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● We live in an era of 

precision cosmology, 

where observations 

may  begin  to  

reveal tensions with 

general relativity.

● This opens a window to test deviations from classical General  
Relativity and falsify models, including quantum cosmology.

Introduction



  

● We consider a flat homogeneous and isotropic (FLRW) Universe 
provided with a massive scalar field  (the inflaton) and which 
includes (scalar, vector, and tensor) perturbations. 

● The action is truncated at quadratic perturbative order, with the 
background treated exactly at that order. 

● In this perturbative scheme, the total system is a constrained 
system with a canonical structure.

● Using spatial, vector, and tensor harmonics, constructed from 
the Laplace-Beltrami operator on the spatial sections, we expand 
the perturbations in modes, zero-modes excluded. 

The model



  

● Linear perturbative constraints generate 
perturbative  diffeomorphisms.   Only 
perturbative  quantities  not   affected 
by these transformations are physical: 

                      GAUGE INVARIANTS.

● Tensor perturbations are gauge invariants.

● The Mukhanov-Sasaki invariant is related to the comoving 
curvature (scalar) perturbations.  Its momentum  can be chosen 
proportional to the time derivative.

● One can find momenta  for the linear perturbative constraints, 
that commute with the gauge invariants. 

Perturbations



  

● In all these considerations, the background  variables (zero-
modes) had been kept fixed.          [Langlois]

● The variables for the perturbations can be completed into a 
canonical set for the whole system.

● Zero-modes are corrected with a fixed quadratic contribution of 
the perturbations. The corrected zero-modes  are the genuine 
free (background) variables.

● The change modifies the quadratic perturbative contribution 
to the global Hamiltonian constraint. 

The resulting global Hamiltonian constraint is an invariant.

Background correction



  

● Due to  the  perturbative  constraints, 
physical states depend just on
zero-modes and gauge invariants. 

● They are still subject to one constraint: 
The global Hamiltonian constraint. 

● The inflaton may be used as internal time. 

● We adopt a Born-Oppenheimer ansatz: The dependence on the 
geometry zero-mode and on the gauge invariants factorize. 

● We consider background geometry states that evolve unitarily in 
the inflaton and are close to unperturbed solutions. 

Quantization



  

B-O approximation

● We assume a Born-Oppenheimer approximation.                  
                           

● Then, the diagonal element in the
background geometry provides the 
relevant part of the constraint.

● We obtain a master constraint 
equation for the perturbations, 
quadratic in the gauge invariants 
and the inflaton momentum.

● In principle, this constraint includes backreaction effects.        



  

 EOMs of the perturbations

● From this master constraint, we obtain corrected semiclassical 
dynamical equations for the gauge invariant perturbations. 

● For this, it is natural to introduce a conformal time  that 
depends on the state of the background geometry.

● The corrected EOMs are hyperbolic. They correspond to 
oscillators with time-dependent mass.  

● The scalar and tensor masses are given by ratios of (time-
dependent) expectation values of geometric operators.



  

LQC

● In Loop Quantum Cosmology, the canonical variables can be 
chosen as a volume     proportional to the cube of the scale  factor 
     and a scaled connection              

● Only holonomies  of the connection are meaningful. Their 
elements are combinations of                            is a gap of area. 

● These holonomies shift the volume in a constant, 

● We adopt a volume  representation with DISCRETE measure. It 
is not continuous and has superselection sectors.

● Highly peaked states  at large volumes (and  with large inflaton 
momentum) stay peaked under quantum evolution. 

v ,
b∝ ȧ /a .a ,

N±√Δ=e±i 2π√Δb . Δ

2πΔ .



  

 Bounce



  

Effective LQC

● The peak trajectory follows an effective dynamics.    

● On it, the time derivative of the scale factor is replaced with sine 
functions arising from holonomies:

● In this effective approximation, we replace expectation values by 
effective ones in the EOMs of the perturbations.

● We study regimes where one can neglect the backreaction.  

● In LQC, it is natural to set initial conditions at the bounce. For 
the background, only the value of the inflaton       is relevant.       
       

b∝ ȧ /a sin (4π√Δb)
4π√Δ

.

ϕB



  

 Effective masses

● EOMs of the perturbations:                    

● Masses:

●
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 Effective masses

Dressed metric 
approach

● Typically, the 
scalar and tensor 
masses (almost) 
coincide, and 
are positive. 

ϕb=0.97,

m=1.210−6

(Planck units) .



  

 Vacuum

● The choice of vacuum is crucial to derive the primordial spectrum. 

