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Resumen

Introducción

La existencia de un fondo de neutrinos (CNB) es una predicción genérica del
modelo estándar cosmológico del Big Bang. La densidad numérica de este fondo
es aproximadamente del mismo orden que el fondo cósmico de microondas (CMB)
y su presencia ha sido establecida indirectamente gracias, en gran medida, a las
observaciones sobre abundancias qúımicas de elementos ligeros, provenientes de la
nucleośıntesis primordial (BBN) y, en investigaciones más recientes, gracias a los
datos sobre los anisotroṕıas del CMB y la distribución de estructuras a gran escala
(LSS) en el Universo.

La contribución del CNB a la densidad de enerǵıa del Universo depende de la
época considerada. A temperaturas elevadas el CNB contribuye al contenido de
radiación, dominante hasta que la expansión del Universo hace que la temperatura
caiga por debajo del eV. Si los neutrinos son masivos, como indican las evidencias
experimentales sobre oscilaciones de sabor, en algún momento de la evolución
del Universo los neutrinos del CNB pasan a ser no relativistas, contribuyendo
aśı al contenido de materia. Por sus caracteŕısticas, se sabe que estos neutrinos
masivos constituiŕıan materia oscura de tipo caliente (HDM), la cual no puede
ser la componente dominante del total de materia oscura porque produciŕıa una
distribución de estructuras a gran escala incompatible con las observaciones. Esta
influencia de los neutrinos como HDM se utiliza actualmente para obtener cotas
sobre sus masas a partir de datos cosmológicos, que son competitivas respecto a
los experimentos de medida de desintegración β.
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Por todo lo expuesto hasta ahora, queda claro que es importante conocer con pre-
cisión el espectro o distribución de momentos de los neutrinos del CNB, ya que se
emplea en todos los cálculos numéricos de la evolución del Universo. Presentamos
en esta tesis doctoral un estudio detallado del proceso de desacoplamiento de los
neutrinos cósmicos, que permita predecir su distribución de momentos más allá
del ĺımite de una distribución de equilibrio, tipo Fermi-Dirac (FD), empleado de
manera habitual en la literatura anterior.

Los neutrinos se producen en épocas muy tempranas de la evolución del Universo
y, junto con fotones, electrones y positrones, son los principales componentes
del plasma primigenio a temperaturas por debajo de la masa del muon (∼ 102

MeV). En este peŕıodo el equilibrio se mantiene a través de interacciones electro-
magnéticas y débiles entre las part́ıculas. No obstante, debido a la expansión del
Universo y al consecuente enfriamiento del mismo, el ritmo de interacción de las
diferentes especies de part́ıculas que lo componen decrece, hasta ser menor que
el propio ritmo de expansión. Cuando esto sucede con los neutrinos, las interac-
ciones entre éstos y el resto del plasma comienzan a ser ineficaces, produciéndose
el desacoplamiento y dando lugar a un fondo cósmico de neutrinos que evoluciona
de forma independiente al CMB.

El modo habitual de tratamiento del problema es el ĺımite de desacoplamiento ins-
tantáneo, que simplifica mucho la forma de abordar la resolución del mismo (ver
[2]). En este escenario los neutrinos acoplados tienen una función de distribución
de equilibrio de FD a temperatura T , que se mantendrá constante después del
desacoplamiento, puesto que tanto el momento como la temperatura sufren el
mismo corrimiento al rojo debido a la expansión del Universo. Poco después del
desacoplamiento del neutrino (Tdec), la temperatura de la componente electro-
magnética del plasma cae por debajo de la masa del electrón, favoreciendo las
aniquilaciones e+e− → γγ, lo que produce un “recalentamiento” del baño de fo-
tones. Si uno asume que esta transferencia de entroṕıa no afecta los neutrinos,
pues ocurre cuando ya se encuentran totalmente desacoplados, será sencillo cal-
cular la relación entre las temperaturas de los fotones y los neutrinos, que resulta
Tγ/Tν = (11/4)1/3 ' 1.40102. Sin embargo, los procesos de desacoplamiento
del neutrino y las aniquilaciones de e± se producen en intervalos de tiempo sufi-
cientemente próximos para que, si nos alejamos del escenario de desacoplamiento
instantáneo, algunas interacciones residuales entre ambos sigan siendo efectivas, lo
que dará lugar a distorsiones no termales en el espectro de los neutrinos. Además,
estos procesos de interacción, que son más eficientes a valores altos de la enerǵıa
(momento), provocarán un “incremento” algo menor de la temperatura comóvil
del baño de fotones respecto a los neutrinos. Estos procesos han sido descritos
en trabajos previos (para los primeros trabajos en la materia, vea [1] y la lista
completa en [7]).

Por tanto, un cálculo apropiado del proceso de desacoplamiento del CNB exige la
resolución de la ecuación de Boltzmann para el espectro del neutrino. Esto supone
la resolución de un sistema de ecuaciones cinéticas integrodiferenciales acopladas,
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que sólo podrán ser resueltas numéricamente. A principios de los años 90 varios
trabajos [21, 22, 23] realizaron estos cálculos asumiendo algunas aproximaciones,
tales como aplicar estad́ıstica de Boltzmann para el espectro de los neutrinos. Más
adelante fue realizado el cálculo numérico completo en [24, 25, 26, 27]. Finalmente,
[28, 29] incluyeron los efectos de las correcciones a temperatura finita de QED para
el plasma electromagnético. Los resultados obtenidos muestran como las distor-
siones causadas en las distribuciones de momento del neutrino son pequeñas y su
observación directa está fuera de nuestro alcance. Sin embargo, deben ser inclu-
idas en cualquier cálculo preciso de los observables relacionados con los neutrinos
cósmicos. Por ejemplo, las distorsiones conducen al aumento de la densidad de los
neutrinos del CNB que a su vez modifica la contribución de neutrinos masivos a
la actual densidad de enerǵıa del Universo.

Llegados a este punto cabe preguntarse sobre la posibilidad de extender los cálculos
a nuevos escenarios que han surgido recientemente. En los últimos años hemos
asistido al surgimiento de importantes evidencias que claman por la existencia de
f́ısica más allá del modelo estándar. Uno de los grandes hitos en este campo ha sido
la verificación experimental de las oscilaciones de neutrinos gracias a los resultados
combinados de diversos experimentos, ya sean de neutrinos solares, atmosféricos
o de reactores y aceleradores. Desde entonces, las oscilaciones de neutrinos han
sido estudiadas en diferentes ramas de la f́ısica de part́ıculas, mostrando un nuevo
marco de posibilidades. Uno de los propósitos del presente trabajo es el de estudiar
los posibles efectos de estas oscilaciones durante el proceso de desacoplamiento
del neutrino, máxime cuando este proceso depende del sabor, poniendo especial
atención a las distorsiones producidas en su espectro y las consecuentes variaciones
que se podŕıan observar en la nucleośıntesis primordial.

Desacoplamiento incluyendo oscilaciones de sabor

Los estudios anteriores del desacoplamiento del neutrino no incluyeron oscilaciones
de sabor, aunque sus posibles efectos fueron ya mencionados por Langacker et al
en 1986 [30]. En un trabajo reciente, publicado por Hannestad [31], se calcula
el efecto de las oscilaciones durante el desacoplamiento para un modelo de dos
neutrinos. Hay que destacar, no obstante, que en este trabajo se tomaron diversas
aproximaciones, por ejemplo, ecuaciones cinéticas integradas (QREs) y estad́ıstica
de Maxwell-Boltzmann para describir a los neutrinos. Nuestro objetivo es hacer
un cálculo preciso del desacoplamiento, incluyendo oscilaciones de neutrinos en
un formalismo cinético a través de la ecuación de Boltzmann. Este trabajo, fue
realizado por G. Sigl y G. Raffelt [41]. Hasta entonces las variaciones producidas
en la relación de dispersión introducidas por el medio y como consecuencia de
fenómenos de mezcla (efectos de primer orden) eran tratados a partir de la ecuación
de Schrödinger, mientras que los efectos de dispersión, absorción o producción
de part́ıculas por parte del medio (efectos de segundo orden), eran tratados por
medio de teoŕıa cinética, a través de la ecuación de Boltzmann. Ninguna de
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estas dos aproximaciones englobaba una explicación cuantitativa de procesos en
los que tanto las colisiones como las oscilaciones fueran importantes. Pero esto
es exactamente lo que sucede en el Universo temprano, donde las oscilaciones de
sabor de los neutrinos pueden ser efectivas e importantes en momentos en los que
las colisiones son también importantes. Utilizando como referencia el trabajo de
Raffelt y Sigl, construimos un sistema de ecuaciones integrodiferenciales acopladas,
formado por la ecuación de Boltzmann en forma matricial

i(∂t −Hp∂p)% =

[(

M2

2p
+
√

2GFL−
8
√

2GF p

3m2
W

E

)

, %

]

+ C[%] (1)

y la ecuación de estado, que nos ofrecerá la evulución del plasma electromagnético

ρ̇+ 3H(ρ+ P ) = 0 (2)

En (1) L y E son matrices 3× 3 en la base de interacción y C[%] es el término de
colisión. Los elementos diagonales de L son las densidades leptónicas para cada
sabor, aunque en este caso este término sólo contiene Ne y Nµ, pues la cantidad de
τ ’s se puede considerar despreciable. Los elementos diagonales de E corresponden
a la densidad de enerǵıa de leptones cargados (e±). En (2) ρ corresponde a la
densidad de enerǵıa total del Universo y P es la presión.

Por último, y siguiendo el art́ıculo [25] utilizaremos unas variables conveniente-
mente adimensionalizadas, en lugar del tiempo, el momento y la temperatura.

y ≡ pa(t), x ≡ ma(t), z ≡ Tγa(t) (3)

En esta redefinición de las variables la evolución temporal debido a la expansión
del Universo está contenida en el factor de escala, a(t), siendo m una masa de
referencia que tomaremos como la masa de e−. Hemos definido y(t) como el
momento comóvil y z como una variable que nos da la evolución de la temperatura
del plasma electromagnético.

Los principales resultados obtenidos se encuentran en las siguientes figuras. La
figura 1 muestra la evolución de la distorsión del espectro de los neutrinos para
un valor particular del momento. En ausencia de mezcla el comportamiento de
fν ya ha sido descrito en análisis previos, obteniendo que, a grandes temperat-
uras, o lo que es lo mismo, a x ≤ 0.2, los neutrinos se encuentran en contacto
térmico con los e± y sus distribuciones sólo cambian siguiendo la temperatura del
fotón, [exp(y/z(x)) + 1]−1, (la ĺınea Tγ en la figura 1) manteniendo un espectro
de equilibrio. En una región intermedia 0.2 ≤ x ≤ 4, las interacciones débiles
comienzan a ser menos efectivas, aunque no lo suficiente como para evitar que
la aniquilación de pares provoque la aparición de distorsiones en el espectro de
los neutrinos. Finalmente, para grandes valores de x el desacoplamiento es total,
con lo que las distorsiones llegan a sus correspondientes valores asintóticos. Te-
niendo en cuenta las oscilaciones, vemos como en el rango x ≤0.3 (T ≥1.7 MeV) el
término de potencial domina, bloqueando las oscilaciones, con lo que las funciones
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Figure 1: Evolución de la distorsión del espectro de νe y νx = νµ,τ para un valor
particular del momento (y = 10). Para el caso θ13 6= 0 es posible distinguir la
diferencia entre las distorsiones para νµ (ĺınea superior) y ντ (ĺınea inferior). La
ĺınea etiquetada con Tγ corresponde a una distribución de neutrinos completa-
mente acoplada a la componente electromagnética.

de distribución evolucionan como si estuvieran en ausencia de oscilaciones. A par-
tir de entonces el potencial e± va desapareciendo dando lugar a una evolución tipo
Mikheev-Smirnov-Wolfenstein y a una convergencia de las distintas componentes
de sabor de la distorsión, que también se puede ver en Figura 1. Finalmente,
el término ∆m2/2p domina, con lo que las oscilaciones se comportan como en el
vaćıo (en un Universo en expansión, tal y como fue calculado por Kirilova [46]).

En la figura 2, que representa la distorsión final del espectro de los neutrinos
en función del momento comóvil, se puede apreciar como la dependencia de las
distorsiones con el momento es claramente visible. Esta dependencia refleja el
hecho de que los neutrinos más energéticos interactuaron durante más tiempo con
los e±. Como podemos ver en la figura, el efecto de las oscilaciones es evidente, en
el sentido de reducir la diferencia entre las distorsiones de los distintos sabores.

Desacoplamiento incluyendo interacciones no
estándar

Como ya hemos mencionado la verificación de las oscilaciones de neutrinos, ha
planteado, más si cabe, la necesidad de estudiar f́ısica más allá del modelo estándar.
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Figure 2: Distorsión final del espectro de los neutrinos en función del momento
comóvil. En el caso de θ13 6= 0 se puede distinguir la diferencia entre las distor-
siones νµ (ĺınea superior) y ντ (ĺınea inferior).

De esta forma planteamos otra extensión al trabajo previamente descrito: la asig-
nación de masas no nulas para los neutrinos puede asociarse también a interac-
ciones no estándar (NSI) que pudieran violar sabor y/o romper universalidad.
Estudios recientes [53, 54, 55, 56] han analizado las NSI desde un punto de vista
fenomenológico, mostrando que es posible establecer ĺımites a dichas interacciones
utilizando medidas de procesos de dispersión neutrino-electrón, aśı como la uti-
lización de los datos de LEP para procesos relacionados con leptones cargados.

En el presente trabajo hemos utilizado estos ĺımites, para introducir interacciones
no estándar entre neutrinos y e± en el proceso de desacoplamiento. Este tipo de
interacciones modifica dos aspectos principales del problema. En primer lugar, al
variar los acoplamientos, el término de colision de la ecuación (1) resulta alterado.
En segundo lugar la propagación del neutrino se ve afectada pues las NSI vaŕıan
el ı́ndice de refracción del medio, expresado a través de la asimetŕıa leptónica, L,
en la ecuación (1).

Como muestra de los resultados, en la figura 3 hemos representado las distorsiones
sobre la distribución de neutrinos para un valor fijo del momento comparando el
caso estándar (ĺıneas continuas), con una combinación de parámetros NSI, tal que:
εL

ττ = εR
ττ = 2. Como vemos en caso de que las interacciones no estándar sean

grandes, los neutrinos mantendrán el contacto térmico con e± durante más tiempo
con lo que las distorsiones sobre el espectro serán mayores.
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Figure 3: Evolución de la distorsión del espectro de νe y νµ,τ para un valor par-
ticular del momento (y = 10) con interacciones estándar (ĺınea continua) y con
interacciones ντ − e no estándar (ĺınea punteada).

Además, en la tabla 1 se incluyen los resultados obtenidos. Estos corresponden a
la combinación de parámetros: εL

ee = −1.58, εR
ee = 0.12, εL

ττ = −0.5, εR
ττ = 0.5,

εL
eτ = −0.85, εR

eτ = 0.38. Dicha combinación corresponde a los ĺımites permitidos
por los resultados obtenido en experimentos terrestres, [53, 54, 55, 56].

Efectos sobre la nucleośıntesis primordial

De manera resumida, se puede considerar que los neutrinos tienen una doble influ-
encia sobre la BBN. Primero, como componentes del fondo de radiación, afectan al
ritmo de expansión del Universo por medio de la ecuación de Friedmann. El ritmo
de expansión del Universo determina, en gran medida, cuando y como empieza la
śıntesis de 4He. Segundo, a través de los procesos de conversión n ↔ p mediados
por interacciones débiles y que resultan directamente afectados por la forma del
espectro de los neutrinos νe y ν̄e. Por tanto, sin tener en cuenta procesos no
estándar, las distorsiones sobre el espectro de los neutrinos introducen pequeñas
variaciones en la predicción de la fracción de masa Yp de 4He primigenio del orden
[21, 22, 23, 24, 25, 26, 27]

∆Yp ' 1.5×10−4 . (4)

siendo el valor de Yp de ∼ 0.24.

En principio cabŕıa suponer que el efecto de los procesos no estándar, que según
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Table 1: Valores finales de zfin, densidad de enerǵıa de neutrino δρ̄να
≡ δρνα

/ρν0
,

Neff y ∆Yp.
∗Corresponde a la siguiente asignación de parámetros: εL

ee = −1.58;
εR

ee = 0.12; εL
ττ = −0.5; εR

ττ = 0.5; εL
eτ = −0.85; εR

eτ = 0.38
Caso zfin δρ̄νe

δρ̄νµ,τ
Neff ∆Yp

Desacopl. Instant. 1.4010 0.0% 0.0% 3 0
Sin Oscil. (QED) 1.3978 0.94% 0.43% 3.046 1.71×10−4

Oscil. (best fit) 1.3978 0.73% 0.52% 3.046 2.07×10−4

Oscil. + NSI∗ 1.3937 2.21% 1.66% 3.120 6.0×10−4

lo visto hasta ahora podŕıamos denominar como secundario, sólo variará de forma
imperceptible esta predicción. No obstante, el pequeño orden de magnitud de (4)
proviene de diversas cancelaciones de efectos muchos mayores, cada uno de ellos
responsable de cambios en Yp de orden O(10−3). Por lo tanto si las oscilaciones o
las NSI destruyen estas cancelaciones accidentales, el efecto puede ser comparable
al de la Ec. (4).

Según los resultados mostrados en la tabla 1 encontramos que los cambios pro-
ducidos en la fracción de masa están de acuerdo con los obtenidos en [31] en lo que
respecta a los efectos producidos por las correcciones de QED, mientras que los
efectos producidos por las oscilaciones son aproximadamente tres veces menores
que sus estimaciones. Creemos que esta discrepancia es debida, principalmente,
a un error introducido al reproducir las distorsiones mediante la aproximación de
momento medio. En lo que respecta a las interacciones no estándar, se puede apre-
ciar como el efecto es considerablemente mayor, resultando una corrección que es
hasta seis veces mayor que el caso estándar.

Desacoplamiento en presencia de asimetŕıas
neutrino-antineutrino

Finalmente, hemos incluido la presencia de grandes asimetrias numéricas neutrino-
antineutrino observando los posibles efectos de estas cuando también tratamos las
oscilaciones de sabor. Esta parte del trabajo supone una actualización del art́ıculo
[83], introduciendo los nuevos ajustes a los parámetros de oscilaciones [35] y, sobre
todo, realizando el cálculo de una forma más precisa.

Los resultados más interesantes obtenidos se muestran en la figura 4, donde se
representa la evolución de la relación entre las densidades de enerǵıa de fotones y
neutrinos, ρν/ργ , convenientemente normalizada a Neff . Como se puede apreciar,
en caso de que la asimetŕıa sea despreciable la relación entre las densidades de
enerǵıa es constante a altas temperaturas, con lo que, recuperamos el resultado
estándar para el número efectivo de neutrinos, Neff = 3. Conforme la temper-
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Figure 4: Evolución de la relación entre las densidades de eneǵıa de fotones y
neutrinos para dos casos con asimetŕıa no nula en comparación con un caso de
simetŕıa nula. Consideramos dos normalizaciones diferentes en el eje de ordenadas
de forma que los resultados se correspondan con el parámetro Neff tanto a altas
como bajas temperaturas.

atura desciende este valor tiende a una nueva constante, ligeramente diferente de
3, debido a, como ya hemos visto, las distorsiones producida por el proceso de
aniquilación de pares e±. Cuando introducimos las asimetŕıas, vemos como la
razón ρν/ργ parte de un valor mayor. A partir de aqúı, las oscilaciones, juegan un
papel importante, pues si éstas no son incluidas en el cálculo, ρν/ργ , evolucionaŕıa
paralelamente al caso estándar. La inclusión de la mezcla de sabor reducirá la
razón de las densidades, siempre que las oscilaciones sean efectivas y los neutri-
nos estén acoplados. No obstante, esta reducción no nos devolverá el resultado
estándar, puesto que la transferencia de entroṕıa de los neutrinos al plasma elec-
tromagnético, no será completamente efectiva. De esta forma, y según combinemos
los parámetros de asimetŕıa, obtendremos resultados que se alejarán del resultado
estándar, hasta alcanzar valores Neff ≈ 3.2, en lugar de Neff ≈ 3 como concluye
Dolgov et al [83].

Conclusiones

Los resultados obtenidos muestran como la inclusión de las oscilaciones modifica la
evolución y los valores finales de las distorsiones en la base de sabor, reduciéndolas
para los νe y aumentándolas para los otros sabores, ντ,µ. Hemos calculado la
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dependencia con el momento de la distribución de los neutrinos para un instante
dado, que podrá ser utilizada para el cálculo de otras cantidades relacionadas con
los neutrinos del fondo, o introducida en códigos como CMBFAST o CAMB. En
particular, hemos encontrado que el valor asintótico de la densidad de enerǵıa de
los neutrinos permanece practicamente inalterado una vez introducidas las oscila-
ciones, mientras que el número efectivo toma una valor, Neff = 3.046 [33]. No
obstante el efecto de las distorsiones sobre las abundancias producidas en BBN
aumenta al introducir las oscilaciones, siendo del orden de un 20% mayor para el
caso del 4He.

El proceso de desacoplamiento es sensible a las interacciones entre los neutrinos y
el resto del plasma. De esta forma, si las NSI son tales que los neutrinos mantienen
un mayor contacto con el plasma compartirán una fracción algo mayor de entroṕıa
proveniente de la aniquilación de pares e±. Para valores cercanos a los ĺımites
de laboratorio encontramos un aumento en el parámetro Neff, que podŕıa llegar,
mediante una combinación adecuada, a valores de hasta Neff = 3.12. Además,
la fracción de 4He puede ser hasta tres veces mayor que la encontrada en el caso
estándar.

Finalmente los resultados obtenidos en presencia de asimetŕıas, para valores de
éstas dentro de los ĺımites permitidos por BBN, muestran resultados que podŕıan
llegar a Neff = 3.19.

