phase transition and cross-overs, and show
the accuracy of this simple wavefunctionwhen estimating the ground state energy. Section 5 discusses the
modifications needed to implement ourmodel using state-of-the-art experiments [10], including state
preparation and detection of topological and trivial phases.We close this workwith a brief summary and
discussion in section 6.

2. Themodel

TheHaldanemodel is aHamiltonian that describes themotion of particles in a honeycomb latticewith nearest-
and next-to-nearest neighbor hopping amplitudes. The topological nature of themodel arises from the existence
of complex hopping amplitudes, which in ourworkwe place in the nearest neighbor hopping. The honeycomb
lattice is composed of two triangular lattices, whichwe denoteA andB. Each site will be able to host up to two
fermionic particles in state s ,Î  { }, whichwe denotewith creation operators ai s,

† and bi s,
† for the two sites of

the ith unit cell. The fullmodel describing this system reads

H H H U a a a a b b b b , 1
i

i i i i i i i i0 0 å= + + +         ( ) ( )† † † †

where H s0, is the kinetic energy of each fermionic species, andU is the on-site interaction between
distinguishable fermions.

The kinetic part has the usual form

H t a b t a a t b b a a b be h.c. . 2s
i j

i s j s
i j

a i s j s b i s j s
i

i s i s i s i s0
,

i
, ,

,
, , , , , , , ,ij å å å= - + - + - -f

á ñ áá ññ

( ) ( ) ( ) ( )† † † † †

This non-interactingmodel contains afirst-neighbor hopping, t, which is affected by a phase that grows linearly
along the lattice directionp, p x xij i jf = -( ). There are also twonext-to-nearest neighbor hopping amplitudes
ta and tb, on the respective sublattices (see figure 1); and an on-site energy imbalance between lattices ò.

Ourmodel is a variation ofHaldane’s originalmodel in that the complex phase is located at the first-
neighbor hoppings.When t ta b=∣ ∣ ∣ ∣bothmodels are topologically equivalent in the sense that there always
exists a continuous path in parameter space that connects onemodel with the otherwithout breaking the

Figure 1. (a) Scheme of the honeycomb latticewith sublatticesA andB in colors blue andwhite, respectively. Parameterst, ta andtb
stand for the hopping amplitudes andp for the external phase. ò represents the energy imbalance between sublattices andU is the on-
site interaction energy between particles with opposite spin. (b)Topological phases of the non-interactingmodel as a function of the
sublattice imbalance ò and the phasef of the nearest neighbor tunneling along thep direction.
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topological phase. However, when t ta b¹∣ ∣ ∣ ∣andwith the introduction of ò, it is possible to reach other exotic
phases, such as a topological semimetal [32]. In this workwe set t=1 as unit of energy,fixing ta=−tb=0.1 to
small values that support a topological order but do not significantly affect the total bandwidth of the problem.
We also set the sublattice imbalance to zero, ò=0, to focus on the role of interactions and how itmay destroy
the topologically protected phases.

The hoppingHamiltonian for each spin population (2) is a two bandmodel that can bewritten as an effective
magnetic field acting inmomentum space. Introducing the Fourier transformed operatorsa sk, andb sk, , and the
pseudospin operators a b b axs = +ˆ † † , a a b bzs = -ˆ † † and i ,y z xs s s= -ˆ [ ], wefind

H sB k , , . 3s s
k

k0 ,å s= Î  ( ) · ˆ { } ( )

ThefieldB k( ) determines a preferred orientation of the expectation value for the single-particle operators is . In
absence of chemical potential, the groundstateΨ0 ofH0s is a half-filled state, for which the pseudospin field,
S ks( ), which is proportional to the expected value of the pseudospin operators, sk,s , satisfies

S k B k
1

2
. 4s sk0 , 0sáY Y ñ µ -( ) ≔ ∣ ∣ ( ) ( )

The direction and amplitude of the field B k( ) and of the pseudospin Ss are given by

f f t t gB k k k kRe , Im , , 5a b= + -( ) ( [ ( )] [ ( )] ( ) ( )) ( )
f k e , 6

i

p k v

1,2,3

i iå=
=

- -( ) ( )( )·

g k k wcos , 7
i

i
1,2,3
å=
=

( ) ( · ) ( )

where vi andwi are the vectors that connect a site with its nearest- and next-to-nearest-neighbors, respectively.
The half-filled ground state without interactions is therefore completely determined by the direction of the
pseudospin fieldsS ks( ) of both spin populations over the Brillouin zone.