● We determine a basis of complex solutions       for the EOMs, 
orthonormalized with the Klein-Gordon product. 

● The perturbations are given by 

● Vacuum                Annihilation var.     Solutions basis     Initial  conditions

● A good parametrization of the initial conditions is

{μk}
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 Adiabatic vacua

● Unitarily equivalent vacua have restricted asymptotics. 

● This is the case of adiabatic states: iterative WKB solutions,

● Types: 

- Iterative states, starting with               (2 adiabatic orders 

- Obvious states, truncating at order  per iteration) 

● Adiabatic states depend on its order and on the initial time.
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 Non-oscillating vacuum

● Scalar and tensor power spectra:

● No-vacuum: minimizes

● It reproduces the Bunch-Davies vacuum in de Sitter.

● Other vacua are related by Bogoliubov transformations:
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● Other vacua:

 Non-oscillating vacuum

k−2−n ,

P̃ (k )=[1+2∣βk∣
2
+2∣αkβk∣cos (φαk−φ

βk+2φk
(no))]P(no)

(k ).

n

Phases of αk , βk , μk
(no) .

● The beta-coefficient   
decreases as          
    being the lowest  
adiabatic order for 

the two vacua.

The no-vacuum 
behaves like an 

adiabatic vacuum of 
order greater than 4.

ϕb=0.97,

m=1.210−6

(Planck units) .



  

 Power spectra

● Slow-roll:

- Second-order expressions at Horizon crossing for each mode.

- Extrapolations at second-order from a reference mode

- With a factor quadratic in 

- With the extrapolating function used by Planck:

● All these stategies give numerical results in good agreement.

ϵH=−d t H /H 2 , ηH=d t
2 H /(2Hd t H )<10−2 .
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 Power spectra

ϕb=0.97,

m=1.210−6

(Planck units) .

(2)



  

 Power spectra

Suppression (k<10-3)   Oscillations (10-3 < k <  4)  Slow-roll (k> 4).

ϕb=0.97,

m=1.210−6

(Planck units) .



  

 Power spectra

Suppression (k<10-3)   Oscillations (10-3 < k <  4)  Slow-roll (k> 4).

ϕb=0.97,

m=1.210−6

(Planck units).



  

 Power spectra

Suppression (k<10-3)   Oscillations (10-3 < k <  4)  Slow-roll (k> 4).

ϕb=0.97,

m=1.210−6

(Planck units).



  

● The ratio is    
approximately 
constant for 

the no-vacuum.

 Tensor-to-scalar ratio

Suppression (k<10-3)   Oscillations (10-3 < k <  4)  Slow-roll (k> 4).

ϕb=0.97,

m=1.210−6

(Planck units).

r=
PT

P R

.

rPl<0.1 (k=0.002 Mpc−1).



  

● The relation               (1st-order slow-roll) is approximately valid 
in the slow-roll region,  and in part of the  “oscillatory”  region for 
the no-vacuum.

 Consistency relation

Suppression (k<10-3)   Oscillations (10-3 < k <  4)  Slow-roll (k> 4).

r=−8nt

ϕb=0.97,

m=1.210−6

(Planck units).



  

 Scale matching

● While we set to one the volume at the bounce, observations are 
fitted setting equal to one the present volume.

● We match scales by identyfing a reference mode                    
used by Planck, with the scale in the slow-roll region in which we 
get the same amplitude for the scalar power spectrum.

● We have checked that, for this mode, the number of e-foldings 
since Horizon crossing to the end of inflation,                is 
acceptable.  

For 

k℘=0.05 Mpc−1 ,

N=ln (aend /a℘) ,

0.99≥ϕB≥0.95, 1.22≥106 m≥1.18 (Planck units) 62≥N≥59.



  

 Angular power spectra

● We employ the CLASS code with base           model with the best 
fit parameters of Planck, including weak gravitational lensing.

● If the observed
modes of lowest
    are in the su-
pression region,
there are effects
up to l≈20 .

ΛCDM

k

m=1.2 10−6

(Planck units).

no-vacuum



  

 Angular power 
spectra

(Planck units).

(no-vacuum)



  

 Angular power spectra

(Planck units).

Tensor modes

(no-vacuum)



  

 Conclusions

● With a region before  inflation, the choice of vacuum is crucial.  

● Oscillations are bounded in LQC, but nonetheless affect the 
spectra. The no-vacuum minimizes them. 

● Its tensor-to-scalar ratio is approximately constant. But the 
consistency relation is not valid for all modes.

● Suppression at low modes in the no-vaccum is important. The 
effects show up neatly in the BB correlation function.  
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