Los actuales ĺımites sobre el contenido de radiación del Universo, obtenidos a par-
tir del ajuste de los datos del CMB y de LSS, está aún muy lejos de contener
información acerca de las distorsiones en el espectro de neutrinos. No obstante,
un valor ∆Neff =0.05-0.2, puede estar cerca de la precisión del futuro experimento
PLANCK, según el estudio realizado por [15], aunque estudios más recientes mues-
tran que esta estimación es, en exceso optimista [16, 17, 18, 19], reduciendo la
precisión a ∆Neff ∼ 0.2. Cabe destacar que según el estudio de Bashinsky [19] fu-
turos proyectos de medida de anisotroṕıas tipo CMBPOL/Inflation Probe pueden
mejorar la precisión de PLANCK, situándola en ∆Neff =0.05.

Por otro lado, la posibilidad de detección de efectos de distorsión mediante medidas
sobre abundancias qúımicas primordiales es más remota. Para Yp (abundancia de
4He), el efecto de las distorsiones está por debajo del O(0.1%), de donde solo un
0.02% es debido a las oscilaciones. La incertidumbre teórica se encuentra en torno
al 0.2%, mientras que el error observacional es del orden de ≈ 5%. Obviamente
no hay, hoy en d́ıa, forma de medir estos pequeños efectos.

En resumen, pese a que los efectos estudiados no parece que vayan a ser fácilmente
detectables a corto plazo, hemos realizado un cálculo preciso del espectro de los
neutrinos del CNB, incluyendo todos los efectos relevantes en el marco del modelo
estándar además de incluir las oscilaciones en presencia de asimetŕıas y las inter-
acciones no estándar neutrino-electrón. Y, como hemos dicho, ésta puede y debe
ser utilizada para el cálculo de otros parámetros cosmológicos.
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Introduction

The existence of a relic sea of neutrinos is a generic prediction of the standard
hot big bang model, being its number density slightly smaller than that of relic
photons that constitute the Cosmic Microwave Background (CMB). The presence
of the cosmic neutrino background has been indirectly established both at MeV
temperatures by the accurate agreement between the calculated and observed pri-
mordial abundances of light elements from the Big Bang Nucleosynthesis (BBN)
and at later epochs by data about anisotropies of the CMB and the distribution of
Large Scale Structures (LSS) in the universe, through the contribution of neutrinos
to the radiation content.

Neutrinos are produced at very early stages of the evolution of the Universe and,
together with photons, electrons and positrons, they represent the main compo-
nents of the primordial plasma at temperatures below the muon mass (∼ 100
MeV). During this period, the equilibrium is kept through electromagnetic and
weak interactions among the particles. However, as a consequence of the expan-
sion of the Universe and its resulting cooling, the interaction rate of the different
particle species that compose it decreases until it reaches a value which is lower
than the expansion rate itself. When this happens with neutrinos, the interactions
between them and the rest of the plasma become unefficient, producing the de-
coupling and resulting in the cosmic neutrino background (CNB), which evolves
independently of the CMB. At first this background of relic neutrinos contributes
first as radiation and eventually as a Hot Dark Matter component when they
become non-relativistic.

The common way of facing the decoupling process is through the instantaneous
decoupling limit, that we analyze in chapter 1. This approximation significantly
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simplifies the way of addressing its solution. In this scenario, coupled neutrinos
have a Fermi-Dirac (FD) distribution function at a temperature T , which will re-
main constant after the decoupling, since both the momentum and the temperature
are affected by the same red shift due to the expansion of the Universe. Shortly
after the neutrino decoupling (Tdec) the temperature of the photons drops below
the electron mass, favouring e± annihilations that “heat” photons. If one assumes
that this entropy transfer did not affect neutrinos because they alerady were com-
pletely decoupled, it is easy to calculate the difference between the temperatures
of relic photons and neutrinos Tγ/Tν = (11/4)1/3 ' 1.40102.

However, as we will see in chapter 2, the processes of neutrino decoupling and e±

annihilations are close enough as for some relic interactions between e± and neu-
trinos to exist. These relic processes are more efficient for larger neutrino energies,
leading to non-thermal distortions in the neutrino spectra and a slightly smaller in-
crease of the comoving photon temperature. A proper calculation of the process of
non-instantaneous neutrino decoupling requires solving the momentum-dependent
Boltzmann equations for the neutrino spectra, a set of integro-differential kinetic
equations that are difficult to solve numerically. The distortions produced on the
neutrino momentum distributions are small and their direct observation is out of
question. However, they should be included in a calculation of any observable re-
lated to relic neutrinos. For instance, non-thermal distortions lead to an enhanced
number density of relic neutrinos which modifies e.g. the contribution of massive
neutrinos to the present energy density of the universe.

At this point, one could ask about the possibility of extending the calculations
to new scenarios recently arisen. In the last years we have seen the emergence
of important evidences that demand the existence of physics beyond the stan-
dard model. One of the great milestones in this field has been the experimental
verification of the flavour neutrino oscillations thanks to the combined results of
several experiments, whether they are about solar, atmospheric, reactor or accel-
erator neutrinos. Since then, neutrino oscillations have been analyzed in different
fields within Particle Physics, showing a new frame of possibilities. In chapter 3
we study the possible effects of these oscillations during the decoupling process of
the neutrino, specially since this process depends on the flavour, paying special
attention to the distortions produced in its spectrum and the resulting variations
that could be observed in the primordial nucleosynthesis (BBN).

As we have already mentioned, neutrino oscillations are well understood assuming
that neutrinos have masses and mix, which in turn seems to point out the need
of some new physics beyond the SM of fundamental interactions. Interestingly,
non-zero neutrino masses usually come with non-standard interactions (NSI) that
might violate leptonic flavour and/or break weak universality. In chapter 4 we
study the neutrino decoupling process in presence of additional interactions be-
tween neutrinos and electrons. In this case, neutrinos could be kept in longer
contact with e± and thus share a larger amount of the total entropy transfer than
in the SM. Actually, if the non-standard neutrino-electron interactions were large
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enough, the neutrino momentum distribution would be significantly different from
the standard case. In turn, this would modify the final yield of light nuclei during
the epoch of BBN, as well as the radiation content of the Universe, affecting the
anisotropies of the CMB and the power spectrum of LSS. Our goal is to calculate
how the decoupling is modified taking into account NSI with couplings which are
still allowed by present laboratory data, and to discuss, the possibility of using
cosmological observations as a complementary way to bound these exotic scenarios.

As we have seen relic neutrinos influence the evolution of the Universe and we can
therefore use cosmological data to put bounds to neutrino properties.It is normally
assumed that the cosmological lepton asymmetry i.e. the difference between the
number densities of neutrinos and antineutrinos, is vanishingly small. However, it
is only an assumption, maybe quite natural, but still an assumption. In chapter 5
we apply the code developed to solve the momentum dependent kinetic equations
to study the three flavour neutrino oscillations in presence of neutrino chemical
potentials, obtaining cosmological bounds for neutrino degeneracy.

The present thesis is organized in two parts. The first one, which corresponds to
chapters 1 and 2 is focused on the study of the standard relic neutrino decoupling.
We introduce the basic concepts that we need to understand the decoupling process
and we apply them in order to calculate the neutrino spectrum and other important
parameters. In the second part, which includes chapters 3, 4 and 5, we show our
original work based on the calculation of neutrino decoupling in non-standard
scenarios.
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Chapter

1

The Early Universe

The analysis we have to do implies the study of the neutrino propagation, includ-
ing the flavour oscillations. Therefore, it will be necessary to describe the special
features of the medium in which we are working, i.e. the Universe at tempera-
tures around MeV. Besides, since the Universe evolves changing its composition,
temperature and density with time, we will have to fix a Universe model which
provides its fundamental features at each moment.

The aim of the first section is to provide a short introduction to the basic math-
ematical structure of modern cosmological models based on Einstein’s theory of
gravity, or General Relativity (GR for short). There is a great diversity regarding
Universe models. However, we will focus on briefly presenting what is known as
Cosmological Standard Model, showing the most important relations which are
derived from it and that are basic for the understanding of several concepts we
will be dealing with later on. In section 1.2 we will introduce some basic concepts
of equilibrium thermodynamics that are important for the understanding of our
work. Finally in section 1.3 we introduce the basic features of the relic neutrinos,
including the decoupling process and its influence on the cosmological evolution.

1.1 The Cosmological Standard Model

The evolution of the Universe from the first moments of its existence until today
is described in a very acceptable way through the so-called Hot Big Bang model.
This is the name usually given to a model of a homogeneous, isotropic universe
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8 Chapter 1. The Early Universe

whose evolution is governed by the Friedmann equations obtained from GR (with
or without cosmological constant), whose main constituents can be described by
matter and radiation fluids, and whose kinematical properties, i.e. the Hubble
parameter, match those we observe in the real universe. Such model offers a
description of the expansion of the Universe, the origin of the lightest elements
(BBN) and of the CMB, as well as a theoretical frame in order to understand the
formation of galaxies and other LSS. In fact, the Big Bang has been corroborated
by so many experimental evidences that it is also known as the Cosmological

Standard Model (CSM). This model is based on three fundamental assumptions
of cosmology, that seem to be confirmed by current experimental data:

• Cosmological Principle: As we have said the CSM is based on GR. Ac-
cording to this theory, gravity is determined by the space geometry, and it
depends on the mass and energy distribution in the Universe. The cosmo-
logical principle states that on sufficiently large scales (beyond those traced
by the large scale structure of the galaxy distribution), the Universe is both
homogeneous and isotropic. The observational data obtained for the distri-
bution of radiogalaxies and quasars or the CMB anisotropies, are a quite
good evidence indicating that this assumption is true for scales around 100
Mpc. The most general space-time metric describing a Universe in which
the cosmological principle is obeyed is the Robertson-Walker metric and it
is written as follows

ds2 = dt2 − a2(t)

(

dr2

1− kr2 + r2dθ2 + r2 sin2 θdφ2

)

. (1.1)

We have used spherical polar coordinates: r, φ, and θ are the comoving
coordinates (r is dimensionless by convention); t is the proper time; a(t) is
the scale factor, a function to be calculated which contains the dynamics of
the Universe; the curvature parameter k is a constant which can be scaled
in such way that it only takes the values −1, 0 or 1.

• Expanding Universe: cosmological models based on GR describe the ex-
pansion through the use of a scale factor, a(t), which shows how fast two
different points are separating themselves during the evolution.

The expansion rate at any particular time t for any model obeying the cosmo-
logical principle is given by the Hubble parameter, H = ȧ/a. This parameter
varies with time so that it depends on the contents of the Universe.

• Inflation: it is an epoch during the evolution of the Universe in which it
underwent an accelerated expansion phase. This would solve the flatness and
horizon problems, and it would also possibly solve the problem of topological
defects. Current astronomical data, obtained by observational experiments
(such as satellites, globes and others) provide a strong evidence for the ex-
istence of this period. However, strongest results will be obtained with the
high resolution European satellite PLANCK (to be launched in 2008). This
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1.1 The Cosmological Standard Model 9

satellite could measure the polarization of the CMB caused by the gravi-
tational waves, that in principle are remnants of this epoch, if it is large
enough.

1.1.1 Friedmann Equations

As we have seen, the dynamics of an expanding Universe is given by the time
dependence on the scale factor. To obtain an explicit relation for a(t) we have
to solve the Einstein equation (1.2) that connects the geometry of the space-
time, expressed by the metric tensor gµν , with the matter content of the universe,
expressed by the energy momentum tensor Tµν .

Rµν −
1

2
Rgµν ≡ Gµν = 8πGTµν + Λgµν (1.2)

Here Rµν is the Riemann tensor, R the Ricci scalar, and Λ is the cosmological
constant.

A. Friedmann (1922) and H.P. Robertson and A.G. Walker (1928) found solutions
for the General Relativity Equations that imply the expansion of the Universe.
These solutions —which include the so-called FRW models— become completely
determined with only two parameters whose values must be fixed through obser-
vational data: the Hubble constant H0 and the deceleration parameter q0. This
parameter is used to parametrise a family of approximate solutions for the cosmic
scale factor making a power series expansion for times t close to t0:

a(t) = a0[1 +H0(t− t0)−
1

2
q0H

2
0 (t− t0)2 + ...] (1.3)

this way we define the deceleration parameter q0 as follows

q0 = − ä(t0)a0

ȧ(t0)2
(1.4)

One should also note that while the Hubble parameter has the dimensions of the
inverse time, q0 is dimensionless.

Let’s see the solution obtained by Friedmann. Firstly, and in order to be consis-
tent with the symmetries of the metric (isotropy and homogeneity) the energy-
momentum tensor has to be diagonal and the spatial components must be equal.
The easiest way to express this tensor is the one that corresponds to a perfect
fluid, characterized by a time dependent energy density ρ and pressure P ,

T µ
ν = diag(ρ,−P,−P,−P ). (1.5)

With this definition, the time-time (00) component of the Einstein equation (1.2)
gives us the so-called Friedmann equation

H2 =

(

ȧ

a

)2

=
8πGρ

3
− k

a2
(1.6)
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10 Chapter 1. The Early Universe

where ρ is the total energy density of the Universe (matter and radiation) and Λ is
the vacuum energy. As we can see from this equation, the variation in time of the
scale factor (or the expansion rate, expressed in terms of the Hubble parameter,
H) depends on the energy density and the curvature of the medium. There is a
usual way to express the Friedmann equation in terms of a useful variable, the
dimensionless energy density, Ω,

k

H2a2
=

ρ

3H2/8πG
− 1 ≡ Ω− 1 (1.7)

The density parameter Ω is defined as the ratio of the actual (or observed) density
ρ to the critical density ρc of Universe, (Ω = ρ/ρc). An expression for tha critical
density is found by assuming Λ to be zero (as it is for all basic Friedmann universes)
and setting the curvature, k, equal to zero. When the substitutions are applied
to the the Friedmann equation we find ρc = 3H2/8πG. With equation (1.7), one
can see that there exists a correspondence between the sign of the curvature and
the sign of Ω− 1 since H2a2 is always positive. When the Universe is close to the
critical density, Ω− 1 ∝ k ≈ 0. Therefore, since Ω− 1, must have been very small
at early epochs, it is safe to ignore spatial curvature in the early Universe

k = +1 ⇒ Ω > 1 CLOSED
k = 0 ⇒ Ω = 1 FLAT
k = −1 ⇒ Ω < 1 OPEN

Comming back to the solutions of the Einstein equation we obtain for the space-
space (ij) components,

2
ä

a
+
ȧ2

a2
+

k

a2
= −8πGP (1.8)

The difference between equations (1.6) and (1.8) provides an equation for the
acceleration ä alone,

ä

a
= −4πG

3
(ρ+ 3P ) (1.9)

From this equation one can infer that, being today ȧ ≥ 0, if in the past ρ+3P was
always positive, then ä was always negative so that, at some finite time t in the
past, a must have been equal to zero, instant that we call Big Bang singularity.

Another important relation can be obtained with very minimal assumptions about
the right-hand side of the Einstein equation. It is possible to proceed without
detailed knowledge of the properties of the fundamental fields that contribute
to the energy-momentum tensor. This way, if we apply the conservation of the
energy-momentum tensor (T µν

;ν = 0) we can easily obtain the evolution of the
energy density of the Universe, given by

d

dt
(ρa3) = −P d

dt
a3 (1.10)
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1.1 The Cosmological Standard Model 11

The equation obtained gives the first law of Thermodynamics and it can be written
as a continuity equation1

ρ̇+ 3H(ρ+ P ) = 0 (1.11)

We have seen the basic equations for a perfect fluid described by an energy-
momentum tensor of the type (1.5). This is what is called Friedmann models.
The perfect fluid is a quite realistic approximation in many cases. However, in
order to say more about the cosmological solutions we need to say more about the
relationship between ρ and P , or in other words we need to specify an equation of
state.

1.1.2 Equation of state

In many cases of physical interest, the appropriate equation of state casts, either
exactly or approximately, in the form, P = ωρ, where ω is a constant that lies
in the range, −1 ≤ ω ≤ 1, and depends on the constituents of the Universe. We
shall restrict ourselves for the rest of this work to cosmological models containing
a perfect fluid with equation of state satisfying this condition.

The case with ω = 0 represents dust or pressureless material. This is also a
good approximation for the behaviour of any kind of non-relativistic fluid or gas,
composed by baryons or cold dark matter. On the other extreme a fluid of non-
degenerate, ultra-relativistic particles in thermal equilibrium has an equation of
state such that ω = 1/3. Finally notice the particular case in which ω = −1 that
corresponds to a perfect fluid equivalent of a cosmological constant (Λ).

With this equation of state we can easily obtain the dependence of ρ with the
scale factor through equation (1.10), ρ ∝ a−3(1+ω). In Table 1.1 we can see the
equation of state for different forms of energy, the resulting density for each one
of them and the time dependence of the scale factor. This dependence has been
obtained for a flat Universe (k = 0) using the Friedmann equation (1.6) and it can
be written as follows

a(t) = a0

(

t

t0

)
2

3(1+ω)

. (1.12)

As one can see in this table (see also Figure 1.1) the early Universe was dominated
by radiation. In a second stage it was dominated by matter, situation that would
be maintained in the absence of vacuum energy.

To end this brief introduction of modern cosmology we show in Table 1.2 the dif-
ferent stages of the Universe according to the type of interactions and the particle

1In fluid dynamics, a continuity equation is a mathematical statement for the mass conserva-
tion.
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12 Chapter 1. The Early Universe

Table 1.1: Equation of state, energy density and scale factor for the different forms
of energy in the Universe

Eq. of state ρ(t) a(t)

Radiation P = ρ/3 ∝ a(t)−4 ∝ t1/2

Matter P = 0 ∝ a(t)−3 ∝ t2/3

Vacuum Energy P = −ρ constant ∝ exp (H0t)

106

103

 1

10-3

 110-310-610-9

10-31103106

ρ i
1/

4  (
eV

)

a/a0

Tν (eV)

B
B

N

γ 
de

c.

cdm
b
γ

Λ
ν3
ν2
ν1

 1e-04

 0.001

 0.01

 0.1

 1

 110-310-610-9

1.95103106109

Ω
i

a/a0

Tν (K)

Figure 1.1: Evolution of the background densities for different forms of energy:
radiation (γ’s and ν’s), matter (baryons and CDM) and vacuum energy (Λ).On
the left plot we show the densities to the power 1/4 (in eV units) as a function of
the scale factor. On the right plot, we display the evolution of the density fractions
(i.e., the densities in units of the critical density).

content. As we can see, neutrino decoupling takes place at the leptonic era, that
lies in the range 130 MeV ≤ T ≤ 1 MeV and whose particle content is characterized
by the quick annihilation of muons.

1.2 Equilibrium Thermodynamics

A thermodynamic system is said to be in thermodynamic equilibrium when it is
in thermal, mechanical, and chemical equilibrium. In this case the system will be
characterized by at least two well-defined thermodynamic variables.

It is useful to distinguish between global and local thermodynamic equilibrium
(TE and LTE respectively). In thermodynamics, exchanges within a system and
between the system and the outside are controlled by intensive parameters. For ex-
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Table 1.2: Stages of the Universe according to its particle content (particles that
decouple(+) or annihilate (∗) in this stage). Gr=Gravitational Int., S=Strong Int.,
W=Weak Int., E-M=Electromag. Int..

ERA Temperature Particles Interactions

Planck > 1019 GeV ? Quantum Gr?
GUT ≈ 1019 GeV GUT Matter Gr and S-E-W

Electroweak ≈ 102 GeV q, e, µ, τ (∗) Gr, S and E-W
Confinement ≈ 300 MeV π, p, n, e, µ, γ Gr, S, W and E-M

Hadronic ≈ 200 MeV π(∗), p, n, e, µ, γ ”

Leptonic ≈ 130 MeV e, µ(∗), ν
(+)
α , γ ”

Photonic ≈ 0.7 eV e(∗), να, γ(+) ”

ample, temperature controls heat exchanges. Global thermodynamic equilibrium
means that those intensive parameters are homogeneous throughout the whole
system, while local thermodynamic equilibrium means that those intensive pa-
rameters are varying in space or time, but are varying so slowly that for any
point, one can assume thermodynamic equilibrium in some neighborhood around
that point.

In an expanding system, like the expanding Universe, the thermodynamical equi-
librium requires frequent interactions between the constituents of the system. This
way, if the interactions are frequent enough the expansion of the Universe can be
described by a succession of nearly thermal states (quasi-static expansion) with
temperature decreasing as a−1. Therefore we will be able to use the usual ther-
modynamical variables (temperature, pressure, entropy etc.) to describe the state
of the Universe at any time, t, also conserving the entropy in a comoving volume
element. We define the condition for an expanding Universe to keep the LTE as
follows

Γ > H (1.13)

As we shall see later, this condition is not sufficient to ensure that the different
constituents that make up the system will no longer have an equilibrium distri-
bution function or to put it another way a spectrum of equilibrium. To avoid
misunderstandings in this regard we should differentiate between thermodynamic
equilibrium, and what we call spectrum of equilibrium (SE). As we have already
said the first one refers to the global conditions of the plasma (we define ther-
modynamic variables valid for the entire system) and in order to keep it frequent
interactions among all its constituents will be necessary, which would lead to a
redistribution of entropy. The second one refers to a particular component of
the plasma that, under certain conditions, may keep a spectrum of equilibrium
(with specific thermodynamic variables), without interacting with the rest of the
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14 Chapter 1. The Early Universe

constituents, i.e. decoupled2.