An interesting property of the hoppingHamiltonian (2) is that different configurations of the vector field Ss

can be regarded as topologically distinct.More precisely, S ks( )may be regarded as amapping from the Brillouin
zone onto the sphere, S 1s =∣ ˆ ∣ , withSŝ the normalized orientation ofSs. Thesemappingsmay be classified by
the number of times the pseudospinSŝ wraps around the sphere, what is called thewinding number [33]

S S Sk k k k
1

4
d . 8s s k s k s

2
x yòn

p
= ¶ ´ ¶ˆ ( ) · [ ˆ ( ) ˆ ( )] ( )

Whenever the bandwraps one ormore times around the sphere, themodel is said to be topologically non-trivial.
This results in a nonzeroChern number and the existence of topologically protected edge currents when the
model is embedded in afinite domainwith boundaries or holes. Figure 1(b) shows the sumof thewinding
numbers of both spin populations in the non-interacting regime. Thewinding number is antisymmetric with
respect to thefluxf and the topological phases survive until the sublattice imbalanceò becomes of the order
of t ta b-∣ ∣. Contrary to the topological phases of the originalHaldanemodel, there are topologically trivial
phases atò=0.

A very important open question is what happens to the TImodel(1)when there are active interactions
between particles,U 0¹ . In such situations, the single-particle picture is no longer valid, but the systemmay
still exhibit topological properties, such as a non-trivial pseudospin pattern S ks( ), which gives rise to different
phases, or the existence of edge states, or, in the limit of infinitely strong interactions, perhaps the appearance of
true topological order.

In this workwewill analyze(1) using different variationalmethods—mean-field theory andMPSs—, with
the goal of classifying the approximate ground states of themodel. Ourmain tool in doing this will be the use of
thewinding number, ν, because it is a topological property that can be experimentally and numerically
determined, without access to thewavefunctions or parallel transport.

3.Mean-field

Wehave seen above that the ground state at half-filling andwithout interactions is uniquely determined by the
pseudospin field S ks( ) over the Brillouin zone, with one particle per unit cell inmomentum space. If we study the
non-interacting case but confine ourselves to half-filling, itmakes sense to approximate the ground state at
nonzero interactions by a product state inmomentum space

c cS S S S, 0 . 9
BZk

k k0 , ,Y ñ = ñ 
Î

   ∣ [ ] [ ] [ ]∣ ( )† †
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This ground state is constructed by placing one particle per spin in each of themomentum states,
c a bS S Ss s s s s s s sk k k, , ,a b= +[ ] [ ] [ ]† † † . Thesemodes are characterized by the fact that c c S k0 0s s s sk k k

1

2 , , ,sá ñ =∣ ˆ ∣ ( )† ,
where S ks( ) is a vector of norm1/2 and our variational parameter. All the information about the ground state is
thus given by two independent pseudospin fields S and S, with uniformnorm. The variational energy of this
wavefunction then reads as the functional

E
U

N
S S

U
S S B S B S, 2 2 2

2
, 10z z

k
k k

k
k k

kk
k kå å å= - - + +   

¢
 ¢[ ] · · ( )

whereN is the total number of unit cells in our lattice.We remark that, in the absence of interactionsU=0 this
mean-field approach is exact.

The formof the variational energy suggests that, when the interactions areweak enough compared to the
kinetic energy terms, U B∣ ∣ ∣ ∣, the topological phase will remain unaffected, and the ground state will adopt a
spin order determined by the effectivemagnetic field S S Bk k k, ,= µ -  . For strong repulsive interactions
U B ∣ ∣, themean-fieldmodel suggests that the vector field develops an antiferromagnetic order, where all spin
components point along theZ direction, S Sz z= -  . If we inspect the expression for the pseudospin

S a a b b a a b b U t
1

2
, , 11s

z
s s s s

i
i s i s i s i sk k k k k, , , , , , , , ,å= á ñ - á ñ ~ á ñ - á ñ ( ) ∣ ∣ ( )† † † †

we realize that this implies a phase separation between spin components, whereby different spin orientations sit
on different sublattices, i.e. particles  and  are placed on sublatticesA andB, respectively, or vice versa.
Moreover, because the transverse components are zero S x, y;0, thewinding number vanishes in this phase.
Similarly, for strong attractive interactions,U B- ∣ ∣, we expect a ferromagnetic order to develop, which
amounts to having bunching of particles on the same lattice sites, i.e. all particles tend to sit on the same
sublattice.

We have optimized numerically the variational energy for lattices with up to 400 sites, using a linear search
algorithm that starts with a randomdistribution of vector fields. For each of the variational ground states, we
have computed both a discrete approximation to thewinding number(8), as well as an order parameter that
detects phase separation and bunching. In the figure 2(a)weplot thewinding number of themean-field ground
state of a lattice with 20×20 unit cells.We see that the topological phases survive until the strength of the
interactions, U∣ ∣, is around three times bigger than the parametert. Infigure 2(b)weplot the double occupancy

Figure 2.Mean-field results of a lattice with 20×20 unit cells. (a)Topological phases in themean-field simulation signaled by the
winding number. (b) and (c)Mapof the pseudospinfield onto the Bloch sphere at points in phase space shown in (a). (b) represents a
pseudospin configuration that wraps thewhole sphere, therefore having 1;bn =∣ ∣ while the pseudospin configuration in (c) does not
wrap around awhole sphere, thus 0cn = . (d)Double occupancy of themean-field ground state, with the boundaries of the
topological regions extracted from (a) (dashed) (12).
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This order parameter is strictly zerowhen there are two particles per unit cell and both are equally distributed
over both sites, as it is the case of the non-interacting regionU=0. In the topological phase,D is strictly zero
and changes at the points at which the topological order disappears, U t 0∣ ∣ . For repulsive interactions,
U?0, the quantityD becomes negative with a discontinuous derivative. This behavior shown in figure 2(d) is
consistent with a second order phase transition to aNeel phase [14, 18], confirmed by our own simulationswith
MPS in the following sections.When interactions are attractive,U<0, the expectation valueD becomes
positive, implying that pairs of particles with opposite spin become correlated and tend to share the same lattice
sites. Note that in the non-topological regions, themean-field does not show the same abrupt behavior, but
predicts a cross-over fromD=0 to positive or negative values depending on the sign ofU.

4.MPS simulations

As a check of the validity of ourmean-field approachwe have used anMPS ansatz to compute the ground state of
the interactingmodel and thewinding number.MPS is a powerfulmethod to compute the ground state of
quantum latticemodels that relies on the low scaling of the entanglement entropy in ground states in 1D and 2D.
It describes a quantum state as a product of tensors on every lattice site

A A i i0 1 , 13
i i

i i
0 1

0 1

0 1åYñ = ñ 


∣ [ ] [ ] ∣ ( )

where the dimension of the ij indices are the physical dimensions of the system at the jth lattice site, and A jij [ ]
are the tensors corresponding to the same site, whose dimensions depend on the bipartite entanglement of the
state around j. This ansatz is an exact representation of every quantum state for sufficiently large tensors.
However, for practical applications one usually sets amaximum size, called bond dimension,χ, for every A jij [ ],
discarding configurations that contribute the least to total the ground state.

In our calculations we have constructed anMPS bymapping a lattice withN×Nunit cells [29, 30] to two
consecutive 1D systems in a ‘snake’ configuration, with a total of 2×2×N2 sites, one for each spin component
(see figure 3).We have focused our efforts in diagonalizing a 4×4 lattice using amaximal bond dimension of
χ=180. Lattices smaller than 4×4 unit cells did not output correct results for thewinding number, already in
the non-interacting analytical solution. Bigger lattices demanded a too large bond dimension that exceeded our
computational resources. As in themean-field simulations, we have restricted ourselves to situationswith half-
filling, which are of particular interest for large repulsive interactions.