In section 1.2.2 we will analyze the process of decoupling which is closely related
with the loss of equilibrium. However, before proceeding with the analysis of
decoupling it is necessary to recall some usual parameters of a gas with g internal
degrees of freedom, expressed in terms of the distribution function

fα
eq(E) =

[

exp

(

E − µα

T

)

± 1

]−1

. (1.14)

The distribution function is the fundamental object in the kinetic theory descrip-
tion of a fluid of particles in the expanding universe. The sign + (−) corresponds
to fermions (bosons) and µ is the chemical potential, and it can be understood
as the amount by which the energy of the system would change if an additional
particle were introduced, with the entropy and volume held fixed. The model of
Universe we are dealing with introduces some restrictions into the distribution
function. Firstly, since we are restricting ourselves to RW metric, f is a function
that depends neither on the space point r nor on the direction of the particle mo-
mentum, p. Otherwise the space would fail to be homogeneous and isotropic. On
the other hand, since the universe evolves from a tiny, extremely dense, singular
state one may well ask for what epochs should a phase space description be pos-
sible. Presumably it should be possible as long as the de Brooglie wavelength of
the particles is small compared to the size of the Universe. This condition is given
by, T < MPl, so a phase space description is completely justified during most of
the history of the Universe. Finally, and taking into account the stringent BBN
bounds on µνe

we conclude that the neutrino chemical potentials can be safely
ignored3. Also, it has to be noted that in order to maintain the interpretation of
f as a density function it must be both real and positive.

Once we have defined the distribution function we can define the main variables
of a thermodynamic system:

Number density n =
g

(2π)3

∫

f(p)d3p (1.15)

Energy density ρ =
g

(2π)3

∫

E(p)f(p)d3p (1.16)

Pressure P =
g

(2π)3

∫ |p|2
3E

f(p)d3p (1.17)

Entropy s =
(ρ+ P )

T
(1.18)

In certain limits we can obtain an explicit expression for these variables: relativistic
limit T � m and non-relativistic limit T � m. The solutions are summarized in
Table 1.3.

2Not to be confused with the local thermodynamic equilibrium (LTE) defined above.
3In chapter 5 we will study the case of non-zero chemical potentials.



“tesisI” — 2008/6/13 — 11:36 — page 15 — #35
i

i

i

i

i

i

i

i
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Table 1.3: Number density, energy density, pressure and entropy in a relativistic
and non-relativistic regime

Observable Relativistic Non-relativistic

Fermions Bosons

n(T )
ζ(3)
π2 gT 3 3

4
ζ(3)
π2 gT 3 g

(

mT
2π

)3/2
e−m/T

ρ(T ) π2

30
gT 4 7

8
π2

30
gT 4 mn

s(T ) 2π2

45
gT 3 7

8
2π2

45
gT 3 ∼ mn

P
ρ
3 nT � ρ

1.2.1 Entropy

As we have said, one of the main implications of the LTE, is that the entropy in
a comoving volume (S) is conserved. Therefore, if we define an entropy density,
s ≡ S/V it must be proportional to the scale factor in such a way that the
expansion will be compensated, i.e. s ∝ a−3.

The entropy density is dominated by the contribution of relativistic particles, so
in a very good approximation, it can be expressed as follows,

s =
2π2

45
gs
∗T

3 (1.19)

where the g∗ (or gs
∗ for the entropy) parameter gives us the number of effective

degrees of freedom (only for relativistic particles), in case we have a gas with
different temperatures for different species, and it can be expressed as follows

g∗ =
∑

i=bos

gi

(

Ti

T

)4

+
7

8

∑

j=ferm

gj

(

Tj

T

)4

(1.20)

gs
∗ =

∑

i=bos

gi

(

Ti

T

)3

+
7

8

∑

j=ferm

gj

(

Tj

T

)3

(1.21)

where the relative factor 7/8 accounts for the difference between the Bose and
Fermi statistics.

Therefore we can conclude that gS
∗ T

3a3 remains constant as the Universe expands.
This fact has two fundamental implications. Firstly the physical size of a comoving
volume element will be proportional to a−3. Thus the number density of some



“tesisI” — 2008/6/13 — 11:36 — page 16 — #36
i

i

i

i

i

i

i

i

16 Chapter 1. The Early Universe

species in a comoving volume, that is equal to the number density of that species
divided by s, will be also proportional to a−3. The second implication is that

the temperature of the Universe evolves as T ∝ g−1/3
∗S a−1, where the factor g

−1/3
∗S

enters because whenever a particle species become non-relativistic and disappears,
its entropy is transferred to the other relativistic particle species still present in
the plasma, causing T to decrease less slowly. Obviously it does not happen for
massless particles that are decoupled from the heat bath since they will not share
entropy.

1.2.2 Particle decoupling

As we have seen, the decoupling process is closely related with the loss of equilib-
rium, since it implies the “end” of the interactions between a particle species and
the rest of the plasma, so it is determined by the condition (1.13).

For a plasma whose constituents have a number density n, peculiar velocities
v and which interact through scattering processes with a cross section σ, the
interaction rate will be given by Γ = 〈σnv〉. As we have seen, the particle number
density decreases with temperature (see Table 1.3) at a higher rate than the Hubble
parameter H . Therefore, in certain epochs, the interactions of some particles with
the rest of the plasma will no longer be effective. At that time we will say that
these particles are decoupled.

To get a rough understanding of the decoupling process of a particle species in an
expanding Universe, we have to establish the interaction rates and the temperature
regimes in which they will be effective. We should separate the problem into two
types of interactions: those mediated by massless gauge bosons (photons) and
those mediated by massive gauge bosons (W± o Z0).

• In the first case the cross section for a two-body reaction is σ ∼ α2/T 2 where
α is given by g =

√
4πα, and therefore the interaction rate will be Γ ∼ α2T .

Also if we assume that the process takes place in a radiation-dominated
epoch the expansion rate will be H ∼ T 2/mPl, so that

ΓmX=0

H
∼ α2mPl

T
(1.22)

from this expression we can see that for temperatures T ≤ 1016 GeV or
so, such reactions are frequent enough to mantain the coupling, while for
T > 1016 GeV such reactions are effectively frozen out so the particles are
decoupled.

• For massive gauge bosons (with mass mX) we have to consider two different
situations. For temperatures T ≤ mX , the cross section will be σ ∼ G2

XT
2

(where GX ∼ α/m2
X) leading to Γ ∼ G2

XT
5. On the other extreme, for
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temperatures T � mX the cross section will be the same as a masless bosons
and we can obtain a relation that determines the temperature range in which
the interactions are still effective

ΓmX 6=0

H
∼ G2

XmPlT
3. (1.23)

In this case for a temperature mX > T > G
−2/3
x m

−1/3
Pl such reactions are

occurring rapidly, while for T < G
−2/3
x m

−1/3
Pl the decoupling takes place4.

Once decoupled, the particles (that now form a new cosmic background) present
different spectrum depending on their behaviour —relativistic or not— at the
moment of decoupling. Massless (or relativistic) particles will keep a spectrum
of equilibrium after the decoupling as it happens with the CMB photons that
present a black body spectrum with temperature T = 2.7 K. This situation can be
easily understood taking into account that the temperature of a massless decou-
pled species scales as T ∝ a−1 as we will now show. Consider a massless particle
species initially in LTE which decouples at time tdec which corresponds to a tem-
perature Tdec when the scale factor was a(tdec) = adec. The distribution function
at decoupling is given by (1.14). After the decoupling the momentum (or the
energy) of each massless particle is red-shifted by the expansion of the Universe:
p(t) = p(tdec)adec/a(t). In addition, the number density of particles decreases due
to the expansion of the Universe with a rate proportional to a(t)−3. As a result,
the distribution function, f(p) = d3n/d3p, at time t will be precisely that of a
species in LTE

f(p, t) = f(p
a

adec
, tdec) =

[

exp

(

p(t)a(t)

adecTdec

)

± 1

]−1

=

[

exp

(

p(t)

T

)

± 1

]−1

with a temperature T (t) = Tdecadec/a(t). Thus the distribution function for a
massless (or highly relativistic) particle species remains self-similar as the Universe
expands, with the temperature red-shifting as a−1. It should be noted that the
mass does not appear in the equation, and this remain the same even when the
particle species become non-relativistic.

We can also consider the evolution of the phase space distribution of a massive,
non-relativistic particle species (m � TD). The momentum of each particle red
shifts as the Universe expands: |p(t)| = |pD|aD/a; from which it follows that
the kinetic energy of each particle red shifts as a−2: |EK(t)| = |Ek(tD)|a2

D/a
2.

Further, the number density of particles decreases as a−3. Owing to both of these
effects, such a decoupled species will have precisely an equilibrium phase space
distribution characterized by temperature T ∝ a−2 and a chemical potential 5;
µ(t) = m+ (µD −m)T (t)/TD.

4For both cases we have taken n ∼ T 3, so that we have assumed that the particles are in
relativistic regime, as shown in Table 1.3.

5The chemical potential must vary in this way to ensure that the number of density of particles
scales with the expansion as a−3.



“tesisI” — 2008/6/13 — 11:36 — page 18 — #38
i

i

i

i

i

i

i

i

18 Chapter 1. The Early Universe

Therefore we can conclude that a decoupled species maintains an equilibrium dis-
tribution function if it is either highly relativistic or highly non-relativistic.

So, if, as we have already said, the decoupling implies no interaction, it seems
to be clear that the condition (1.13) will not be sufficient in order to guarantee
that the particles will not have an equilibrium distribution, since, as we have
seen, some particle species keep an SE after the decoupling. Therefore, if the
plasma does not suffer any changes, it could be described as a function of the
same thermodynamic variables, forming a state of apparent LTE. However, due to
this independence between the decoupled component and the rest of the plasma,
some possible reactions could vary the temperature and composition of the plasma,
while the decoupled component will remain unaffected (still with SE, though).
Remember that the evolution of the temperature of the plasma is affected by

the factor g
−1/3
∗S which takes into account possible transfers of entropy that can

vary the temperature evolution. This way, we will have a puzzle, the pieces of
which keep an SE but with different temperatures or, in a more general way,
different thermodynamic variables. This implies that the Thermal Equilibrium,
and, therefore the LTE, cannot be assumed for the system as a whole.

1.3 Relic neutrinos

1.3.1 Neutrino decoupling

Once we have seen the main features of the decoupling process we can analyze the
neutrino decoupling. As we have said, neutrinos were in thermodynamic equilib-
rium during the leptonic epoch (see Table 1.2). Some of the electroweak interac-
tions that keep the equilibrium are shown in Fig. 1.2.

W±

e

νee

νe

Z0

νe,µ,τ

p, n, ep, n, e

νe,µ,τ

Figure 1.2: Neutrino scattering diagrams

For these processes we can roughly estimate the neutrino decoupling temperature.
Taking into account that these interactions are mediated by massive gauge bosons
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1.3 Relic neutrinos 19

and that mZ0,W± � T , we can use the four fermion interaction. Therefore the
cross section is σ ∼ G2

FT
2 so if we apply the condition (1.13) we obtain

Γν ∼ H ⇒ G2
FT

5 ≈
√

8πρ

3M2
P

⇒ T ν
dec ≈ 1 MeV (1.24)

We conclude that at temperatures6 over 1 MeV the reaction rate of the neutri-
nos is bigger than the expansion rate so that they are still coupled. Once they
are decoupled and since their mass is mν � MeV, and therefore they can be
considered relativistic at the moment of the decoupling, they will present a FD
equilibrium distribution. If the evolution were to continue without “incidents”,
the temperatures of the electromagnetic component of the plasma and neutrinos
would remain equal. However, shortly after the decoupling, when T ∼ me, the e±

annihilation will start, which will lead to a reheating of the plasma [1]. Strictly
speaking, there is no increase of the temperature. As we have seen this reheating
must be interpreted as a lower decrease rate of the T (remember it decreases with
the expansion, T ∝ a(t)−1), and not as an increase. The entropy of e± will be
transferred to the photons, since the neutrinos are completely decoupled. Taking
into account the conservation of the entropy we can estimate the variation of T
caused by this process.

sbef = saft ⇒ gbef
∗ (aTbef)

3 = gafter
∗ (aTafter)

3 (1.25)

Before the annihilation, the degrees of freedom correspond to g = 2 for the photons
and g = 4 for e±, while after, there will only be photons. Therefore, taking into
account (1.21), gbef

∗ = 11/2 and gaft
∗ = 2. If we also take into account that

neutrinos keep, as we have checked, an equilibrium spectrum with Tν = Tbef , we
will obtain the relation:

Taft

Tbef
=
Tγ

Tν
=

(

11

4

)
1
3

= 1.40102 (1.26)

where Tγ represents the temperature of the plasma once the inhalation process
has finished.

In Figure 1.3, we show the variation of the temperature ratio. Also, in Figure 1.4
we can see the temperature evolution for each species (neutrinos and photons). In
both figures it is clearly shown the moment when the annihilation starts to modify
the temperature ratio, enhancing the photon temperature.

It should be borne in mind that the decoupling of a particle is never produced
instantly, but during a time interval, more or less long, depending on the reactions
that keep it in equilibrium. Therefore, when the e± annihilation begin, neutrinos
will not be completely decoupled and there will be a small entropy exchange be-
tween them and the e±, which will lead to distortions in the neutrino spectrum,

6Remember that this is an estimation. As we will see later on a more accurate calculation
would show that Tdec depends on the flavour.
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1

1.1

1.2

1.3

1.4

1.5

0.1110

T
γ 

/ T
ν

Tγ (MeV)

Tγ = Tν

Tγ = 1.401 Tν

e+e- → γγ

Figure 1.3: Evolution of Tγ/Tν

whose distribution will no longer be a FD equilibrium function (so the SE is lost).
In this case, precise calculations of the neutrino evolution will require the use of an
appropriate formalism which allows us to determine the evolution of distribution
functions outside the equilibrium.

1.3.2 Neutrinos and primordial nucleosynthesis

The BBN is very sensitive to the neutrino number density and neutrino energy
spectrum in the primordial plasma. Any deviation from standard neutrino physics
would have an impact on BBN and may be observed through present day abun-
dances of light elements. Actually, from observational data on light element abun-
dances we can deduce bounds on lifetimes, oscillation parameters and even on
neutrino masses.

Before analyzing the implications of neutrinos on nucleosynthesis, it is convenient
to introduce some basic concepts of the BBN process.
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T
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)

a/a(1 MeV)

neutrinos
photons

Figure 1.4: Temperature evolution for photons and neutrinos.

Big Bang nucleosynthesis (BBN)

The primordial nucleosynthesis or BBN is the process of production of light ele-
ments (that is, essentially elements no more massive than 7Li) in the early Uni-
verse. Nuclear reactions that took place from T ≈ 5 MeV to T ≈ 50 keV result
in the production of substantial amounts of different elements. Although the pro-
duction of 4He was the most important other light elements such as Deuterium
(D), 3He and 7Li were also produced. D and 4He are of particular importance
as there are apparently no contemporary astrophysical processes that can account
for their observed abundances. Nucleosynthesis of course occurs in stellar interiors
during the course of stellar evolution. However stellar processes generally involve
destruction of deuterium more quickly than it is produced, because of the very
large cross section for photodissocation reactions. On the other hand, nuclei heav-
ier than 7Li are essentially only made in stars. As a first step to understanding
primordial nucleosynthesis we will introduce three important concepts: nuclear
statistic equilibrium (NSE), the abundance and the neutron to proton ratio.

• NSE: Under certain physical conditions, all of the direct and reverse reac-
tions proceed so fast that so-called NSE is established, when the concen-
trations of all nuclides and the thermodynamic properties of the matter are
determined by thermodynamic equilibrium conditions.

• Abundance: We define the abundance by mass of a certain type of nucleus
to be the ratio of the mass contained in such nuclei to the total mass of
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22 Chapter 1. The Early Universe

baryonic matter contained in a suitably large volume. This way, the abun-
dance of 4He, usually indicated with the symbol Y , has a value, Y ≈ 0.24.
The abundance of D is of order 2 × 10−2Y , while the abundance of 3He,
corresponds to about 10−3Y .

• Neutron to proton ratio: One of the most important parameters to the
outcome of primordial nucleosynthesis is the ratio of neutrons to protons,
as essentially all the neutrons become incorporated into 4He. The balance
between neutrons and protons is maintained by the weak interactions:

n ←→ p+ e− + ν̄e

νe + n ←→ p+ e−

e+ + n ←→ p+ ν̄e (1.27)

For temperatures much higher than MeV, we can assume LTE. In this case we
can obtain an equilibrium value of the neutron to proton ratio. The chemical
equilibrium (contained in the definition of LTE) implies, µn +µν = µp +µe,
and therefore

n

p
≡ nn

np
=
Xn

Xp
= exp

[

−∆m

T
+
µe − µν

T

]

(1.28)

where ∆m ≡ mn−mp ' 1.3MeV. Taking into account the charge neutrality
of the Universe we can infer

µe

T
∼ ne

nγ
=
np

nγ
∼ η ⇒ µe

T
∼ 10−10 (1.29)

that fixes a limit to the charged lepton asymmetry. Since the relic neutrino
background has not been detected none of the neutrino lepton numbers is
known. For the moment we can assume that the leptonic number of neutrinos
is small, like the baryonic number, so that µν/T � 1, and therefore the
equilibrium value of the neutron-proton ratio is

(

n

p

)

EQ

= exp(−∆m/T ) (1.30)

Once we have defined this important parameter, we can analyze the process of the
primordial production. The production of light elements can be divided into three
stages, as shown in [2].

1. For T ∈ [10, 1] MeV. In this epoch all the weak rates are much larger than
the expansion rate so we can assume LTE. In this case n/p = (n/p)EQ. Also
the light elements are in NSE, but they have very small abundances.

It is significant that although the binding energies per nucleon are of the
order of 1 to 8 MeV, the abundance of nuclear species does not become of
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order unity until a much lower temperature. The fact that the abundances
of the light elements did not begin to build up until temperatures of much
less than an MeV is often blamed on the very small binding energy of the D
(the so called deuterium bottleneck). In fact, the abundances of nuclei with
large binding energies are very small until temperatures that are less than
about 0.3 MeV, a fact that traces to the high entropy of the Universe, that
gives us a large number of photons per nucleon, and not to the small binding
energy of D.

To build nuclei with atomic weight A ≥ 3 one needs to have a certain amount
of D. The amount created is governed by the equation

d+ γ ↔ p+ n (1.31)

that obviously depends on the amount of neutrons. However, as long as
the temperature does not drop, this reaction will be in equilibrium, and the
D produced will be automatically destroyed. This process is effective until
temperatures around T ∼ 0.1 MeV.

2. For T ∈[1, 0.3] MeV. In this epoch neutrino decoupling takes place and a
little later the e± annihilate transferring their entropy to the photons. At
about this time the weak interactions that interconvert neutrons and protons
freeze out. When this occurs, the neutron to proton ratio is given by its
equilibrium value

(

n

p

)

freeze−out

= exp(−∆m/TF ) ' 1

6
(1.32)

After freeze out this ratio does not remain truly constant, but actually slowly
decrease due to occasional weak interactions (eventually dominated by free
neutron decays). At this time the light nuclear species are still in NSE with
very small abundances.

3. For T ∈ [0.3, 0.1] MeV. At that time the number of degrees of freedom has
decreased from 10.75 to 3.36 due to both, the decoupling of neutrinos and
the e± annihilation. In addition, due to the disintegration of neutrons, the
fraction of protons has fallen to a value of∼ 1/7. That’s when the production
of D begins to be effective, leading to a chain reaction, which will result in
the formation of 4He. Therefore, the amount of 4He produced depends on
the expansion rate of the universe. If it spreads faster, there will be a rapid
cooling and therefore the amount of D that disintegrates will be lower and
at the same time, the amount of neutrons will be higher, since there is not
enough time for neutrons to decay.

As we have seen, in summary, neutrinos have a double impact on BBN. In one
hand, through the conversion processes n↔ p mediated by weak interactions that
are directly affected by the spectrum of neutrinos νe and ν̄e, (1.27). On the other
hand, as component of the background radiation, which affect the expansion rate
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of the universe through the relation (1.6). The expansion rate determines when
and how the production of 4He begins. This fact, can be used to put a bound on
the number of relativistic species (see section 1.3.3).

Observational data

To end this section, we show the present BBN data, obtained from the primordial
nucleosynthesis review included in the Particle data book [3]. The figure 1.5 shows
the primordial abundances measured for different elements as predicted by the
standard model of big-bang nucleosynthesis and the concordance region for Neff =
3, giving for the 4He abundance, Yp = 0.249± 0.009.

3He/H p

4He
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C
M

B

B
B

N

Baryon-to-photon ratio η × 10−10

Baryon density ΩBh2

D___
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Figure 1.5: Primordial abundances expressed in terms of the mass fraction (Y ),
as a function of the baryonic density Ωb and the baryon-photon ratio, η10.

The boxes show the observationally inferred primordial abundances with their
associated statistical and systematic uncertainties. Smaller boxes, ±2σ statistical
errors and larger boxes, ±2σ statistical and systematic errors. The narrow vertical
band indicates the CMB measure of the cosmic baryon density, while the wider
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band indicates the BBN concordance range (both at 95% CL).

1.3.3 Effective number of neutrinos

After decoupling, neutrinos enter cosmological observables mainly via their energy
density. Since they also remain relativistic for most of the cosmological evolution
—down to a temperature of the order of their sub-eV mass scale— it is customary
to parameterize their contribution to the radiation energy density ρR in terms of
the effective number of neutrinos Neff [4, 5]

Neff ≡
(

ρR − ργ

ρ0
ν

)

(

ρ0
γ

ργ

)

=

(

ρν+X

ρ0
ν

)

(

ρ0
γ

ργ

)

=

(

3 +
3
∑

α

δα

)

(

T 0
ν

T 0
γ

)4

, (1.33)

where T 0
ν /T

0
γ describes the photon to neutrino temperature ratio in the limit of

instantaneous neutrino decoupling. For T � me the e± annihilation phase is over,
and (T 0

ν /T
0
γ )4 → (11/4)1/3 ' 1.4010. The energy densities ρ0

γ and ρ0
ν refer respec-

tively to the photon plasma and to a single neutrino species in the limit of instan-
taneous decoupling, while ργ is the actual energy content of the photon plasma and
ρν+X the total energy content of weakly interacting particles (including possible
exotic contributions). The third equality in Eq. (1.33) follows when only the three
active neutrinos contribute to ρν+X ; eventually, the actual photon temperature
evolution accounts for the second factor in Eq. (1.33) and the possible energy-
density distortion in the α-th neutrino flavour is given by δα ≡ (ρνα

− ρ0
ν)/ρ0

ν .
Note that from Eq. (1.33) it follows

ρR =

[

1 +
7

8

(

T 0
ν

T 0
γ

)4

Neff

]

ργ , (1.34)

which, replacing (T 0
ν /T

0
γ )4 with (11/4)4/3, is often used in the literature to de-

fine Neff in the asymptotic limit T � me. Clearly, well after e±-annihilation,
three thermally distributed neutrinos correspond to Neff = 3 in the instantaneous
decoupling limit.