As hinted in ourmean-field computation (figure 2), the non-trivial topological phases extend until the
interactions are comparable to the kinetic energy, U t3~∣ ∣ . For stronger interactions, the termU n ni A B i i,å Î  

becomes dominant and nonlocal expectation values ( c c i j,i já ñ ¹† ) approach zero, where different ferro- or
antiferromagnetic orders appear, which correspond to different distributions of the spin components in the two
sublattices.We identified the double occupancy as an appropriate order parameter tomeasure these distribution
effects.

Infigure 4we show themain results of ourMPS simulations. Due to the big computational effort involved in
theMPS, we have studied two representative lines in parameter space, demarked infigure 4(a). Thewinding
numbers along these lines are shown infigures 4(b) and (d). Thesewinding numbers have been computed by
extracting the expectation values c ci já ñ† from theMPS and then Fourier transforming them into bigger lattices

Figure 3. Scheme of our ‘snake’MPS spanning over a 4×4 unit cell honeycomb latticewith spin. The order inwhich the physical
indices are covered is indicated by the thick green line. TheMPS goesfirst through the latticewith spin up and then through the lattice
with spin down.
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of8×8, 12×12 or16×16 unit cells inmomentum space. This Fourier interpolation of the pseudospin field
allows us tomake amore accurate determination of thewinding number inmomentum space.We only keep
simulation results that have converged under this interpolation procedure. The selected values compare
favorablywith themean-field predictions for large lattices20×20, away from the phase transition.

Near the topological phase transitions, thewinding cannot be successfully interpolated from theMPS
simulations (see gray shaded areas infigures 4(b), (d)). However, this is not surprising. As amean-field shows, it
is difficult to determine accurately thewinding number with just4×4 pseudospins (see dashed orange line in
figures 4(b), (d)). Right on the topological phase transitions, the gap closes and it is therefore difficult for an
algorithm to determinewhether the pseudospin fieldmaps into a closed or an open surface (see figures 2(b)
and (c)).

Infigure 4(c)weplot the double occupancy of the ground state for theMPS computation and themean-field
at the linef=π/2. The expectation value of this observable should approach0when the interactions have no
effect on the ground state and the twoTIs are uncoupled(2). However,D should become1/4 in the strongly
attractive phases and−1/4 in the strongly repulsive phases, where particles with opposite spin are either
grouped or separated, respectively.We observe a good agreement between both simulations, specially at the
plateauD=0, where our results show a non-trivial topological phase.

We have also studied the staggeredmagnetization

m n n1 , 14
i

i
iå= - - ( ) ( ) ( )

which is shown infigure 5(a).We observe that the ground state remains in a paramagnetic phase until the
repulsive interactions destroy the topological phase. TheMPS results show, however, that the staggered
magnetization begins to grow slightly before the repulsive topological phase transition converts the state in a
topologically trivial one,U/t∼3, which could signal the existence of an intermediate topological phase, as
reported by other authors [15, 18, 20, 21]when the sublattice imbalanceò is nonzero. In the parameter space
studied in this work, ò=0, this phase reduces to a single point in parameter space, which is absent in themean-
field calculations. This observation is therefore consistent to both the effective disappearance of that phase, or it
being observed as afinite-size effect of the simulation. Beyond that point the image shows a strong evidence of a
second order topological phase transition atU/t∼3. Infigure 5(b)we observe the quasiparticle gap, defined as
the gap that openswhenwe either add or remove a particle to the ground state

E N E N E N E Nmin , . 15p p p p1 1D = - -+ -{ ( ) ( ) ( ) ( )} ( )