Bounds on Neff from cosmological data

In this section we are going to give a brief review of the most recent bounds on
Neff from cosmological data. These bounds essentially come from the BBN and
CMB data.

As we have already seen, a bound on the total number of light neutrino flavours,
Nν can be derived from primordial nucleosynthesis. Hoyle and Tayler in 1964 [6]
were the firsts to observe that “if there were more than two kinds of neutrinos
the expansion would have to be faster to overcome the gravitational attraction of
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26 Chapter 1. The Early Universe

the extra neutrinos and... the larger the ratio He/H turns out to be”. Since then,
there have been various attempts to calculate this effect.

In figure 1.6 we show the sensitivity of light element abundances to the Nν . The
mass fraction of 4He has been calculated as function of Nν for different values of
baryon to photon ratio, η10 [7].

Figure 1.6: Mass fraction of 4He as a function of the number of massless neutrino
species. Different curves corresponds to different values of the baryon-to-photon
ratio η10 = 2, 3, 4, 5, 6 in order of increasing helium abundance. This Figure is
taken from ref. [7].

It should be noted that the impact of extra particle species on BBN can be also
described by the effective number of relativistic particles (Neff), that also includes
non-relativistic species. The figure 1.7 shows the results of the BBN bounds on
Neff taking in input the value of the baryon density derived from the WMAP
data. The allowed range, Neff = 2.5+1.1

−0.9 (95% CL) was inferred on light elemnt
abundances. However, it should be noted that the main problem when deriving the
primordial abundances from observations in astrophysical sources is the existence
of systematics. Therefore the range allowed could vary in a very significant way
[8].

Independent bounds on the radiation content of the universe at a later epoch can be
extracted from the analysis of the power spectrum of CMB anisotropies. Assuming
a minimal set of cosmological parameters and a flat universe, ref. [9] found the
value Neff = 3.5+3.3

−2.1 (95% CL) (see also [10, 11, 12]) from the combination of
WMAP data with other CMB and LSS data. It has been shown that the addition
of Supernovae and new CMB data leads to a reduction of the allowed range:
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Figure 1.7: Bounds on Neff from the analysis of a set of cosmological data (Left
Panel) and including Lyman-α and BAO data (Right Panel). The figure also shows
the marginalized contours at 68% and 95% c.l. on the ωb-Neff plane along with
the analogous contours from BBN using D and 4He experimental results (dotted
lines).This Figure is taken from ref. [8].

Neff = 4.2+1.2
−1.7 [13] (with the latest BOOMERANG data) and Neff = 3.3+0.9

−4.4 [14]
(with WMAP three year data). A more stringent bound would be posible with
the future CMB data from PLANCK according to the forecast analysis in ref.
[15]. More recent analyses in refs. [16, 17, 18, 19] show that this conclusion was
too optimistic, reducing the sensitivity to ∆Neff ∼ 0.2. For forecasts beyond
PLANCK, there are estimates in [20].



“tesisI” — 2008/6/13 — 11:36 — page 28 — #48
i

i

i

i

i

i

i

i



“tesisI” — 2008/6/13 — 11:36 — page 29 — #49
i

i

i

i

i

i

i

i

Chapter

2
Non-instantaneous
neutrino decoupling

So far we have worked with reversible processes (equilibrium thermodynamics) to
characterize the expanding universe. For much of its early history, most of the con-
stituents were in thermal equilibrium, thereby making an equilibrium description a
good approximation. However the universe has undergone several departures from
thermal equilibrium, that must be studied in greater depth using non-equilibrium
thermodynamics. The evolution of the phase space distribution of a species which
is in LTE or is completely decoupled is simple. It is the evolution of particle dis-
tributions around the epoch of decoupling that is challenging. As we have seen
in the previous chapter, the estimation made by the condition (1.13) is surpris-
ingly accurate, however, in order to properly treat the decoupling we require a
new procedure, specially when the processes of decoupling and e±-annihilation
are close enough as for the latter influences, although only slightly the spectrum
of neutrinos.

The new procedure requires the use of the Boltzmann equation. This is the basic
equation for the kinetic theory and the transport phenomena and gives us the mi-
croscopic evolution of the particle’s phase space distribution in a non-equilibrium
system. In section 2.1 we introduce the basic features of this equation. Its applica-
tion to the neutrino decoupling case has been treated many times in literature. In
the early 1990s several works [21, 22, 23] performed momentum-dependent calcu-
lations assuming some approximations, such as Boltzmann statistics for neutrinos,
while the full numerical computation was later carried out in refs. [24, 25, 26, 27].
In section 2.2 we show the development of this calculation and we discuss the main
results obtained. Finally, in section 2.2.1 we analyze a further refinement that in-
volves the inclusion of finite temperature QED corrections to the electromagnetic
plasma [28, 29].
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30 Chapter 2. Non-instantaneous neutrino decoupling

2.1 Boltzmann equation

The Boltzmann equation is an integral-partial differential equation. It is non-
linear and it has seven independent variables (three in momentum space, three in
position space and time). The generic form is given by the expression

L[f ] = C[f ], (2.1)

where C is the collision operator and L is the Liouville operator. Let us consider
each term separately.

The operator L gives us the variation rate of the distribution function and can be
expressed as

L =
d

dt
+
d~x

dt
· ~5x +

d~v

dt
· ~5v (2.2)

Taking into account the medium which we are dealing with is convenient to do the
relativistic generalization expressing the operator in the covariant form

L = pα ∂

∂xα
− Γα

βγp
βpγ ∂

∂pα
(2.3)

where the gravitational force enters the equation through the affine connection,
given by the Christoffel symbols, Γα

βγ . Then we apply this relation to an expanding
universe described by the CSM. Remember that the distribution function for a
FRW model is spatially homogeneous and isotropic f = f(|~p|, t) (or equivalently
f = f(E, t)). For the RW metric the Liouville operator, L, is

L[f(E, t)] = E
∂f

∂t
− ȧ

a
|~p|2 ∂f

∂E
(2.4)

where the expansion of the universe enters the equation through the Hubble pa-
rameter, H = ȧ/a.

On the right hand side of Boltzmann equation we have the collision operator. This
term is undoubtedly the hardest to address. We have to take into account that
to obtain an explicit expression for this operator a few approximations must be
done. The most important ones are listed below.

• Molecular chaos hypothesis: is the assumption that the velocities of colliding
particles are uncorrelated, and independent of position. One of the main
consequences of this hypothesis is the time asymmetry or irreversibility of
the equation.

• Only two body collisions are considered: under the conditions of temperature
and density of our problem this election is entirely justified.

• The mean free path of the particles are much bigger than the characteristic
scale of the system. This condition avoids boundary problems.
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Once we have defined the operator we can express the Boltzmann equation in a
more usual way as

(∂t −Hp∂p)f = Icoll (2.5)

where the collision term Icoll for the process 1 + 2→ 3 + 4 is given by

Icoll =
1

2E1

∑

∫

d3p2

2E2(2π)3
d3p3

2E3(2π)3
d3p4

2E4(2π)3

(2π)4δ(4)(p1 + p2 − p3 − p4)F (f1, f2, f3, f4)S|A|212→34 (2.6)

being F = f3f4(1 − f1)(1 − f2) − f1f2(1 − f3)(1 − f4) the statistical factor, |A|2
the matrix element squared, averaged over the initial (except the first) and final
spins, and S is the symmetry factor for identical particles in the initial and final
state. Remember that for n identical particles of a given species in the initial or
final state, the symmetry factor is 1/n!.

2.2 Relic neutrino decoupling

In the most general case, the Boltzmann equations are a coupled set of integral-
partial differential equations for the phase space distribution of all the species
present. In our problem we have to deal with three neutrino species (three flavours)
while all the other species (electrons, positrons and photons) will have an equilib-
rium phase space distribution because of their rapid interactions. However there
are some approximations that can reduce the number of equations and simplify
the problem.

Firstly, we assume that the distribution function for non-electronic flavours (µ and
τ ) have the same behaviour, fντ

= fνµ
= fνx

. This assumption is completely jus-
tified in a standard scenario where they only interact via neutral current reactions
(NC) (Figure 1.2), but can vary if we introduce some kind of exotic interactions.
The electronic flavour has a different behaviour since it also suffers charged current
interactions (CC). Also we assume that the neutrino-antineutrino asymmetry is
negligible, so that fνα

= fν̄α
.

Now we have to deal with a set of two coupled integro differential equations (one
for each independent flavour, fνe

and fνx
). However to set a complete system

of equations we need another relation. If we assume that the electromagnetic
component of the plasma is in LTE at temperature Tγ we can use the continuity
equation (1.11), to determine the evolution of Tγ . Therefore the system that we
have to solve is

(∂t −Hp∂p)fi(p, t) = I i
coll(p, t) i = νe, νx

ρ̇+ 3H(ρ+ P ) = 0 (2.7)
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32 Chapter 2. Non-instantaneous neutrino decoupling

To obtain an explicit form of the continuity equation we have to calculate the
energy density (1.16) and the pressure (1.17). If we take into account that in this
epoch (T ∼ MeV) the main constituents of the Universe are e±, γ y ν (see Table
1.2), then

ρ =
π2T 4

γ

15
+

2

π2

∫

dqq2
√

q2 +m2
e

exp(E/Tγ) + 1
+

1

π2

∫

q3dq (fνe
+ 2fνx

)

P =
π2T 4

γ

45
+

2

π2

∫

dqq4

3
√

q2 +m2
e[exp(E/Tγ) + 1]

+
1

3π2

∫

q3dq (fνe
+ 2fνx

)

where the first term is due to photons (ργ and Pγ), the second is due to electrons
and positrons (ρe and Pe) and the last two correspond to neutrinos (ρν and Pν).

Once we have the complete system of equations, we have to solve it. This is a non
trivial question since the system has no analytical solution, so it has to be solved
numerically (see Appendix A for details). For this purpose, it proves useful to
define the following dimensionless variables instead of time, momenta and photon
temperature [22]

x ≡ ma(t) y ≡ p a(t) z ≡ Tγ a(t) . (2.8)

Here m is an arbitrary mass scale which we choose as the electron mass me. The
scale factor a is normalized without loss of generality so that a(t)→ 1/T at large
temperatures, T being the common temperature of the particles in equilibrium far
from any entropy-transfer process. Therefore, if we take into account that in the
limit of instantaneous decoupling a−1 can be identified with the temperature of
neutrinos, z would be considered as a variable that gives us the evolution of the
ratio between the temperature of the electromagnetic component of the plasma
(Tγ) and the neutrino temperature. It should be noted, however that this inter-
pretation of the z variable is only valid when the particles are in equilibrium. Note
that if not, will have no meaning nor will it be possible to define the temperature
as a thermodynamical variable. Therefore, when the entropy transfer between e±

and neutrinos takes place, and consequently the neutrino spectrum is distorted,
this variable will give us an idea of the intensity of the distortions. The z variable
can also be interpreted as the ratio between the photon temperature before and
after the annihilation, since the photon bath is always on LTE. Finally y(t) is
defined as the comoving momenta. With this variables the Boltzmann equation
(2.5) yields

dfe,x(y, x)

dx
=

1

Hx
Ie,x
coll(y, x) (2.9)

while the continuity equation (1.11)

dρ̄

dx
=

1

x
(ρ̄− 3P̄ ) (2.10)
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where ρ̄ and P̄ are the energy density and pressure expressed in terms of the
comoving variables,

ρ̄ = ρ

(

x

me

)4

, P̄ = P

(

x

me

)4

(2.11)

Taking into account the explicit expressions for ρ̄ y P̄ , the continuity equation can
be expressed as

dz

dx
=

x
zF1(x/z)− 1

2z3

∫

dyy3

(

dfνe

dx
+ 2

dfνx

dx

)

x2

z2 F1(x/z) + F2(x/z) + 2π4

15

. (2.12)

where the functions F1 and F2 are given in the Appendix C.

As we can see this equation gives us the evolution of the temperature ratio z that
is affected by the neutrinos. In the instantaneous decoupling limit, in which there
is no entropy transfer between the electromagnetic component and neutrinos, the
asymptotic value of z is given by (1.26). However solving the system of equa-
tions we are taking into account the entropy transfer so this value will be slightly
modified (see Table 2.1).

As a final step, prior to the resolution of the system we can reduce the collision
integral (2.6) from nine to just two dimensions. For this purpose we have followed
a procedure similar to that described in the Appendix A of [25], but with some
differences, as described in the Appendix B.1 of the present thesis. The result of
this calculation is

Iνe

coll ∝
∫

dp2dp3

[

F (f (1)
νe
, f (2)

νe
, f (3)

νe
, f (4)

νe
)[4Π2(p1, p4) + 2Π2(p1, p2)]

+ F (f (1)
νe
, f (2)

νe
, f (3)

νx
, f (4)

νx
)Π2(p1, p4)

+ F (f (1)
νe
, f (2)

νx
, f (3)

νe
, f (4)

νx
)[Π2(p1, p4) + Π2(p1, p2)]

+ F (f (1)
νe
, f (2)

νe
, f (3)

e , f (4)
e )4[g2

LΠ2(p1, p4) + g2
RΠ2(p1, p3)

+ 2g2
Lg

2
Rm

2
eΠ1(p1, p2)]

+ F (f (1)
νe
, f (2)

e , f (3)
νe
, f (4)

e )4[g2
LΠ2(p1, p2) + g2

RΠ2(p1, p4)

− 2g2
Lg

2
Rm

2
eΠ1(p1, p3)]

]

(2.13)

and similar for antineutrinos and νx.

Once we have all the equations of the system (two Boltzmann equations and the
continuity equation), we can solve it using an appropriate numerical code. For
more details, please see the Appendix A. Now we are going to show the main
results of this calculation.

Figure 2.1 shows the evolution of the neutrino spectrum for a given value of the
momentum. As we can see at large temperatures or x <∼ 0.2, neutrinos are in good



“tesisI” — 2008/6/13 — 11:36 — page 34 — #54
i

i

i

i

i

i

i

i

34 Chapter 2. Non-instantaneous neutrino decoupling

1

1.01

1.02

1.03

1.04

1.05

0.1 1 10

f ν
 / 

f e
q 

fo
r 

y 
=

 1
0

x = me R

νe

νx

Tγ

Figure 2.1: Evolution of the distortion of the neutrino spectrum for a particular
comoving momentum (y = 10).

thermal contact with e± and their distributions only change keeping an equilibrium
shape with the photon temperature [exp(y/z(x))+1]−1 (the Tγ line in the figure).
In the intermediate region 0.2 <∼ x <∼ 4, weak interactions become less effective in
a momentum-dependent way, leading to distortions in the neutrino spectra which
are larger for νe’s than for the other flavours. Finally, at larger values of x neutrino
decoupling is complete and the distortions reach their asymptotic values. For the
particular neutrino momentum in Fig. 2.1, the final value of the distribution is
4.4% (νe) and 2% (νµ,τ ) larger than in the instantaneous decoupling limit.

The Figure 2.2 shows the final value of the distortion as a function of the momen-
tum. The dependence of the non-thermal distortions in momentum is well visible,
which reflects the fact that more energetic neutrinos were interacting with e± for
a longer period. As well it should be noted that the distortions depend on the
flavour, so that if the oscillations were effective in that period, the spectrum could
be altered. This dependence can be easily understood if we take into account
that the electronic neutrinos interact via NC and CC interactions, while µ and τ
neutrinos interact only via NC.

Once we have found the final neutrino distributions, the frozen values of some
quantities characterizing neutrino heating can be calculated. We show in Table
2.1 the numerical results for different parameters: the final value of the temper-
ature ratio (z), the effective number of neutrinos (Neff) and the correction over
4He abundance (∆Yp). We also show the neutrino energy density respect to the
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Figure 2.2: Frozen distortions of the neutrino spectra as a function of the comoving
momentum.

equilibrium value (δρνα
). This correction can be expressed as, δρν/ρeq, where

ρeq =

(

7π2

240

)

(m

x

)4

y δρν =
ρνe

+ 2ρνx

3
− ρeq

being δρνi
defined for each flavour

δρνi
= ρνi

− ρeq

Before discussing the numerical results showed in Table 2.1 we are going to intro-
duce the finite temperature corrections.

Table 2.1: Frozen values of zfin, the neutrino energy densities δρ̄να
≡ δρνα

/ρν0
,

Neff and ∆Yp.

Case zfin δρ̄νe
δρ̄νµ,τ

Neff ∆Yp

Instantaneous 1.40102 0% 0% 3
No mixing 1.3978 0.94% 0.43% 3.046 1.71×10−4

No mixing (no QED) 1.3990 0.95% 0.43% 3.035 1.47×10−4

No mixing (all νe) 1.3966 0.95% 0.95% 3.066 3.57×10−4

No mixing (all νµ) 1.3986 0.35% 0.35% 3.031 1.35×10−4
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2.2.1 QED corrections

At finite temperature and density the particle properties are usually modified
settling differences between them and the properties in vacuum. The dispersion
relation (in vacuum, ω = k), which gives us a relation between the energy and
the magnitude of the momentum, is modified causing a variation in the particle
propagation.

In our case, what is produced is a modification of the dispersion relation of e±

and γ, due to electromagnetic interactions, which, in turn, modify the energy
density and pressure of the plasma. The result of applying this correction will be
a decrease in energy density, so that in the process of e± annihilation there will be
a lower exchange of entropy than in the standard case, without corrections. Thus,
since much of the energy from annihilation is converted into photons, this result
translates into a lower value of z.

Finite temperature QED corrections modify in several points the calculations of
neutrino decoupling described till now. First, through the change on the elec-
tromagnetic plasma equation of state (the continuity equation 1.11) due to the
fact that the e± masses will be renormalized by a finite temperature term. These
contributions modify the corresponding dispersion relations in such a way that:
E2

i = k2 + m2
i + δm2

i (T ), where i = e, γ. The corrections induced on the e±

and γ masses can be obtained perturbatively by calculating the loop corrections
to the self energy of these particles. This way for the photon mass, up to order
α = e2/(4π), one can find the additional finite temperature contribution

δm2
γ(T ) =

8α

π

∫

dk
k2

Ek

1

exp(Ek/T ) + 1
(2.14)

However taking into account the results obtained in [29] this contribution can be
neglected safely.

The renormalized e± masses in the electromagnetic plasma are instead given, up
to order α, by

δm2
e(p, T ) =

2παT 2

3
+

4α

π

∫

dk
k2

Ek

1

exp(Ek/T ) + 1

−2m2
eα

πp

∫

dk
k

Ek
log

∣

∣

∣

∣

p+ k

p− k

∣

∣

∣

∣

1

exp(Ek/T ) + 1
(2.15)

where the last factor (the one that depends on the momentum) contributes less
than 10% so we neglect it in the following. If we introduce the new dispersion
relation in (1.17) and expanding P with respect to δm2

e we obtain the first order
correction for the pressure

P (1) = −
∫ ∞

0

dk

2π2

k2

Ek

δm2
e(T )

eEk/T + 1
, (2.16)
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and calculate the energy density by using P in

ρ = −P + T
dP

dT
. (2.17)

If we introduce these corrections in the equation of state (2.12) we obtain

dz

dx
=

x
zF1(x/z)− 1

2π2z3

∫

dyy3 ×
(

dfνe

dx
+ 2

dfνx

dx

)

+G1(x/z)

x2

z2 F1(x/z) + F2(x/z) + 2π4

15 +G2(x/z)
(2.18)

where the functions Gi i = 1, 2 are given in the Appendix C. In case one neglects
the finite temperature QED corrections, the functions G1 and G2 vanish, and one
recovers the expression reported in (2.12). It should be noted that the presence of
G2 in the denominator of the r.h.s. of the equation makes, at least in principle,
not correct to simply sum the neutrino contribution with the QED one.

In addition to this change in the continuity equation, we have to take into account
that the variations in the energy density produce variations in the expansion rate
of the Universe, as we can see in the Friedmann equation (1.6). Such variations
have been also taken into account in the calculations.

The results obtained for a momentum dependent calculation of the relic neutrino
decoupling including QED corrections are summarized in Table 2.1. As we can see,
the effective number of neutrinos is not three, as in the instantaneous decoupling
limit. As we mentioned when we defined this parameter through equation (1.33),
the deviations of Neff from its standard value is due to the distortions produced
by the e±-annihilation. Also the corrections over the total energy density are not
bigger than 1% and taking z a value 1.3978. It should be noted that our results
agree with previous works. Moreover if we include QED corrections we find a
slightly smaller zfin than [29] that is due to a more accurate numerical calculation
of the evolution of z(x). After evaluating the precision in the numerical calculations
(modifying our choice for the grid in neutrino momenta, the initial value of x, etc),
we estimate that the accuracy in the values of Neff is ±0.002. For comparison, we
also show the results of two toy cases where all neutrino flavours have the same
interactions with e+ − e− as νe’s or νµ’s, respectively. Remember that the νe’s
interact via NC and CC interactions while νµ’s only have NC couplings.
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Summary

Before to address the neutrino decoupling in different “non-standard” scenarios it
is convenient to summarize the main results of the Part I.

As we have showed, the process of decoupling can be roughly estimated by using
the condition Γ > H . This condition gives us important information. The estima-
tion on the decoupling temperature, Tdec ≈ 1 MeV. With this value, we can say
that neutrinos were relativistic at the moment of decoupling, and therefore that
the distribution function will be a Fermi-Dirac. Once decoupled the distribution
function for neutrinos remains self similar as the Universe expands, with the tem-
perature red-shifting as a−1. However early after the decoupling takes place an
important process that will distort the neutrino spectrum: the electron-positron
annihilation.

While it is true that the estimate of instantaneous decoupling is surprisingly ac-
curate, a precise calculation of the neutrino spectrum must take into account
the possible distortions caused due to residual interactions between the electro-
magnetic component of the plasma and neutrinos. To do this calculations, it is
necessary to use the Boltzmann equation. The results obtained using the Boltz-
mann equation, show a very particular behaviour. In first place, the distortions
produced on neutrino spectrum depend on the energy. The distortions are bigger
for higher values of the momentum. On the other hand, as we observe on Figures
2.1 and 2.2, the distortions are also flavour dependent. This behaviour, that is
due to the fact that electron neutrinos have CC interactions (plus the NC), is one
of the main motivations of the first chapter in the next part.
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Part II

Relic neutrino decoupling in
non-standard scenarios
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Chapter

3
Flavour oscillations
in the Early Universe

In general, previous analyses of neutrino decoupling did not include flavour neu-
trino oscillations, although their potential effect was already noted long ago [30].
The exception is a work by Hannestad [31], who calculated the effect of two-
neutrino oscillations on neutrino heating, finding that the neutrino energy density
was slightly higher while the increase in the primordial abundance of 4He due to
non-thermal features of neutrino decoupling could be even doubled. In this work,
some approximations were taken, such as integrated kinetic equations (quantum
rate equations or QREs) and Maxwell-Boltzmann statistics. In addition, a more
recent paper [32] considered the effects of neutrino oscillations in scenarios with
low-reheating temperatures (below 10 MeV), using momentum-dependent equa-
tions with massless e± in the collision terms, but ignoring neutrino-neutrino col-
lisions.

Our aim is to make a precise calculation of the neutrino decoupling process in-
cluding all the relevant effects, i.e., oscillations and collisions. In sections 3.1 and
3.2 we introduce some basic concepts about neutrino flavour oscillations and its
propagation in matter. Then, in section 3.3, we explain the basic procedure used
to develop an equation that encompass the effects of collisions and oscillations.
Finally, in section 3.4 we show and discuss the main results obtained. The main
results of this chapter are based on ref. [33].
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44 Chapter 3. Flavour oscillations in the Early Universe

3.1 Oscillations in vacuum

Neutrino oscillations are the most sensitive probe of neutrino masses. The idea of
neutrino oscillations was first introduced by Pontecorvo in 1958 [34]. The essence
of this effect is very simple, and examples of the oscillation phenomena can be
found in nearly every textbook on quantum mechanics.

Consider, for example, a two-level quantum system. If the system is in one of its
stationary states |Ψi〉 (eigenstates of the Hamiltonian), it will remain in this state,
and the time evolution of the wave function is very simple —it just picks up a
phase factor: |Ψi(t)〉 = e−iEit|Ψi(0)〉. If, however, a state is prepared which is not
one of the eigenstates of the Hamiltonian of the system, the probability to find the
system in this state will oscillate in time with the frequency ω21 = E2−E1 where
E1 and E2 are the eigenenergies of the system.

Neutrinos are produced by the charged-current weak interactions and therefore are
weak-eigenstate neutrinos νe, νµ or ντ . However, the neutrino mass matrix in this
(flavour) basis is in general not diagonal. This means that the mass eigenstate
neutrinos ν1, ν2 and ν3 (the states that diagonalize the neutrino mass matrix,
i.e. the free propagation eigenstates) are in general different from the flavour
eigenstates. Therefore the probability of finding a neutrino created in a given
flavour state to be in the same state (or any other flavour state) oscillates with
time. In this case the evolution equation for the mass eigenstates is given by
i(d/dt)|νm〉 = Hm|νm〉, where Hm = diag(E1,E2,E3). Therefore the evolution in
the flavour basis is

id/dt|νflavour〉 = UHmU
†|νflavour〉 , (3.1)

where U is the lepton mixing matrix. In case of three flavours this matrix can be
written as [3]

U =





c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13eiδ c12c12 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12c12 − s12c23s13eiδ c23c13



 (3.2)

where cij = cos θij and sij = sin θij for ij = 12, 23, or 13. Since we have assumed
CP conservation, there are five oscillation parameters: ∆m2

21 = m2
2−m2

1,∆m
2
31 =

m2
3 −m2

1, θ12, θ23 and θ13. From a global analysis of experimental data on flavour
neutrino oscillations, the values of the first four parameters are determined, while
we only have an upper bound on θ13. As a reference, we take the best-fit values
from [35]

∆m2
21 = 7.9+1.0

−0.8 × 10−5 eV2

∆m2
31 = 2.6+0.6

−0.6 × 10−3 eV2

sin2 θ12 = 0.30+0.06
−0.06

sin2 θ23 = 0.50+0.18
−0.16

sin2 θ13 < 0.04 (3.3)
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3.2 Matter effects 45

For relativistic neutrinos Ei = p+mi/2E, therefore the evolution equation can be
written as

i
d

dt





νe

νµ

ντ



 =
M2

4E





νe

νµ

ντ



 (3.4)

where M2 is the mass-squared matrix in the flavour basis and has to be written
in terms of the quadratic mass differences.

3.2 Matter effects

As we have seen in section 2.2.1 in a previous chapter, matter effects induce vari-
ations in particle propagation. In particular neutrino oscillations in matter may
differ from the oscillations in vacuum in a very significant way. From a macro-
scopic point of view the modifications of the neutrino dispersion relation can be
represented in terms of an index of refraction or an effective potential (forward
scattering). At the microscopic level the modifications arise from the temperature
and density dependent corrections to the neutrino self energy (finite temperature
field theory, FTFT).

The aim of this section is to briefly introduce the two ways to deal with the
calculation of the effects produced by the medium. As we will see the effects
on the neutrino decoupling are small. However, if we want to make a precise
calculation these corrections have to be taken into account.

3.2.1 Forward scattering

Neutrinos can be absorbed by the matter constituents, or scattered off them,
changing their momentum and energy. However, in some scenarios (not in the
Early Universe) and from a macroscopic point of view the probabilities of these
processes, being proportional to the square of the Fermi constant GF , are typically
very small. Neutrinos can also experience forward scattering, an elastic scattering
in which their momentum is not changed. This process is coherent, and it creates
mean potentials Va for neutrinos which are proportional to the number densities
of the scatterers. These potentials are of the first order in GF , but one could
still expect them to be too small and of no practical interest. This expectation,
however, would be wrong. To assess the importance of matter effects on neutrino
oscillations, one has to compare the matter-induced potentials of neutrinos Va

with the characteristic neutrino kinetic energy differences ∆m2/2E. Although the
potentials Va are typically very small, so are ∆m2/2E; if Va are comparable to
or larger than ∆m2/2E, matter can strongly affect neutrino oscillations. This
induced potential can be obtained considering neutrino interactions with matter.
Neutrinos of all three flavours interact with the electrons, protons and neutrons of
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46 Chapter 3. Flavour oscillations in the Early Universe

matter through neutral current (NC) interaction mediated by Z0 bosons. Electron
neutrinos in addition have charged current (CC) interactions with the electrons of
the medium, which are mediated by the W± exchange (see fig. 1.2).

If we consider the CC interactions. At low neutrino energies, they are described
by the effective Hamiltonian

HCC =
GF√

2
[ēγµ(1− γ5)νe][ν̄eγµ(1− γ5)e] (3.5)

In order to obtain the coherent forward scattering contribution to the energy
of νe in matter (i.e. the matter-induced potential for νe) we fix the variables
corresponding to νe and integrate over all the variables that correspond to the
electron:

Heff(νe) = 〈HCC〉electron ≡ ν̄eVeνe (3.6)

Furthermore, if we take into account that for an unpolarized medium of zero total
momentum the only non zero contribution is

〈ēγ0e〉 =
〈

e†e
〉

= ne− − ne+ = Ne (3.7)

we obtain
(Ve)CC ≡ VCC = 2

√
2GF (ne− − ne+) (3.8)

Analogously, one can find the NC contributions VNC to the matter-induced neu-
trino potentials. Since NC interaction is flavour independent, these contributions
are the same for neutrinos of all three flavours. The direct calculation of the
contribution due to the NC scattering of neutrinos off neutrons gives (Va)NC =
−GFNn/

√
2, where Nn is the neutron number density. Together with eq. (3.8)

this gives

Ve = 2
√

2GF

(

Ne −
Nn

2

)

(3.9)

Vµ,τ = 2
√

2GF

(

−Nn

2

)

(3.10)

Then the evolution equation can be expressed as:

i
d

dt





νe

νµ

ντ



 =





M2

4E
+





Ve 0 0
0 Vµ 0
0 0 Vτ













νe

νµ

ντ



 . (3.11)

if we take into account that the amount of neutrons is negligible at this epoch,
then Vµ,τ = 0.

3.2.2 Finite temperature field theory (FTFT)

At finite temperature and density (FTD) the properties of particles generally de-
viate from their vacuum values. This applies, in particular, to their effective mass,
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or rather, to the dispersion relation which governs their propagation. Neutrino
propagation can be expressed by the equation

[kµγµ − Σ(k)]ψ = 0 (3.12)

where kµ is the neutrino four-momentum and Σ is the self energy.

The situation in a medium is different. The effects of the medium will introduce
in the self energy an additional dependence on the velocity four-vector uµ of the
background. This gives us Σ = akµγµ + buµγµ, where a and b are parameters that
depend on the medium.

The diagrams that enter in the calculation if we consider the neutrino propagation
in a medium of charged leptons and neutrinos are shown in Fig. 3.1. In diagram

��

��� � �� �

	




(a) (c)(b)

�
l l l ll ll

Figure 3.1: Self-energy diagrams

(a) f stands for any fermion species that is present in the background, diagram
(b) is due to the background of neutrinos and the diagram (c) corresponds to
the contribution of charged leptons. Taking into account that diagram (a) gives
the same contribution for each neutrino flavour, and then it has no interest from
the oscillations point of view, we will focus on diagrams (b) and (c). Since the
calculation of both diagrams is similar we only show the calculation of diagram
(c), which has a self energy,

Σ =

(−ig√
2

)2 ∫
d4p

(2π)4
γµ(1− γ5)S(p)γν(1− γ5)∆

W
µν(k − p) (3.13)

If we make a first order calculation1 (O(g2/m2
W )), the dispersion relations for

neutrino and antineutrino are simply, ω = K ± b, with the + (−) sign holding for
neutrinos (antineutrinos), where

b =

(

g2

4m2
W

)

(n− − n+) =
√

2GF (n− − n+) (3.14)

1Since the temperature we are interested is low compared with the W mass there are no W ’s
present in the medium, and therefore the propagator can be taken to be the same as in the
vacuum.
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48 Chapter 3. Flavour oscillations in the Early Universe

being n± the particle (+) or antiparticle (-) density. So the medium effect depends
on the asymmetry, which reproduces the well known result showed in previous
section, eq. (3.8). However, the asymmetry in the early Universe is very small,
contrary to what happens in the stellar interior or supernovas, so it will be neces-
sary to do a second order calculation. Also, since we are in a temperature range
that is small compared to the gauge boson masses (mZ ∼ 90 GeV o mW ∼ 80
GeV) we will use an expansion of the propagator. The second order expansion is
given by

∆W
µν =

gµν

m2
W

+
gµν∆2 −∆µ∆ν

m4
W

(3.15)

where the first term is the first order contribution, that gives us the same result
as before. Including the term of order m−4

W we find

b =
√

2GFNl +
8
√

2GF p

3m2
W

√
2GF (ρl + ρl̄) (3.16)

where ρl is energy density of a medium of charged leptons. It should be noted that
in this diagram the charged lepton in the loop should be of the same flavour as the
neutrino, and taking into account that at T around MeV there are no µ’s and no
τ ’s, the reaction will only take place with νe. However, we start our calculation at
temperatures around 10 MeV when the amount of muons is not negligible. This
is the reason why we have also included it. We conclude that in the case of a
background of charged leptons the effect induced by the medium has two different
contributions. The first order contribution is proportional to the asymmetry of
the medium itself, while the second order includes a term that is proportional to
the energy density of charged leptons, where, instead of the difference associated
to particles and antiparticles, the addition appears.

For diagram (b) one could wrongly think that the result will be the same but with
Nν and ρν instead of Nl and ρl. This is partially true, if we do not take into
account the transverse components. It was first realized by Pantaleone [36] that
the index of refraction caused by neutrino self-interactions can have non-diagonal
elements in the flavour basis. In this case we will have a 3 × 3 matrix whose
off-diagonal entries are different from zero. In the next section we will see better
these terms.

Making the calculations for all the diagrams we obtain a flavour dependent poten-
tial whose diagonal entries are

Vee =
√

2GF

[

− 8p

2m2
W

(ρe− + ρe+) +Ne

]

+ V e
NC

Vµµ =
√

2GF

[

− 8p

2m2
W

(ρµ + ρµ̄) +Nµ

]

+ V µ
NC (3.17)

Vττ = V τ
NC =

√
2GF

[

− 8p

2m2
Z

(ρντ
+ ρν̄τ

) + 2Nντ

]
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Figure 3.2: Contributions to the refraction index n − 1 from neutrino masses
(continuous lines), matter effects at 2nd order in GF (dashed lines, for νe and
νµ,τ ). Matter effects at 1st order are suppressed by nB/nγ and therefore negligible.
Figure obtained from [37].

where the 2 factor in the density term Nντ
, comes from exchange effects between

identical particles and will join Nνe
and Nνµ

in V e
NC and V µ

NC respectively. This
way, we see how the terms proportional to ρν lack interest since they are essentially
the same for each flavour, while the ones proportional to Nν can be dismissed if we
consider the neutrino-antineutrino asymmetry to be negligible. This asymmetry
could be important only if orders of magnitude larger than the baryon asymmetry.
Otherwise, as illustrated in figure 3.2, the normal matter effect becomes dominant
only at lower temperatures, T < me, where scatterings become negligible. Finally
we can neglect the term proportional to charged-lepton asymmetries (first order).
As we can see in figure 3.2 this asymmetric term is always negligible. At early
times (high temperatures) it is negligible compared to the ρ term (second order),
while at temperatures near Tdec (∼ 1MeV) it is negligible compared to the vacuum
term, ∆m2/2p, if the mass-squared differences coincide with those characterizing
the atmospheric neutrino and the solar neutrino LMA oscillations. Taking this into
account, we can express the diagonal entries of the induced potential as follows:

Vee = −
√

2GF 8p

2m2
W

(ρe− + ρe+)

Vµµ = −
√

2GF 8p

2m2
W

(ρµ− + ρµ+) (3.18)

Vττ = 0
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50 Chapter 3. Flavour oscillations in the Early Universe

In this section we have briefly analyzed the problem of neutrino oscillation in a
medium without taking into account collisions. However in our problem oscilla-
tions and collisions are both important, and therefore we need a formulation that
will be able to encompass both effects.

3.3 Kinetic theory and oscillations

In the last decades there have been a few attempts to unify in a single equation the
effects of neutrino flavour oscillations and interactions with matter. To first order
of a perturbation expansion the neutrino dispersion relation is modified, allow-
ing for the effect of resonant neutrino oscillations which solve the solar neutrino
problem. This refractive effect is usually treated in the form of a Schrödinger
equation for the single particle wave function for the mixing flavours. To second
order neutrinos are scattered, created or absorbed by the medium and it is treated
in the form of a kinetic equation, a differential equation for the occupation num-
bers of the neutrino field named Boltzmann equation (see chapter 2). But, what
happens when neutrino oscillations and collisions are both important? Would be
this situation the case of the early universe?

Certainly, in the early universe collisions are frequent enough to affect the free
evolution of the phases. The impact of these collisions can be understood if one
assumes that one neutrino (say νe) scatters with a rate Γ while the other (say νµ)
does not. The probability for finding it in one of the two flavours oscillates with
time (dotted line in Fig. 3.3). However, since the collisions modify the momentum
of νe while the νµ remains unaffected, the two flavours have different momentum
and so they begin to evolve separately without interfering. Now νe can develop a
new coherent νµ which is made incoherent in the next collision, and so forth. When
there are equal numbers of νe’s and νµ’s this process will come into equilibrium.
This decoherence effect is more obvious when the possibility of production and
absorption of νe is included. This way an initial population of νe’s can turn into
an equal mixture of νe’s and νµ’s as shown in Fig. 3.3) (solid line). As we will see
the decoherence effect can be also understood in terms of the density matrix.

Finally, it is important to point out that we must not confuse the “damping
of oscillations” with the effect of dephasing. This effect takes place when the
neutrinos are not monochromatic and occurs even without collisions. As it is
shown in Fig. 3.3 (dashed line) the dephasing washes out the oscillation pattern
but it does not lead to flavour equilibrium.

In the following sections we will review the most important approaches to this
problem, and we will obtain an equation that will become the basic tool for the
development of our work.
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3.3 Kinetic theory and oscillations 51

Figure 3.3: Neutrino oscillations with collisions (solid line). In the absence of
collisions and for a single momentum one obtains periodic oscillations (dotted
line), while for a mixture of energies oscillations are washed out be dephasing.

3.3.1 Stodolsky’s formula: a Bloch-type equation

Early attempts to marry the first and second order effects in a single equation
were pioneered by Dolgov [38] and Stodolsky [39]. However Dolgov did not treat
the problem of coherence so we will focus on the Stodolsky’s work.

The aim of his work was to encompass the effects of neutrino mixing and collisions
in a Bloch-type equation. As we will see, this formalism is not as precise as the
next we will treat, however it must be emphasized that this one gives us the
possibility to easily understand the processes involved in the propagation of a
neutrino ensemble in a thermal environment.

The notation used by Stodolsky is2

% =
1

2
[P0(x, y) + σ ·P(x, y)] =

(

P0 + Pz Px − iPy

Px + iPy P0 − Pz

)

(3.19)

where σi are the Pauli matrices, while P is the usual polarization vector defined
for neutrinos and it depends on the comoving variables x and y defined in chapter
2 through the expressions (2.8)3. For this vector “spin up” signifies νe and “spin
down” νµ. Thus Pz gives the flavour changing. The transverse components Px

2Actually, the most commonly used notation is %(p, t) = 1

2
P0(p, t)[1 +σ ·P(p, t)], but since it

is not linear, it will complicate the calculations.
3Do not confuse the comoving variables x and y with the index of the transverse components

of P x and y.
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52 Chapter 3. Flavour oscillations in the Early Universe

Figure 3.4: Precession of vector P around vector V

and Py contain information on the phase relation between the components.

P0 = %ee + %µµ, Py = Im[%eµ] (3.20)

Pz = %ee − %µµ, Px = Re[%eµ] (3.21)

In what follows, we will use this two-flavour notation for simplicity. However, it
should be noted that the three flavour generalization has been recently developed
in [40]. Using this notation the evolution equation can be expressed by

dP

dt
= Vvac ×P (3.22)

where Vvac is the vacuum potential vector,

Vvac =
∆m2

2p
(sin 2θ, 0, cos 2θ) (3.23)

whose length is determined by the mass squared difference of the neutrino mass
eigenstates for relativistic neutrinos.

|Vvac| = E2 −E1 ≈
m2

2 −m2
1

2p
(3.24)

With this equation is easy to understand the neutrino oscillations. As we can see
in Fig. 3.4, oscillations can be understood as the precession of vector P around
vector Vvac that makes an angle with the vertical axis z that is twice the usual
mixing angle for the two neutrino types.

Now if we let the medium be present we will see how the matter effect is easier to
understand in this notation. Two type of effects will be induced: the introduction
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3.3 Kinetic theory and oscillations 53

of a refraction index and the lost of coherence because of collisions. These two
effects can be introduced in a Bloch-type equation as follows:

dP

dt
= V ×P−DPT . (3.25)

Here the potential is defined by V = Vvac + Vmed where

Vmed = (0, 0, Vee − Vµµ) (3.26)

and D is the damping parameter defined by the collisions

C[P] = −DPT (3.27)

where PT is the transverse component of the polarization vector.

The medium induced contribution to the potential, Vmed affects to the refraction
index changing the axis and speed of precession but not the length of P. Consider-
ing as a good approximation that neutrino scattering with medium do not change
the flavour, then this contribution to Vmed must be along the z axis. Otherwise
Vmed could rotate P in a flavour changing direction. Therefore when the medium
potential is added to the vacuum it will produce a new vector making a smaller
angle withe the z axis and hence a smaller mixing. So the conclusion, previously
noted by Wolfenstein is that the index of refraction tends to suppress the mixing.
An exception can arise if the vacuum and medium induced contributions to V
point into in opposite directions and are about the same size. Then the mixing
can be enhanced (MSW effect).

The length of the polarization vector measures the degree of coherence: length 1 (if
its properly normalized) corresponds to a pure state, shorter P ’s to some degree of
coherence, and length zero is the completely mixed or incoherent state.Therefore
the second effect induced by the medium is a shrinkage of P, i.e. the collisions
destroy the coherence of the evolution. If we assume again that collisions are
flavour conserving, then this contribution must be perpendicular to z axis so it
will be proportional to the transverse component of the polarization vector. The
transverse component is damped since it represents the off-diagonal elements of
the density matrix in the interaction (or flavour) basis.

3.3.2 A Boltzmann-like equation

In the previous section we have analyzed the proposal of Stodolsky. This proposal
provides an easily understandable formulation. However it is based on a single-
particle wave function picture of neutrino oscillations and thus it is only applicable
if nonlinear effects in the neutrino density matrices can be ignored. Also we have
to take into account that in this treatment the degrees of freedom do not explicitly
appear but are contained in D and only the evolution of the “total” flavour of the
ensemble, given by Pz, is considered.
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54 Chapter 3. Flavour oscillations in the Early Universe

Therefore the next step was to abandon the single-particle approach to neutrino
oscillations and to move to a field which includes many body effects from the
start. We have to develop a general Boltzmann-type collision integral for mixed
neutrinos interacting with each other and with a medium. This was first derived
by G. Sigl and G. Raffelt [41]4.

Density matrix

As we have seen for unmixed neutrinos one usually studies a kinetic equation
for the evolution of particle and antiparticle occupation numbers fp and f̄p of a
momentum mode p. In order to justify and generalize this approach for mixed
neutrinos in the framework of field theory we have to define the quantum mechan-
ical density matrix in a field theoretical formulation. To define this matrix we will
follow [42].