The adding or removal of a quasiparticle depends on the sign of the interactions. AtU>0 the gap is formed by
removing a particle, which effectively decreases the total energy of the system atU?t compared to the state
with onemore particle. Conversely, atU=0 the system can only lower its energy by adding a particle.We show
infigure 5(b) the behavior of the gap in themean-field thermodynamic limit to remark that the gap closings are
strongly size dependent, which is a consequence offinite-size effects. Note that the quasiparticle gap does not

Figure 4.Numerical results frommean-field (MF) (lines) andMPS (dots). (a)On top of theMFdiagram,we show the parameters
whichwe have explored in theMPS simulation. (b)Winding number atf=π/2. The symbols are given in the legend of (d). In green,
the critical interaction at which themean-field simulations go through a topological phase transition. The shaded areas are regions
where thewinding interpolationwas not successful. (c)Double occupancy of the points atf=π/2. (d)Winding number at the
lineU/t=1. The double occupancy at this line is constant,D=0.We offerMPS results for 4×4 unit cells and bond
dimensionχ=180;MF calculations reached a larger size of 20×20 unit cells.
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close at the topological phase transitions because these transitions occur in the subspace of equal particle
number, while the quasiparticle gap results from states with different particle number.

We have analyzed the convergence of ourMPS simulations up to bond dimensions ofχ=180 using two
different approaches. The simplest approach involves a finite-size scaling of the ground state energy as estimated
by theMPS (see figure 6(c)).We successfully fit the energy as E a ce ,b= +c

c- as a function of the bond
dimension. This behavior is a direct consequence of theMPS truncation error, but wefind that the results up to
χ=180 are almost converged.We can estimate those errors by analyzing the eigenstate fidelity, defined as

H

H
1 . 16F

2

2
e = -

á ñ
á ñ

( )

This quantitymeasures how close ourMPS is to a true eigenstate of theHamiltonian,H. This value is shown in
figure 6(a). Thefidelity isminimal around the non-interacting phase and increases aswemove towards the
second order phase transition atU;3t. This decreased fidelity is an evidence of stronger correlations.

We have also analyzed the performance of themean-field estimates against the extrapolatedMPS energy
E Elim= c c¥ ¥ . Figure 6(b) shows that themean-field ansatz ismarginally better than theMPS close to the
non-interacting region. This is an evidence of the long-range correlations that can be captured by this
momentum spaceGaussian state. Aswe approach the phase transition, themean-field becomes less accurate,
but the difference is very small.

5. Experimental setup

Ultracold atoms trapped in optical lattices provide an excellent tool to study the topological properties of the
Haldanemodel, in any of itsflavors. This has been demonstrated by the recent experimental work in [10]. A
crucial step to realize topological order in the lattice is to implement an effective gauge field on the phases of the
hopping amplitudes when a particlemoves through the lattice. There are two essential ways inwhich this is
done. Thefirst one is through laser assisted hopping [6, 7], inwhich the lattice is divided into two sublattices
which host atoms in different hyperfine states. A laser beam then transfers atoms between sublattices, while
imparting a complex phase. A secondway tomake complex hoppings is to periodically shake the lattice [10, 34].
This creates an effectiveHamiltonian such that particles acquire a complex phase as they hop between sites. This
secondmethodwas the one used to recreate theHaldanemodel in [10]. In that work the authors alsomeasured

Figure 5. (a) Staggeredmagnetization of themean-field (lines) and of theMPS (dots)with respect to the interaction energy at
f=π/2. The vertical green lines represent the critical interaction at which themean-field ground state undergoes a topological phase
transition. (b)Quasiparticle linear gapwith respect to the interaction energy. The dashed gray line shows themean-field quasiparticle
gap in a latticewith70×70 sites, whichwe take as a good approximation to the thermodynamic limit of the gap. The inset shows
different values of the gap at interactions:U=0,±1 in lattices of growing sizeNx×Nx. These values have a flat behavior in lattices
withmore than50×50 sites.

7

New J. Phys. 20 (2018) 043033 ARubio-García and J JGarcía-Ripoll



the Berry phases acquired by the atomwhilemoving through the Brillouin zone, an evidence of the topologically
protected phase.