%ij =
〈

|Ψ†
jΨi|

〉

(3.28)

The indices refer to the various components of the field in question and | > to
our original state. Ψ corresponds to a momentum expansion of the left-handed
massless neutrino field

Ψ(x) =

∫

d3p

(2π)3

[

ap(t)up + b†−p(t)v−p

]

eipx (3.29)

where ap is an annihilation operator for neutrinos of momentum p while b†p is a
creation operator for antineutrinos. The Dirac spinors u and v refer to massless
particles and antiparticles respectively.

The matrix defined is more complicated than the density matrix of the single
particle formulation since the arguments of the fields can refer to any point of space;
and similarly in momentum space they can refer to different momenta. However if
we make the additional assumption of spatial homogeneity the expectation value
of every physical observable constructed from the field Ψ will be independent of
location. The matrix will only depend on the difference of the arguments of the
fields, while in momentum space we have

〈

|Ψ†
j(p

′)Ψi(p)|
〉

= (2π)3δ3(p′ − p)%ij(p) (3.30)

so we can confine ourselves to the study of %p, for each momentum mode p.

For a three-state system, such as neutrino fields with three flavours, Ψ will be a
three-component spinor in flavour space, and we will have nine bilinears to deal
with. This gives us a matrix

%(p, t) =





%ee %eµ %eτ

%µe %µµ %µτ

%τe %τµ %ττ



 (3.31)

4Previous works have done several approximations about this subject [42, 43].
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where we have defined the matrix components as %i instead of %νi
(i = e, µ, τ).

The diagonal elements are the usual particle occupation numbers for each flavour,
whereas the off-diagonal contain correlations between the mixing flavours5 and
more subtle phase information relating to the coherence of the system. The ma-
trix % is Hermitian and positive definite. If we assume interactions that conserve
the total number of particles, then the trace of its spatial integral is conserved.
Hermiticity, positivity and conservation of the trace are the properties character-
izing a density matrix and so it is justified to speak of the integrated % as a density
matrix.

In order to find the evolution of % it is necessary to study the equations of motion
of the n× n operator matrices

ρij ≡ a†j(p)ai(p) and ρ̄ij ≡ b†i (p)bj(p). (3.32)

In the absence of interactions Ψ satisfies the Dirac equation for a free particle

implying ap(t) = ap(t)e−iΩ0
p
t and bp(t) = bp(t)e−iΩ0

p
t, where Ω0

p = (p2 +M2)1/2

is a 3 × 3 matrix of “vacuum oscillation frequencies”. In terms of Ω0 the free
neutrino Hamiltonian is

H0 =

∫

d3p

(2π)3

[

a†i (p)Ω0
pai(p) + b†i (p)Ω0

pbi(p)
]

(3.33)

With a Hamiltonian H the operator matrices evolve according to a Heisenberg’s
equation

∂tρ = −i[H, ρ]. (3.34)

If we do H = H0 we obtain

∂tρp = −i[Ω0
p, ρp] (3.35)

Taking the expectation values on both sides yields equation of motion of the density
matrix

∂t%p = −i[Ω0
p, %p] (3.36)

that represents the usual vacuum oscillations effects. One may use the represen-
tation Ω0

p = ω0
p + 1

2V
vac
p · σ and %p = 1

2fp(1 + Pp · σ). Then Eq. (3.36) leads to
the precession formula (3.22).

Propagation in a medium: refractive and collision terms

The effects of the medium are introduced through an interaction Hamiltonian Hint

which is a functional of the neutrino field Ψ and a set of background fields B. The

5This terms are different from zero only when we have neutrino mixing.
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56 Chapter 3. Flavour oscillations in the Early Universe

evolution equation for the matrix density will be a Heisenberg’s equation with
H = H0 +Hint

∂t%p(t) = −i[Ω0
p, %p(t)] + i

〈

[Hint(B(t),Ψ(t)), ρp(t)]
〉

(3.37)

and an analogous equations for antineutrinos (%̄p). This equation is exact, but
we need to perform a perturbative expansion to have a closed set of differential
equations.

To first order one may set the interacting fields B and Ψ equal to the free fields6

B0 and Ψ0. With a straightforward development and taking into account that
the expectation values factorize into a neutrino part and a medium part, since
we assume that the original state contained no correlations between the neutrinos
and the background, we obtain a closed relation among the %

i∂t%p = [Ω0
p, %p] +Nmed[G, %p] (3.38)

where Nmed is the medium density, assumed to be stationary and taken at momen-
tum transfer zero. We can see the similarities between this equation and equation
(3.25) without the damping term, where an index of refraction is added to the free
mixing. However we want to obtain an equation that encompass oscillations and
decoherence and in this equation there is no sign of any loss of coherence. This is
understandable, since to this order of approximation there is no excitation of the
medium. Only forward scattering has been taken into account, as is indicated by
taking B at momentum transfer zero. If the medium does not change its state,
no incoherence can be expected since the overall wavefunction, assumed to be a
simple product at t = 0, has remained so. As is familiar in perturbation theory,
the energy but not the wavefunction changes in first order. Thus to see the first
evidence of damping or incoherence we must go to the next order.

It has to be noted that in general a loss of coherence can always result from
averaging over some parameters characterizing the system. Also if there are in-
homogeneities in the medium in which our neutrinos propagate [44], there will be
an averaging or loss of coherence in the properties of the ensemble. However, we
assume spatial homogeneity that excludes sources of damping or incoherence and
we only wish to address the true quantum mechanical loss of coherence.

To introduce the second order in the perturbation expansion we define a general
operator ξ(t)

ξ(t) = ξ0(t) + i

∫ t

0

dt′[H0
int(t− t′), ξ0(t)], (3.39)

where ξ0 and H0
int are functionals of the freely evolving fields B0(t) and Ψ0(t).

Applying this iteration formula to the operator ξ = [Hint,Ψ] which appears in Eq.
(3.37) one obtains

∂t%p = −i[Ω0
p, %p(t)]+i

〈

[H0
int(t), ρ

0
p]
〉

−
∫ t

0

dt′
〈

[H0
int(t− t′), [H0

int(t), ρ
0
p]]
〉

(3.40)

6These operators are the solutions of the equations of motion in the absence of Hint
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3.3 Kinetic theory and oscillations 57

The first order contribution, proportional toHint, represents the forward-scattering
or refractive effect. The second order contribution, proportional to H2

int, contains
both forward and non-forward effects, and represents the kinetic or collision effects.

In generalHint will be a sum of different interaction terms. Then the refractive part
is just a sum of the different contributions because it is linear in Hint whereas the
collision term, which is quadratic in Hint, will in general include interference effects
between these contributions. However, there will be no interference term between
different types of interactions except for second-order forward-scattering effects
which we ignore. Therefore, we may use Eq. (3.40) to derive separate contribu-
tions to the kinetic equations from three neutrino interaction types: charged cur-
rent (CC) and effective neutral-current (NC) with a medium and neutral-current
neutrino self-interactions (S)

∂t%p = −i[Ω0
p, %p] + (∂t%)CC + (∂t%)NC + (∂t%)S

and an analogous equation for antineutrinos.

Since we only have scattering or pair processes we do not have to include the CC
interactions. The CC scatterings can be treated as NC if we do a suitable Fierz
transformation. To deal with the NC contribution we begin with fermions which
interact by virtue of an effective NC Hamiltonian,

HNC =
√

2GF

∑

α

∫

d3xBµ
a (x)Ψ̄(x)Gaγµ(1− γ5)Ψ(x). (3.41)

Here B is a bilinear of the Dirac fields which describe the medium —charged
leptons. G a diagonal matrix in the flavour basis that contains the couplings,
gα

i . If we consider the particular case of neutrino flavour oscillations in a medium
consisting of electrons and positrons with the usual standard model coupling to
the three neutrino flavours, these oscillations can be described in the form of
previous equation if we divide the electrons into left-handed and right-handed
species, α = R or L. Then we have

GL = diag(sin2 θW + 1/2, sin2 θW − 1/2, sin2 θW − 1/2)

GR = diag(sin2 θW, sin
2 θW, sin

2 θW) (3.42)

After a straightforward development the second order contribution to the density
matrix can be written as

(∂t%p)NC = −i
√

2GFNmed

[

G, %p
]

(3.43)

+
1

2

∫

dp′
{

W (p′, p)(1− %p)G%p′G−W (p, p′)%pG(1− %p′)G

+ W (−p′, p)(1− %p)G(1− %̄p′)G−W (p,−p′)%pG%̄p′G+ h.c.
}

where the first term corresponds to the refractive effect and is proportional to
the medium density and the integral is the collision term. Therefore in absence
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of collisions we recover the result (3.38). The first two terms in braces are due
to neutrino scattering off the medium, the positive term being a gain term cor-
responding to the scattering process νp′X → νpX

′ and the negative one being a
loss term corresponding to the inverse reaction. The third and fourth expressions
in the integral account for pair processes with the positive term being a gain term
from pair creations by the medium X → X ′νpν̄p′ while the negative one is a
loss term from pair annihilations νpν̄p′X → X ′. The terms W are the transition
probabilities.

To obtain this expression we must make some assumptions on the nature of the
system. We assume that the interactions described by Hint can be taken as in-
dividual, isolated collisions where the particles represented by the Ψ go from free
states to free states as in ordinary scattering theory. Thus the time for a single
collision is taken to be short compared to the time between collisions. It must be
recognized that the assumption is involved here is similar to that involved in the
classical Boltzmann equation. While we construct the state at t = 0 such that
no other correlations are present, the philosophy of the method that the equation
found by turning on the interactions for a short time at t = 0 can be used for all
times tacitly assumes that no other kinds of correlations can build up significantly.
This assumption corresponds to “molecular chaos” (see chapter 2) so in this sense
our derivation is Boltzmann-like and, for example, we exclude the possibility that
our system might have important pair correlations.

We can express the collision term similar to (2.13), we simply have to modify the
statistical factor obtaining7

Icoll =
1

2

∫

dp′[Π1,2(pi, pj)(1− %1)GL,R%3f4(1− f2)

− Π1,2(pi, pj)%2GL,R(1− %1)f3(1− f4)
+ Π1,2(pi, pj)(1− %2)GL,R(1− %̄1)f3f4

− Π1,2(pi, pj)%3GL,R%̄1(1− f4)(1− f2) + h.c.] (3.44)

where the first two lines corresponds to scattering processes between e± and νe

while the next two lines represent the annihilation processes. The GL,R are 3×3
diagonal matrices whose entries are given by (3.42). Finally fi are the electron or
positron occupation numbers (FD distribution functions).

As we have seen in section 3.2.2 the index of refraction induced by the medium
has to be calculated using the one-loop correction to the boson propagator. We
are dealing with the CC contribution and then the refractive term will be diagonal
and if we want to introduce such correction, we only have to do the next change

Nmed

[

G, %p
]

→ [V, %] (3.45)

where V will be a 3×3 diagonal matrix whose entries are given by the eq. (3.16).

7We have used %i and fi instead of %pi
and fpi

to simplify the notation.
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This way the refractive term will be written as

i∂t%p =

[(

M2

2p
+
√

2GFL−
8
√

2GF p

3m2
W

E

)

, %p

]

(3.46)

Neutrino self-interactions

The contribution of neutrino self-interactions to forward scattering can be ne-
glected if the asymmetry is assumed to be zero. However, taking into account
that in chapter 5 we are going to introduce large neutrino asymmetries, we show
the calculation of this term. Obviusly, we will also calculate the kinetic term that
correponds to real collisions, νν ←→ νν, since they are important in the early
universe and should be included in any precise calculation. We can use a similar
development to the one we used to obtain the NC contribution. Starting from the
effective Hamiltonian

HS =
1

2

(

g

2 cos θW

)2 ∫

dp

∫

dq

∫

d′
∫

dq′(2π)3

δ(3)(p + q− p′ − q′)× ψ̄qγ
µGSψq′∆Z

µν ψ̄pγ
νGSψp′ (3.47)

Using the first order contribution of equation (3.40) and carrying out the relevant
contractions we obtain the refractive term

(∂t%p)S =
√

2GF

∫

dq
[

GS(%q − %̄q)GS + Tr[GS(%q − %̄q)GS]
]

− 8
√

2GF p0

3m2
W

∫

dqq0GS(%q + %̄q)GS (3.48)

where we can safely neglect the second integral (proportional to the neutrino en-
ergy density), that corresponds to the one-loop correction to the boson proagator.
We have also neglected the term proportional to the scattering angles that has to
be inlcuded if the neutrino ensemble is not isotropic 8. It should be noted that
the matrix of the couplings, GS , is not diagonal in the flavour basis, so the total
contribution of the neutrino self-interactions introduces off-diagonal terms in the
potential induced by the medium. As we can see, the diagonal terms are similar
to equation (3.16) but with Nν and ρν instead of Nl and ρl, as we said in the
previous section (equations (3.17)).

8In non-isotropic scenarios, as supernovas, this term would be important [45].
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For the kinetic term, we calculate the second order of equation (3.40), obtaining

(∂t%p)kinetic
S = G2

F

∫

dq

∫

dp′

∫

dq′(2π)4δ(4)(p+ q − p′ − q′) (3.49)

×
{

(1− %p)GS%p′GS [(1− %q)GS%q′GS + Tr(...)]

− %pGS(1− %p′)GS [%qGS(1− %q′)GS + Tr(...)] + h.c.
}

+ G2
F

∫

dq

∫

dp′

∫

dq′(2π)4δ(4)(p+ q − p′ − q′)

×
{

(1− %p)GS(1− %̄q)GS [%̄q′)GS%p′GS + Tr(...)]

− %pGS %̄qGS [(1− %̄q′)GS(1− %p′)GS + Tr(...)]

+ (1− %p)GS%p′GS [%̄q′GS(1− %̄q)GS + Tr(...)]

− %pGS(1− %p′)GS [(1− %̄q′)GS %̄qGS + Tr(...)] + h.c.
}

where, again, like in the refractive part (3.48), we can neglect the terms propor-
tional to the scattering angles. In the collision integrals Tr(...) means the trace of
the term in front of it.

Finally we introduce the expansion of the universe through the change ∂t → ∂t −
Hp∂p. Therefore if we explicitly write the vacuum term and the potential induced
by the medium, the evolution equation yields

i(∂t −Hp∂p)%p =

[(

M2

2p
+
√

2GFL−
8
√

2GF p

3m2
W

E

)

+Nν , %p

]

+ C[%p] (3.50)

where L and E are 3× 3 diagonal matrices in the interaction basis. The entries of
L are the leptonic densities for each flavour, while the entries of E correspond to
the energy density of charged leptons. Remember that these terms only depend
on Ne,µ and ρe,µ respectively, since we can neglect the amounts of τ ’s. Also,
remember that the contribution of L is always negligible (see discussion in section
3.2.2). Nν is the self-interaction term, and it is a 3×3 non-diagonal matrix whose
entries are given by equation (3.48). C[%] is the collision term given by eqs. (3.44)
and (3.50).

Finally it must be emphasized that with the development shown in section 3.3 we
have obtained a relation (3.50) which, while representing the same effects as the
relation obtained by Stodolsky, introduces some important differences. On one side
it contains the degrees of freedom associated to the momentum modes, and on the
oder it takes into account the non linearity in % introduced by the statistic. Also
the main difference with the usual Boltzmann equation is the matricial structure
in the collisional term.
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3.4 Relic neutrino decoupling including flavour

oscillations

We have numerically calculated the evolution of the neutrino density matrix solv-
ing the system of Eqs. (3.50) and (2.18), during the full process of neutrino decou-
pling. In this case we do not take into account the neutrino self-interactions and
we neglect the term proportional to Nl. Therefore the equation (3.50) now reads

i(∂t −Hp∂p)%p =

[(

M2

2p
− 8
√

2GF p

3m2
W

E

)

, %p

]

+ C[%p] (3.51)

We consider two cases, corresponding to the best-fit values of the mixing param-
eters in Eq. (3.3) and either sin2 θ13 = 0 or sin2 θ13 = 0.047.

3.4.1 Evolution of the non-thermal distortions

We present in Fig. 3.5 the evolution of the distortion of the neutrino distribution
as a function of x for a particular neutrino momentum (y = 10). The evolution
of fν in the absence of mixing (dotted lines), has been described in chapter 2. It
is obvious that flavour neutrino oscillations will modify the generation of neutrino
distortions if they are effective at the relevant range of temperatures. This depends
on the different terms in the kinetic equations for the neutrino density matrix, in
particular the relative importance of the oscillation term (of order ∆m2/2p) which
grows as x2, with respect to the background potential proportional to the energy
density of electrons and positrons (decreases as x4), since the other charged leptons
have already disappeared. In the range x ∼ 0.3 the refractive term dominates,
suppressing flavour oscillations so that the neutrino distributions grow as in the
absence of mixing. Then the e± potential adiabatically disappears, leading to the
usual MSW-type evolution and a convergence of the flavour neutrino distortions.
Finally, the oscillation term dominates and oscillations proceed as in vacuum (in
an expanding universe, as calculated in [46]).

As can be seen for example in Fig. 3.5, if θ13 = 0 the final value of the distribution
of νe’s at y = 10 is reduced to 3.4% while for νµ,τ increases to 2.4%. When we
take sin θ2

13 = 0.047, we find 3.2% for νe’s and a different distortion for νµ’s (2.6%)
and ντ ’s (2.4%).

3.4.2 Frozen spectra and Neff

We show in Fig. 3.6 the asymptotic values of the flavour neutrino distribution,
for the cases without oscillations and with non-zero mixing. The effect of neu-
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Figure 3.5: Evolution of the distortion of the νe and νx = νµ,τ spectrum for
a particular comoving momentum (y = 10). In the case with θ13 6= 0 one can
distinguish the distortions for νµ (middle line) and ντ (lower line). The line labeled
with Tγ corresponds to the distribution of a neutrino in full thermal contact with
the electromagnetic plasma.

trino oscillations is evident, reducing the difference between the flavour neutrino
distortions.

As in previous chapter, we present our results (Table 3.1) for the change in the
neutrino energy densities with respect to ρν0

(the energy density in the instan-
taneous decoupling limit), the asymptotic effective number of neutrinos Neff , the
dimensionless photon temperature zfin and the correction over 4He abundance
(∆Yp). Remember that one can not relate zfin with a ratio of photon to neutrino
temperatures, since the neutrino spectra is non-thermal and strictly speaking Tν

is not defined. These results show that, while the modifications in the individual
values of ρνα

can be clearly seen, the contribution of neutrino heating to the total
relativistic energy density is almost unchanged, with a value of Neff = 3.046. The
difference with respect to the unmixed case is only seen in the results within the
following decimal place: 3.0458 (no oscillations) to 3.0455 (with oscillations, either
sin2

13 = 0 or 0.047). We checked that even in the hypothetical case of bi-maximal
mixing where θ12 = θ23 = π/4 and θ13 = 0 (disfavoured by present experimental
data) the change in Neff is minimal, with a very small decrease to 3.0454. Thus
the presence of neutrino oscillations leads to slightly less efficient neutrino heat-
ing. Our findings are therefore quite different than those presented in [31], where
a very small but positive change in the neutrino energy density with respect to the
unmixed case was found. This difference is probably due to the approximations
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Figure 3.6: Frozen distortions of the flavour neutrino spectra as a function of the
comoving momentum. In the case with θ13 6= 0 one can distinguish the distortions
for νµ (middle line) and ντ (lower line).

Table 3.1: Frozen values of zfin, the neutrino energy densities δρ̄να
≡ δρνα

/ρν0
,

Neff and ∆Yp including flavour neutrino oscillations.

Case zfin δρ̄νe
δρ̄νµ

δρ̄ντ
Neff ∆Yp

θ13 = 0 1.3978 0.73% 0.52% 0.52% 3.046 2.07× 10−4

sin2 θ13 = 0.047 1.3978 0.70% 0.56% 0.52% 3.046 2.12× 10−4

Bi-maximal 1.3978 0.69% 0.54% 0.54% 3.045 2.13× 10−4

used in that paper.

The effect of neutrino heating on any quantity that characterizes relic neutrinos
is found replacing the Fermi-Dirac distribution with the spectra as given in Fig.
3.6. Only when neutrinos are still relativistic one finds an integrated effect of the
distortion. For instance, the contribution of relativistic relic neutrinos to the total
energy density is taken into account just by using Neff = 3.046. But in general, for
numerical calculations such as those done by the codes CMBFAST [47] or CAMB
[48], one must include the distortions as a function of neutrino momenta. Our
results for the case with flavour oscillations and θ13 = 0 (the solid lines in Fig.
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3.6) are very well reproduced by the analytical fits

fνe
(y) = feq(y)

[

1 + 10−4
(

1− 2.2 y + 4.1 y2 − 0.047 y3
)]

(3.52)

fνµ,τ
(y) = feq(y)

[

1 + 10−4
(

−4 + 2.1 y + 2.4 y2 − 0.019 y3
)]

Note, however, that for any cosmological epoch when neutrino masses can be
relevant one must consider the neutrino mass eigenstates ν1,2,3. The corresponding
momentum distributions can be easily found from the flavour ones through the
relation

fνi
(y) =

∑

α=e,µ,τ

|Uαi|2fνα
(y) (3.53)

which, in the case with oscillations and θ13 = 0 gives the simple relations

fν1
(y) = 0.7fνe

(y) + 0.3fνx
(y)

fν2
(y) = 0.3fνe

(y) + 0.7fνx
(y)

fν3
(y) = fνx

(y) (3.54)

where we have used that fνx
= fνµ

= fντ
and the values of the mixing angles from

(3.3).

Finally, let us consider the contribution of massive neutrinos to the present value of
the energy density of the Universe. In general, this must be numerically evaluated
for any choice of neutrino masses (m1, m2,m3) using the distorted distributions
described above. However, in the particular case when neutrino masses are almost
degenerate it is easy to find, using the expressions in Eqs. (3.52) or (3.54), that
the contribution of neutrinos in units of the critical value of the energy density is

Ων =
ρν

ρc

=
3m0

93.14h2 eV
(3.55)

where h is the present value of the Hubble parameter in units of 100 km s−1 Mpc−1

and m0 is the neutrino mass scale. Here the number in the denominator is slightly
smaller than in the instantaneous decoupling limit (that was 94.12).