Themodel implemented by Jotzu et al is topologically equivalent to theHamiltonian thatwe have
studied(1) in absence of interactions: both are related by a smooth, unitary deformation of the pseudospin field
that does not change the topological invariants. Our goal would be then to add interactions to the experiment, so
as to observe the survival of topological invariants and the phase transitions that have been evidenced in previous
sections. In [10] the authors used40K atoms in two internal hyperfine states, F m, 9 2, 9 2Fñ = - ñ∣ ∣
and 9 2, 7 2- ñ∣ , but their interactionswere suppressed using Feshbach resonances so that the effectivemodel
was a non-interacting version of(1). The introduction of interactions would ‘simply’ require adiabatically
moving away from the Feshbach resonance. Aswe have shown in previous sections, the ground state in the
interacting regime U t<∣ ∣ ∣ ∣, is smoothly connected to theU=0many-body state.We therefore expect that
adiabatically increasing the interactions should not introduce significant heating. Regarding the experimentally
achievable parameters, the authors report to the first-neighbor hoppings to bet h 746 81 , 527 17FN = - -[ ( ) ( ),

527 17 Hz- ( )] and the second neighbor hoppingst h 14, 14, 61 HzSN = [ ] , where h is Planck’s constant. The
ratio t t 0.05SN FN ~ is comparable to our simulations, and the experimental parameters set a limit of
interaction strength of aboutU t h3 1.5 kHzFN~ ~ ´ .

As discussed in [10], one of the limiting factors in the extension of this experiment toU 0¹ , is the increased
heating arising fromhaving two fermionic species in the lattice. Provided this can be solved as in other
experiments withHubbardmodels, wewould have access to study the physics of interacting TIs. The results
shown in this work demonstrate that it would be possible to experimentally characterize such systems using the
pseudospin field, S k( ). TOF images [32, 35]which reproduce themomentumdensity distributions in both
sublattices, n ka b, ( ), can reveal through thewinding number the existence or not of a topological phase. Those
experiments would also provide access to the study of non-equilibrium and transport physics in TIs, a topic that
reaches beyond the simulation capabilities ofmean-field andDMRGmethods.

6. Summary anddiscussion

In this workwe have studied the topological phase diagramof a TIwith spin–spin on-site interactions. To
identify these topologically non-trivial phaseswe have estimated thewinding number. Ourmain result is the
observation that the topological phases from the non-interacting TImodel are extremely robust against the
introduction of repulsive and attractive interactions, disappearing when interactions and hopping are
comparable, U t 3~∣ ∣ . This prediction is supported bymean-field andMPS calculations, both of which show a
remarkably good agreement in the detection of the topological phases.We have further characterized the
topological phase transitions using the double occupancy(12), whose first order derivative undergoes a
discontinuity when thewinding number changes, giving us a strong signal of a transition into a topologically

Figure 6.Convergence and fidelity of theMPS computations in the regionf=π/2. (a)Eigenstate fidelity of theMPS states at
different interaction energies. In green, the topological phase transitions of themean-fieldmodel. (b)Comparison of the extrapolated
MPS energy at infinite bond dimension, Ec¥, with themean-field energy. Areas shaded in orange are those at which themean-field
theory yields a better description than the extrapolatedMPS energy. (c)Energy convergence of twoMPS computations at different
bond dimensions. The parameterb in the horizontal axis corresponds to thefitting parameter of the energy, Eχ, and is dependent on
the interaction,U. Circles correspond to anMPS in a topological phase while triangles are a topologically trivialMPS. The dashed lines
are the extrapolation of the respective energies to the limit of infinite bond dimension.
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trivial phase.We have alsomade a proposal to study these phase transitions using an existing, state-of-the-art
implementation of theHaldanemodel [10], with the only requirement that interactions are reintroduced in the
experiment. Finally, the remarkable agreement between ourmean-field ansatz and theMPS simulations hints at
the capacity of the former to capture long-range correlations and entanglement,making this ansatz a simple
method to study topological phases with great accuracy. Further work to improve themean-field ansatz, and
study time-dependent variations are in order.
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