3.4.3 Primordial Nucleosynthesis

Let us now discuss the effects of neutrino heating on BBN, and in particular on the
production of primordial 4He. Neglecting neutrino oscillations, it is well known
that the non-thermal neutrino distortions change the prediction of the primordial
4He mass fraction Yp by a small amount, of the order [21, 22, 23, 24, 25, 26, 27]

∆Yp ' 1.5×10−4 . (3.56)

One would then naively guess that neutrino oscillations, as a sub-leading mod-
ification, can only marginally change this effect. However, the small number in
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Eq. (3.56) comes out from subtle cancellations of much larger effects, each one
responsible of changes in Yp of O(10−3) (see e.g. [21]). If neutrino oscillations
break these accidental cancellations, the effect could be comparable with that of
Eq. (3.56). Indeed, this seems to be suggested by the approximate analysis per-
formed in [31], where effects up to δYp ≈ (1.1 − 1.3)×10−4 were found (here we
use ∆Yp for the total change due to neutrino heating and δYp to the net effect
induced by neutrino oscillations).

In view of the results discussed in the previous sections, however, where appreciable
differences with respect to the picture presented in [31] are found, the oscillation-
induced δYp is likely to change. Before giving our numerical results, we give a
simple estimate of the expected effects. According to the arguments of [21, 23], in
the approximation of thermal-equivalent distortions one can perform a perturbative
estimate of the effects of neutrino reheating on the final neutron fraction Xn. In
a framework where the scale factor a = T−1

ν0
is kept fixed (i.e. unperturbed), one

can identify three changes to Xn:

(1) a change in the weak rates due to the distortion to νe− ν̄e spectra, given by

δXν
n ≈ −0.1

δTνe

Tνe

≈ −0.1

4

δρνe

ρνe

; (3.57)

(2) since the energy must be conserved, the overall extra energy density δρν

is compensated by a decrease of the electromagnetic plasma contribution
δρe.m. = −δρν with respect to the instantaneous decoupling case. This
changes in turn the weak rates (where the e± distributions enter), finally
producing

δXe.m.
n ≈ −0.1

δTγ

Tγ
≈ +

0.1

4

δρν

ρν

; (3.58)

(3) given the high photon entropy, the BBN can start via the D production
p + n → γ + d only when the universe has cooled down to a temperature
TBBN ≈ 0.07 MeV (see section 1.3.2 in Chapter 1). At this point, the decay
of free neutrons (practically the only weak process since the n − p freezing
at TF ≈ 0.7 MeV) stops and most of the neutrons are eventually fixed into
4He nuclei. In formulae,

Xn(TBBN) = Xn(TF) e−(t(TBBN)−t(TF))/τn , (3.59)

where τn is the neutron lifetime. The neutrino reheating changes the time-
temperature relationship, thus the electromagnetic plasma reaches the value
TBBN at a different time given by [21]

δtBBN

tBBN
≈ − δρν

ρtot

≈ −1

2

δρν

ρν

. (3.60)

From Eqs. (3.59) and (3.60) one easily derives the approximate result

δXt
n ∝

δρν

ρν

. (3.61)
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Once using Yp ≈ 1.33Xn [21] and fixing the constant in Eq. (3.61) in order to
get the result given in [31] for the no-oscillation case (∆Yp = 1.2×10−4) one can
predict the value of δYp starting from δρνe

and δρν . This simple approach gives
δY osc

p ≈ 1.3×10−4 (and δY Max
p ≈ 1.6×10−4 for the maximal mixing case), quite

in nice agreement indeed with the numerical findings of [31] which are respectively
1.1 and 1.3×10−4. This is obviously not unexpected, given the thermal-equivalent

approximation used.

When applied to our findings, the same formula, with the same normalization to
the data of [31], would predict changes of 0.66 and 0.76×10−4 for the θ13 = 0
and sin2 θ13 = 0.047 cases, respectively. The main conclusion from this simple
argument is that the variation δYp induced by neutrino oscillations is likely to be
smaller than what found in [31].

To improve our previous estimates, we have modified the BBN code developed in
the past decade by the Naples group (see refs. [49, 50]). By definition there is
no perturbation to the e.m. fluid; instead, the neutrino fluid is not only distorted
by reheating, but also gets a correction from the modified relation Tν − Tγ or
equivalently R(z̄). Finally, at a fixed z̄, the Hubble function is obviously altered
by the extra energy density due to neutrino distortions, and the time-temperature
equation also gets a further correction piece which was called N(z̄) in ref. [50].
Fixing as a background the spectra where reheating as well as QED effects were
taken into account, we calculated δYp as follows. Both ρν(z̄), N(z̄), and the
weak rates in the Born approximation were numerically evaluated for the case
under consideration and the background solution. The differences between the two
cases were treated as perturbations (keeping fixed the z̄ of background) and then
properly fitted. The use of the Born rates to calculate these extra terms does not
constitute a bad approximation, since the effects we are dealing with are really
tiny, and higher order corrections as those coming from radiative processes can be
safely neglected.

In Tables 1 and 2 we also include our results for the change in Yp. Our result
for the standard reheating effect, ∆Yp = 1.71×10−4, essentially agrees with the
evaluation ∆Yp ' 1.5×10−4 present in literature (see e.g. [23]), where the slightly
larger value arises from a larger Neff from QED corrections. In [23] it was noted
that the effect on Yp could be reproduced by an effective increase ∆NBBN in the
number of neutrinos of about 0.01 (actually ' 0.013, for our findings). Although
academic on the light of present observational accuracies, we warn the reader that
this approximation only works for 4He. Indeed for the other relevant nuclides it
produces a change at the O(0.1%) level that is exactly in the opposite direction of
the true one, as shown in Table 3.2.

The effects of the oscillations on ∆Yp in Table 3.2 can be easily explained qualita-
tively. A decrease of δρνe

/ρν0
, which is the unavoidable consequence of neutrino

oscillations, leads to an increase in Yp (see Eq. (3.57)). On the other hand, a
decrease of δρν/ρν0

causes a decrease of Yp (see Eq. (3.58)). This is in fact what
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Table 3.2: Comparison of the exact BBN results with the ∆NBBN approximation.

Nuclide Exact ∆NBBN = 0.013

∆Yp 1.71×10−4 1.76×10−4

∆(2H/H) −0.0068×10−5 +0.0044×10−5

∆(3He/H) −0.0011×10−5 +0.0007×10−5

∆(7Li/H) +0.0214×10−10 −0.0058×10−10

we find, so that the approximate cancellation of the effects (1) and (2) still holds,
differently than what described in [31], leaving a sub-leading contribution of the
order of few ×10−5 as the effect of neutrino oscillations on Yp. Modifying the
neutrino mixing parameters only leads to even smaller effects, since ∆Yp changes
from 2.07×10−4 (θ13 = 0) to 2.12×10−4 (sin2 θ13 = 0.047). All the previous results
were obtained for a baryon fraction ωb = 0.023 9, in agreement with the WMAP
determination [51]. As already reported in [23], the effects show only a weak de-
pendency on the exact value of ωb, for a large interval of values of this parameter.
In particular, in the range ωb = 0.020− 0.026 the changes in the absolute values
reported in Tables 1 and 2 are of O(1%), while the relative values are practically
unchanged.

In summary, we find that the global change ∆Yp ' 2.1×10−4 agrees with the
results in [31] because of the inclusion of QED effects, but the net effect due to
oscillations is about a factor 3 smaller than what previously estimated. We think
that the main reason of the discrepancy is due to the failure of the momentum-
averaged approximation to reproduce the true distortions.

9This parameter is defined through the relation, ω = Ωh2, where h is the normalized Hubble
parameter (H = 100h km s−1Mpc−1).
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Chapter

4
Effects of NSI on relic
neutrino decoupling

As we noted in the introduction the long-standing evidence of flavour change in
atmospheric and solar neutrino experiments represents a strong indication of some
new physics beyond the SM of fundamental interactions. For several years these
experimental results have been interpreted in terms of neutrino masses (flavour
oscillations) or by introducing new neutrino interactions. Recently, reactor and
accelerator data have confirmed that neutrino masses are indeed the main mecha-
nism explaining the atmospheric and solar anomalies, while the role of NSI can be
only sub-leading. In any case, most extended particle physics models that account
for neutrino masses naturally lead to new NSI, whose value strongly depends on the
model. For instance, NSI may arise from the structure of the charged and neutral
current weak interactions in seesaw-type extended models [52]. Recent analyses
[53, 54, 55, 56] have considered the neutral current NSI in a phenomenological
way, showing that they can be bounded using measurements of neutrino-electron
scattering, as well as data from LEP and from related charged lepton processes.

In sections 4.1 and 4.2 we introduce the non-standard neutrino-electron interac-
tions and the present bounds obtained from experimental data. In section 4.3 we
show how the system of equations (3.51) and (2.18) is modified due to NSI, and
we discuss the main results obtained. The main results of this chapter are based
on ref. [57].
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4.1 Non-standard neutrino-electron interactions

In the present analysis we will follow [53, 55] and assume that new physics induces
NSI only through the four fermion operators (ν̄ν)(f̄f), where f is a charged lepton
or quark, but not new charged lepton physics at tree level. In particular, since we
are interested in the decoupling process of relic neutrinos, we consider only the
NSI related to electrons which, together with the standard weak interactions, are
described by the effective Lagrangian

Leff = LSM +
∑

α,β

Lαβ
NSI (4.1)

which contains the four-fermion terms

LSM = −2
√

2GF







(ν̄eγ
µLνe)(ēγµLe) +

∑

P,α

gP (ν̄αγ
µLνα)(ēγµPe)







Lαβ
NSI = −2

√
2GF

∑

P

εP
αβ (ν̄αγ

µLνβ)(ēγµPe) (4.2)

for energies much smaller than the Z boson mass, as in our case, with GF the
Fermi constant and P = L,R = (1 ∓ γ5)/2 the chiral projectors. Greek indices
label lepton flavours (α, β = e, µ, τ ) and the Z couplings are gL = − 1

2 + sin2 θW

and gR = sin2 θW .

The NSI parameters εP
αβ can induce a breaking of lepton universality (α = β) or

rather a flavour-changing contribution (α 6= β). Their values can be constrained by
a variety of laboratory experiments, as discussed in [53, 55, 56]. In particular, [53]
only discusses the flavour-diagonal NSI parameters related to neutrino-electron
interactions, while the recent work [56] revisits these constraints and also con-
siders the flavour changing parameters. On the other hand, the analysis in [55]
include all possible NSI parameters related to new couplings of neutrinos with first
generation fermions (e, u, d). In what follows we summarize the present bounds
and refer the reader to the analyses mentioned above for all details. When con-
sidering the bounds on the εP

αβ parameters, it is important to notice that they
are usually obtained taking only one-at-a-time, or at most combining two of them
(such as the pair εL,R

ee ). This implies that the derived constraints are expected to
be weaker but more robust if many NSI parameters are simultaneously included,
since cancellations may occur.

A remark is in order. Since isospin-changing weak interactions converting neu-
trons into protons and vice versa are important for the BBN yields, one might
wonder if it is legitimate to neglect the neutrino NSI with quarks. We argue that
this approximation is well justified since, while relic neutrino distributions affect
n ↔ p processes in a crucial way, vice versa is not true. The highly suppressed
density of baryons with respect to electromagnetic particles (nb/nγ ' 6× 10−10)
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allows one to neglect completely neutrino scattering on quarks for calculating the
neutrino momentum spectrum. In addition, what contributes to the n ↔ p rates
are neutrino charged-current interactions, where possible non-standard terms are
severely bounded by the accurate agreement of SM calculations for several pro-
cesses with the data (e.g. leptonic and hadronic weak decays). For baryon thermal-
ization, neutral-current neutrino reactions are completely negligible with respect
to electromagnetic interactions with e± and photons. Also note that any tiny non-
standard effect in the weak rates is effectively taken into account by our prescrip-
tion of rescaling the theoretically predicted neutron lifetime to the experimentally
measured value (see [50] for details).

Finally, we comment on a possible role of exotic four-fermion neutrino-neutrino
interactions of the kind parameterized in Eq. (4.2), reporting the bounds quoted in
[58]. If only left-handed neutrinos are involved, the accurate measurement of the
Z−boson width constrains the NSI coupling to be at most of the same strength
of the neutral current ones in the SM, and thus we expect that they will have a
sub-leading effect on our results. Instead, for NSI terms coupling left-handed to
right-handed components, a stringent BBN bound ofO(10−3) applies, coming from
the request that more than one neutrino-equivalent degree of freedom which was
thermally populated in the early Universe is excluded. Finally, extra interactions
coupling only right-handed states might be large, but this case is of no interest for
the process of neutrino decoupling.

4.2 Present bounds on NSI parameters

4.2.1 Bounds from tree level processes

Neutrino scattering experiments

The magnitude of the NSI parameters can be constrained from the analysis of
data from neutrino-electron scattering experiments, which can probe the SM elec-
troweak predictions with good precision (see e.g. [59]).

First, we focus on νe−e (data from the LSND experiment [60]) and ν̄e−e scattering
(data from the Irvine [61] and MUNU [62] experiments). The total νe − e cross
section including NSI is

σ(νee→ νe) =
2G2

FmeEν

π

[

(1 + gL + εL
ee)

2 +
1

3
(gR + εR

ee)
2

+
∑

α 6=e

(

∣

∣εL
αe

∣

∣

2
+

1

3

∣

∣εR
αe

∣

∣

2
)



 (4.3)
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while the LSND measurement is

σ(νee→ νe) = (1.17± 0.17)
G2

FmeEν

π
(4.4)

In [55] this result was compared with the SM prediction σ = 1.0967G2
FmeEν/π,

including electroweak corrections and best fit value for sin2 θW , to obtain the
following allowed regions around the SM value, assuming only one operator at a
time

−0.07 (−0.14) < εL
ee < 0.11 (0.16)

−0.99 (−1.14) < εR
ee < 0.53 (0.67) (4.5)

|εL
eτ | < 0.4 (0.5)

|εR
eτ | < 0.7 (0.9) (4.6)

at 90% CL (we added 99% CL bounds in parentheses). For εP
eµ more severe bounds

are obtained using radiative effects, see later. In general, the allowed region in the
εR

ee, ε
L
ee plane is an elliptic corona as given in Fig. 4.1, assuming εL,R

eα = 0 for α 6= e.
As shown in [56], with the addition of data from ν̄e − e scattering the allowed

-2

-1.5

-1

-0.5

0

0.5

1

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

ε e
eL

εee
R

LSND 99%CL
global fit

Figure 4.1: The ellipse corresponds to the values of (εL
ee, ε

R
ee) allowed at 99% CL by

LSND data, while the dashed regions are those allowed at 1σ and 99% CL when
including data from antineutrino-electron experiments, as found in [56]. Here
we assumed vanishing off-diagonal NSI parameters. We have calculated the full
neutrino decoupling process for the indicated points.

LSND region can be substantially reduced. Since one must exchange gL ↔ gR

with respect to Eq. (4.3) one obtains a perpendicular ellipse. The allowed regions
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for εL,R
ee are shown in Fig. 4.1, while the one-parameter 90% CL bounds are now

[56]

−0.05 [−1.58] < εL
ee < 0.12 [0.12]

−0.04 [−0.61] < εR
ee < 0.14 [0.15]

|εL
eτ | < 0.44 [0.85]

|εR
eτ | < 0.27 [0.38] (4.7)

When leaving the corresponding flavour-changing NSI parameters free, the bounds
are relaxed to the numbers in square parentheses: note the significant reduction
especially for negative εR

ee values.

We also have data on νµ−e scattering from the CHARM II collaboration [63]. The
obtained results for the vector and axial vector e− νµ couplings can be translated
into the following 90% CL bounds on NSI parameters (see e.g. [55])

−0.025 < εL
µµ < 0.03

−0.027 < εR
µµ < 0.03 (4.8)

|εP
µτ | < 0.1 (4.9)

which imply that the νµ−e interactions must be very close to the SM predictions.

LEP data on e+e− → νν̄γ

As pointed out in [53], neutrino NSI can be also constrained by measuring the
e+e− → νν̄γ cross section. This is actually the only way to get bounds on the εL,R

ττ

parameters from laboratory data. The approximate limits for these parameters
can be extracted from Fig. 3 of [54],

−0.7 <∼ εL
ττ
<∼ 0.5

−0.5 <∼ εR
ττ
<∼ 0.6 (4.10)

at 99% CL when the other parameter is left free. For the νe e NSI the bounds are
comparable to those obtained from neutrino-electron scattering.

4.2.2 One loop effects

The non-standard neutrino-electron interactions also lead to corrections at the
one-loop level to processes such as the decays of the electroweak gauge bosons or
lepton flavour violating decays of charged leptons. These corrections arise from
effective non-renormalizable interactions and in principle their computation re-
quires the knowledge of the complete theory leading to these effective terms in the
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low-energy regime. Nevertheless for Λ� mW , where Λ is the energy scale setting
the limit of validity of the effective theory, the leading term is independent of the
specific theory and has a logarithmic behavior, ln(Λ/mW ) [55]. Using conserva-
tively ln(Λ/mW ) ' 1, one gets the following 90% CL bounds from the decay rates
of the electroweak gauge bosons

|εL,R
ττ | ∼ 0.5 (4.11)

which are of the same order of Eq. (4.10).

Similarly, from the strong experimental limit on the branching ratio Br(µ− →
e−e+e−) < 10−12, it is possible to obtain a severe bound on the flavour changing
parameter (90% CL)

|εP
eµ| ∼ 5× 10−4 . (4.12)

4.2.3 Summary of bounds on NSI parameters

After reviewing the bounds on NSI parameters, we conclude that they

• restrict the εP
ee as shown in Fig. 4.1;

• force the εP
µµ to be very small and negligible for the purposes of our analysis;

• allow large εP
ττ , almost of order unity, see (4.10);

• as far as flavour changing parameters are concerned, allow large εP
eτ , see

(4.6), moderate εP
µτ , see (4.9), and very tiny εP

eµ, the latter being too small
to have any impact on neutrino decoupling dynamics.

Again it is useful to remind the reader that the bounds on NSI parameters are
relaxed when more than one parameter is allowed to vary simultaneously, as shown
in [56].

As noted in [55], the leptonic measurement of sin2 θW at a neutrino factory will
be sensitive to values of the νe,µ − e NSI parameters of O(10−3). Additional
information on the NSI can be extracted from a consistency comparison of the
results of solar neutrino experiments with those of an experiment detecting reactor
neutrinos such as KamLAND. The former depend on the NSI parameters through
the matter potential felt by solar neutrinos and/or via the neutrino neutral current
detection. Instead, KamLAND data is essentially unaffected by the NSI. ref. [55]
found that the combination of SNO and KamLAND data1 will provide bounds on
the εP

ττ comparable but slightly better to those in Eqs. (4.10) or (4.11). However,
it has been noted in several works [64, 65, 66, 67, 68] that while NSI are expected

1The Borexino detector was considered in [54].



“tesisI” — 2008/6/13 — 11:36 — page 75 — #95
i

i

i

i

i

i

i

i

4.3 Neutrino decoupling in presence of NSI 75

to play a sub-dominant role on the oscillations of atmospheric and solar neutrinos,
there exist degenerate directions in the parameter space where large NSI are still
allowed. Future data from short and medium baseline neutrino beams will help to
resolve these degeneracies [69].

4.3 Neutrino decoupling in presence of NSI

4.3.1 Delayed neutrino decoupling in the instantaneous limit

In order to estimate analytically how large would be the impact of NSI on the
decoupling mechanism (described in section 1.3.1), let us discuss a simple toy-
model, which we shall later compare with the results obtained solving the relevant
kinetic equations. Consider the general case where 3 −N ′ neutrinos interact via
standard weak processes, while the remaining N ′ have extra contributions from
NSI which enhance the interaction rates over e±. In the instantaneous decoupling
limit for both the neutrino species, the plasma can be described by a single addi-
tional parameter, the non-standard neutrino temperature T ′ or, equivalently, by
w ≡ T ′ a ≥ 1. From Eq. (1.33), one obtains

Neff =
[

(3−N ′) +N ′ w4
]

(z0
z

)4

=
[

3 +N ′(w4 − 1)
]

(z0
z

)4

, (4.13)

where the second step reflects the fact that, for a single NSI neutrino species, the
distortion is given by δ′ = (w4 − 1). If we denote with xd ≡ Tda the epoch of
the standard neutrino decoupling, and parameterize with x′d ≡ T ′

da the decoupling
temperature of the non-standard species, we can easily calculate the functions
w(x) and z(x) from the conservation of entropy per comoving volume,































w(x) = z(x) = 1 x < xd,

w(x) = z(x) =
[

N ′sν(xd)+sγ(xd)+s
e±

(xd)

N ′sν(x)+sγ(x)+s
e±

(x)

]1/3

xd ≤ x ≤ x′d,

w(x) = wd ≡
[

N ′sν(xd)+sγ(xd)+s
e±

(xd)

N ′sν(x′
d
)+sγ(x′

d
)+s

e±
(x′

d
)

]1/3

z(x) = wd

[

sγ(x′
d)+s

e±
(x′

d)

sγ(x)+s
e±

(x)

]1/3











x > x′d,

where sν , sγ and se± are respectively the specific entropy of one ν–ν̄ species, of
the photons and of the e±.

In Fig. 4.2 we show the results for Neff in the instantaneous decoupling limit
as function of the decoupling temperature T ′

d and for various choices of N ′. As
expected, Neff grows if neutrinos decouple at a smaller temperature and shows two
regimes. For very small NSI contribution to the neutrino interaction rates we have
wd ' 1 and Neff ' 3 since neutrinos decouple long before any e±-annihilation. On
the other hand, for N ′ neutrinos tightly coupled to the electromagnetic component
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Figure 4.2: Contribution to the radiation energy density parameterized in terms
of Neff , when 1, 2 or 3 neutrino species are coupled to the electromagnetic plasma
until a given value of the decoupling temperature T ′

d.

down to very small temperatures when all e± pairs have already annihilated,

z '
(

22 + 7N ′

8 + 7N ′

)1/3

, w ' z. (4.14)

Thus, in the tightly coupled limit, one finds Neff → {7.0, 9.7, 11.5} for N ′ =
{1, 2, 3} respectively, as shown in Fig. 4.2. Note that one obtains a contribution to
the radiation energy density of order Neff ∼ 4 if neutrinos are kept in equilibrium
down to temperatures of 0.2− 0.3 MeV.

4.3.2 Decoupling temperature with NSI

In order to dynamically predict the decoupling temperature T ′
d when NSI are

present, we have to solve the relevant kinetic equations taking into account the
new couplings ε. For a first analytical estimate, we can compare the interaction
rate Γ with e± with the expansion rate of the Universe given by the Hubble pa-
rameter H . Since H ∝ T 2, and Γ ∼ (1 + ε)2T 5, the decoupling temperature at
which H = Γ decreases as T ′

d ∼ (1 + ε)−2/3. As we have argued in the previous
section, in order to produce changes of O(1) in Neff the decoupling temperature
should be lowered down to T ′

d ∼0.2–0.3 MeV, i.e. should be one order of mag-
nitude smaller than for ordinary neutrinos. This implies ε >∼ 20, which would
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Figure 4.3: Contours of equal neutrino decoupling temperature in MeV for different
values of the parameters characterizing the νe − e and the ντ − e diagonal NSI.

largely exceed present laboratory bounds. We thus expect at most changes in Neff

of O(0.01–0.1). To improve further our treatment, we can use an approximate
solution of the kinetic equation for the neutrino distribution function fν(x, y),
(2.9). Following [7], we shall keep only the direct reaction term in the collision
integral using the appropriate matrix elements for neutrino elastic scattering and
the inverse annihilation e+e− → ν̄ν in the relativistic limit (me → 0). Assuming
that all particles that interact are close to equilibrium, the collision integral can
be estimated in the Boltzmann approximation leading to

Hx
∂fν

∂x
' −80G2

F (g2
L + g2

R)y

3π3x5
fν (4.15)

with g2
L → (1 + gL)2 for the case of νe. This equation can be easily integrated

in x, leading to the values Td(νe) ' 1.8 MeV and Td(νµ,τ ) ' 3.1 MeV for an
average momentum of 〈y〉 = 3.15. This exercise can be repeated in the presence
of neutrino-electron NSI in order to find their influence over the decoupling of
neutrinos, adding εL,R

ee or εL,R
ττ to the couplings gL and gR. The calculated decou-

pling temperature is shown in Fig. 4.3 for the case of non-zero εL,R
ee and εL,R

ττ . In
general, a significant increase of the NSI parameters from the SM prediction leads
to a larger interaction of neutrinos with e± and thus to a lower decoupling tem-
perature. However, for a region close to the pair of values (εL, εR) that minimize
the interaction by accidental cancellation with SM couplings, the decoupling tem-
perature is significantly raised. Finally, one can relate the value of the decoupling
temperature in presence of NSI with an estimate of the change in Neff following
the instantaneous decoupling approximation previously described. The results are
shown in Fig. 4.4. As already noticed, large modifications of Neff require that the
neutrino-electron interactions are much larger than ordinary weak processes and
are thus excluded by laboratory bounds.
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Figure 4.4: Contours of equal Neff for different values of the NSI parameters as
found in the instantaneous decoupling approximation.

Nonetheless, this study suggests that additional distortions in the neutrino spectra
comparable to or larger than the ones predicted in the SM are possible, and it is
still interesting to assess exactly how large these effects might be. However, the
treatment followed till now assumes a series of approximations (such asme → 0, no
QED corrections to the plasma, no effect of the active neutrino oscillations, etc.)
that in the next section we shall check using a fully numerical and momentum-
dependent calculation.

4.3.3 Non instantaneous decoupling

As we have seen the instantaneous decoupling approximation does not take into
account that neutrino-electron interactions are more efficient for larger neutrino
energies and therefore that more energetic neutrinos will remain longer in thermal
contact, leading to the non-thermal distortions in the neutrino spectra discussed
in previous chapters.

We have generalized the results of the previous chapter calculating the full evolu-
tion of neutrino during decoupling in presence of non-standard interactions with
electrons, which modify the equations in two different ways. First, the couplings
are modified inserting the parameters εL,R

ee , εL,R
ττ or εL,R

eτ , which implies a variation
on the collisional term in Eq. (3.51). Second, neutrino refraction in the medium
is modified by the NSI, which we took into account in the refractive term in Eq.
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Figure 4.5: Evolution of the distortion of the νe and νµ,τ spectra for a particular
comoving momentum (y = 10) with standard weak interactions (solid line) and
with ντ − e NSI (dotted line). The line labelled with Tγ corresponds to the
distribution of a neutrino in full thermal contact with the electromagnetic plasma.

(3.51)

Hmatt = −8
√

2GF p

3m2
W

ρe





1 + εee 0 εeτ

0 0 0
εeτ 0 εττ



 (4.16)

where ρe is the energy density of the background electrons and positrons and
εαβ = εL

αβ + εR
αβ , since matter effects are sensitive only to the vector component

of the interaction. The above equation includes only those NSI parameters that
are not constrained to be smaller than O(0.1) (see Sec. 4.1), and thus represents
the leading-order correction to the refractive index. Since a complete scan of all
possible combinations of the NSI parameters can not be done, we have performed
the calculation for a selection of values for the NSI parameters, representative of
the regions allowed by present bounds (see Sec. 4.1).

As an example, in Fig. 4.5 we plot the distortion of the neutrino distribution as
a function of x for a particular neutrino momentum (y = 10), both in the case
of SM weak interactions and in presence of large NSI between tau neutrinos and
e±, corresponding to εL

ττ = εR
ττ = 2. The behavior of fν has been previously

described (see chapter 2). In the case of large ντ − e NSI, neutrinos are kept
in thermal contact with e± for a longer time, leading to larger distortions for all
neutrino flavours, in particular for νµ,τ (although εL,R

ee = εL,R
µµ = 0, the electron

and muon neutrinos also acquire significant distortions due to the effect of flavour
oscillations). For the particular neutrino momentum in Fig. 4.5, if εL

ττ = εR
ττ = 2
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Table 4.1: Frozen values of zfin, the neutrino energy densities distortion δα, Neff

and ∆Yp in presence of νe − e NSI.

εL
ee εR

ee zfin δe(%) δµ,τ (%) Neff ∆Yp

0 0 1.3978 0.73 0.52 3.046 2.1×10−4

0.1 0.5 1.3969 1.20 0.72 3.062 2.8×10−4

-1.0 1.0 1.3966 1.32 0.77 3.067 3.0×10−4

-1.5 0.1 1.3976 0.81 0.56 3.048 2.0×10−4

-1.5 -1.0 1.3969 1.17 0.71 3.061 2.7×10−4

-1.0 -1.5 1.3977 1.45 0.83 3.060 2.9×10−4

-0.07 -1.0 1.3973 0.99 0.64 3.055 2.6×10−4

4.0 4.0 1.3812 9.47 3.83 3.357 11.7×10−4

Table 4.2: Same as Table 4.1 but for ντ − e NSI.
εL

ττ εR
ττ zfin δe(%) δµ,τ (%) Neff ∆Yp

0 0 1.3978 0.73 0.52 3.046 2.1×10−4

0.5 0.5 1.3970 0.90 0.79 3.059 4.0×10−4

1.0 1.0 1.3966 1.24 1.43 3.079 4.8×10−4

-1.0 -1.0 1.3952 1.24 1.45 3.092 5.3×10−4

2.0 2.0 1.3911 2.04 2.96 3.168 10.0×10−4

the final values of the distribution are 9.8% for the νe’s and 14.3% for the νµ,τ ’s
larger than in the limit of neutrino decoupling before any e±-annihilation. For
comparison, the corresponding values for standard weak interactions are 4.4% for
the νe’s and 2% for the νµ,τ ’s.

As in previous chapters, we will summarize the results in terms of the following
frozen values: dimensionless photon temperature zfin, the fractional changes in the
neutrino energy densities δα and the asymptotic effective number of neutrinos Neff

as defined in Eq. (1.33). We have considered four main sets of NSI parameters:

(1) Only εL,R
ee : our results are summarized in Table 1. We have calculated various

combinations of the two νe−e NSI parameters, that correspond to the points shown
in Fig. 4.1. For illustrative purposes, we considered the case with extremely large
NSI εL

ee = εR
ee = 4 (already excluded by laboratory bounds), where the distortions

in the distribution functions of neutrinos lead to a significant change in Neff .

(2) Only εL,R
ττ : our results are summarized in Table 2 for values of both parameters

up to order unity in absolute value. Again, we also show one case with larger NSI
εL

ττ = εR
ττ = 2, disfavored by terrestrial experiments.
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Table 4.3: Same as Table 4.1 when both the νe − e and ντ − e NSI are non-zero.
In all the cases we have fixed εL

ττ = εR
ττ = 0.5.

εL
ee εR

ee zfin δe(%) δµ,τ (%) Neff ∆Yp

0.1 0.5 1.3963 1.30 0.95 3.073 3.6×10−4

-1.0 1.0 1.3960 1.41 0.99 3.077 3.7×10−4

-1.5 -1.0 1.3963 1.28 0.94 3.073 3.4×10−4

-1.0 0 1.3977 0.54 0.66 3.047 2.6×10−4

Table 4.4: Same as Table 4.1 when the flavour-changing NSI parameters εL,R
eτ are

non-zero. The last two cases correspond to the results for all NSI parameters
non-zero with values given by the bounds in Eqs. (4.7).

εL
ee εR

ee εL
ττ εR

ττ εL
eτ εR

eτ zfin δe(%) δµ,τ (%) Neff ∆Yp

0 0 0 0 0.4 0.7 1.3960 1.32 1.03 3.077 3.9×10−4

0 0 0 0 0.85 0.38 1.3956 1.46 1.16 3.085 4.4×10−4

0.15 0.12 0.5 0.5 0.85 0.38 1.3949 1.68 1.38 3.098 5.0×10−4

-1.58 -0.61 -0.5 -0.5 -0.85 -0.38 1.3948 1.69 1.41 3.100 5.1×10−4

-1.58 0.12 -0.5 0.5 -0.85 0.38 1.3937 2.21 1.66 3.120 6.0×10−4

(3) Combinations of εL,R
ee and εL,R

ττ : our results are summarized in Table 3. Here
we varied the values of the εL,R

ee pair, while the ντ − e NSI parameters were
fixed to a value close to the current upper bound from laboratory experiments,
εL

ττ = εR
ττ = 0.5.

(4) Cases where the flavour-changing NSI parameters εL,R
eτ are non-zero, that for

simplicity we consider real. We consider both cases with vanishing diagonal NSI
and with all possible NSI parameters with the largest allowed values according to
Eqs. (4.7).

The last column (∆Yp) in Tables 1-4 reports the variation in the mass yield of 4He
synthesized during BBN, which predicts typically Yp ' 0.248 for the baryon density
ωb = 0.0223± 0.0008 favoured by CMB anisotropy studies [14] described before.
Neutrinos affect the outcome of BBN in a flavour independent way through their
contribution to the radiation energy density (change in Neff). In addition, the role
played by electron neutrinos and antineutrinos in the weak reactions that convert
neutrons and protons is very important for fixing the primordial production of
4He, which is thus the nucleus mostly sensitive to non-standard physics in the
neutrino sector. To predict quantitatively the change ∆Yp induced by NSI, we
take exactly into account the modified thermodynamical quantities, while treating
perturbatively the change in the weak rates. This is justified given the relatively
small effects we are considering (same approach as in section 3.4.3).

The results are generally in agreement with the approximate ones predicted in Sec.
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4.3 (see in particular Fig. 4.4), apart for minor differences due to the improved
treatment. Also, as one naively expects, large εL,R

ee enhance mostly the distortions
in the electronic flavour, while large εL,R

ττ lead to larger distortions in the tau neu-
trino spectra. However, the differences between the spectra of the three neutrino
flavours are reduced by the partial re-shuffling of the entropy transfer due to the
effects of neutrino oscillations.

In general, we find that the presence of non-zero NSI enhances the transfer of
entropy from e± to neutrinos, leading to values up to Neff ' 3.12 when all NSI
parameters are close to the boundaries of the allowed regions discussed in Sec. 4.1,
which is almost three times the departure of Neff from 3 that already exists for
SM weak interactions (the first row in Table 1). We also obtained some significant
departures of Neff from the standard value, such as Neff ' 3.36 for εL

ee = εR
ee = 4,

but only for NSI parameters well beyond the allowed regions. On the other hand,
for particular choices of the diagonal NSI parameters that minimize the ν − e
interaction we find a reduction in the final value of the distortions or Neff with
respect to the SM value, as expected from our discussion in Sec. 4.3.2.

Finally, we mentioned in Sec. 4.1 that neutrino-neutrino interactions are poorly
constrained. In the case of interactions involving left-handed neutrinos only, they
can still be twice as effective as in the SM, as reported in [58]. Since enhanced
neutrino-neutrino interactions will redistribute the distortions more efficiently,
they can modify the results described in this section. In order to check this,
we doubled the intensity of the contributions of the neutrino-neutrino interactions
to the collision integral and repeated the calculations for some of the cases con-
sidered above. We found that the results are basically unchanged, confirming the
unimportant role played by neutrino-neutrino collisions in the process of neutrino
decoupling.
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5
Relic neutrino
asymmetries

In the previous chapters we have studied the decoupling process of neutrinos un-
der the assumption that their chemical potentials, µ, are negligible. However, the
thermal history of neutrinos would be quite different if the degeneracy is strong.
The aim of this chapter is to study the decoupling process in presence of three-
flavour neutrino oscillations and non-zero neutrino asymmetries. In section 5.1 we
introduce the cosmological lepton asymmetry and we review the current bounds
on neutrino degeneracies. In section 5.2 we analyze the evolution of relic neu-
trino degeneracies while in section 5.3 we study their implications on the neutrino
spectra. Finally in section 5.4 we perform an improved calculation of the BBN
constraints on relic neutrino asymmetries. The main results of this chapter are
based on ref. [70].

5.1 Cosmological lepton asymmetry

It is normally assumed that the cosmological lepton charge asymmetry, i.e. the
difference between the number densities of neutrinos and antineutrinos, is van-
ishingly small. As we know relic neutrinos are not observed directly but the
asymmetries that can be observed are very small; the baryon asymmetry is ηB =
(nB − nB̄)/nγ ' 10−10 while the electric asymmetry is probably exactly zero. So
by analogy, the asymmetry between leptons and antileptons ηL = (nL−nL̄)/nγ is
assumed to be also small. However, in the last decades various models predicting
a large lepton asymmetry together with a small baryonic one have been proposed.
There are plenty of mechanisms of efficient leptogenesis and it is not excluded
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that the cosmological lepton asymmetry is large, and it is worthwhile to discuss
its observational manifestations.

We consider the presence of non-zero relic neutrino asymmetries, parameterized
by the degeneracy parameter ξα ≡ µνα

/T (see equation (1.14)). As we have seen
at large temperatures, neutrinos are in equilibrium with a FD spectrum which
now includes the ξα (for antineutrinos the sign of ξα is reversed). In such a
case, the relation between the flavour neutrino asymmetries and their degeneracy
parameters is

ηνα
=
nνα
− nν̄α

nγ
=

1

12ζ(3)

(

Tνα

Tγ

)3

(π2ξα + ξ3α) , (5.1)

while the value of the effective number of neutrinos Neff now reads

Neff = 3 +
15

7

∑

α

[

2

(

ξα

π

)2

+

(

ξα

π

)4
]

. (5.2)

Note that Neff in Eq. (5.2) is an even function of the neutrino degeneracies, so it
is always larger than 3 for any non-zero ξα. But the increase is relevant only if the
potential neutrino asymmetry is significantly larger than the value of the baryon
one.

5.1.1 Cosmological bounds on neutrino degeneracies

There are basically two ways to put a bound on neutrino degeneracies: using the
BBN data and through the analysis of the CMB/LSS.

Remember that neutrinos modify the outcome of primordial nucleosynthesis in two
different ways (see section 1.3.2). Through the beta processes which determine
the primordial neutron-to-proton ratio and through the neutrino energy density
contribution to the expansion rate of the universe.

In the first case, if we include the neutrino chemical potential the neutron-to-
proton ratio (1.30) now reads, n/p ∝ exp(−ξe). Therefore, a positive ξe decreases
the primordial 4He mass fraction, Yp, while a negative ξe increases it, leading to
the approximate allowed range

−0.01 < ξe < 0.07 , (5.3)

compatible with ξe = 0 (see Refs. [71, 72, 73, 74]).

The second effect is an increase of the neutrino energy density for any non-zero
ξ which in turn increases the expansion rate of the universe, thus enhancing Yp.
This applies to all flavours so that the effect of chemical potentials in the νµ or
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ντ sector can be compensated by a positive ξe [75]. Altogether the BBN limits on
the neutrino chemical potentials are thus not very restrictive.

It should be also noted that the extra radiation density in degenerate neutrinos
could postpone the epoch of matter-radiation equality if it is high enough. In this
case the amplitude of the first acoustic peak of the angular power spectrum of
CMB will be boosted and all the peaks will be shifted to smaller scales (the same
effects as enhanced Neff). Moreover, the power spectrum of density fluctuations
on small scales is suppressed [76, 77], leading to observable effects in the LSS. An
analysis of the combined effect of a non-zero neutrino asymmetry on BBN and
CMBR/LSS yields the allowed regions [78]

−0.01 < ξe < 0.22, |ξµ,τ | < 2.6, (5.4)

in agreement with similar bounds in [79, 80]. These limits allow for a very sig-
nificant radiation contribution of degenerate neutrinos, leading many authors to
discuss the implications of a large neutrino asymmetry in different physical situa-
tions. However, the neutrino flavour oscillations have not been taken into account,
an assumption which today is not justified.

5.2 Cosmological evolution of neutrino
asymmetries

As we have seen in chapter 3, flavour oscillations produce a small effect since
the difference between different flavours is only due to a small spectral distortion
caused by the heating of neutrinos from e+e− annihilations. But now, we are
introducing a, somehow, artificial flavour difference that will be much higher than
this effect. Previous works have analyzed this process obtaining similar qualitative
results. In ref. [81] the authors conclude that in the presence of neutrino asym-
metries, flavour oscillations equalize the neutrino chemical potentials if there is
enough time for this relaxation process to be effective and therefore the restrictive
limit (5.3) will apply to all flavours. Some time later [82] showed that flavour equi-
librium is achieved before the BBN epoch if the solar neutrino problem is explained
by the LMA solution so that cosmic neutrino degeneracy was no longer allowed.
In ref. [83] the authors assumed that the flavour evolution of the neutrino ensem-
ble is more subtle than previously envisaged if medium effects are systematically
included, but their final conclusion was qualitatively similar to that of ref. [82].

We have solved the same evolution equations as in [83], in the temperature range
from 20 to 1 MeV. These equations are the ones that we developed in the previous
chapters in order to study the evolution of neutrino flavours, i.e., the system
of equations (3.50) and (2.18) (see chapter 3). This time we include the self-
interaction term but we have neglected the refractive term proportional to the
neutrino energy density which is much smaller than the %− %̄ term in our present
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situation where the neutrino asymmetries are assumed to be large. This way Eq.
(3.50) now reads:

i∂t%p =

[

M2

2p
+
√

2GF

(

− 8pE

3m2
W

+ %− %̄
)

, %p

]

+ C[%p]

i∂t%̄p = −
[

M2

2p
−
√

2GF

(

8pE

3m2
W

+ %− %̄
)

, %̄p

]

+ C[%̄p]

Also remember that the collision term, C[·], corresponds to real interactions of
neutrinos with charged leptons or other neutrinos. In previous works on neutrino
oscillations in the early universe the collision integrals were simplified and treated
as damping terms for the off-diagonal components of the neutrino density matri-
ces. This was the assumption considered in [83], with damping functions as, for
instance, in [84, 85]. In this section we will follow this simple damping prescription,
which is enough to study the evolution of the neutrino asymmetries. In section
5.3 we will perform the calculation solving the proper collision integrals in order
to find the changes in the neutrino momentum spectra.

There are only two differences in the development of our calculation with respect
to [83]. First, we consider the updated values of the mixing parameters in the
ranges given by (3.3). Second, as in [83] the neutrino self-potential term in the
evolution equation is initially suppressed so that the numerical code can evolve,
but for T ∼ 4 MeV (before the oscillations driven by ∆m2

21 become effective) is
taken at full strength.

Our results are presented in Figure 5.1, where we choose the case with initial
degeneracies ξ0e = ξ0τ = 0 and ξ0µ = −0.1, so that we can compare our results with
those in Figs. 5 and 7 [83] (the LMA case with large θ12). One can see that the
variation of all mixing parameters within the ranges in Eq. (3.3) leads to small
differences in the evolution that always lies between the solid lines. In the case
calculated in [83] the small difference in the evolution around T ' 3 MeV is due to
the lower value of ∆m2

21 = 4.5×10−5 eV2, while the small oscillations that can be
seen after 2 MeV arise because the neutrino background term was still suppressed
at low temperatures.

The main uncertainty arises from the value of θ13, as already emphasized in [83,
86, 87]. Larger values of θ13 lead to a better equilibrium among the three neutrino
flavours, that is more or less complete only for a value of θ13 close to the 3σ upper
bound. Instead the equilibration of ξτ and ξµ is common to all cases below T ' 10

MeV, so that the initial condition ξ0τ = ξ0µ can be actually taken, except for some
particular choices as we discuss in Sec. 5.2.1.
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Figure 5.1: Evolution of the neutrino degeneracy parameters with initial values
ξ0e = ξ0τ = 0 and ξ0µ = −0.1, compared with that calculated in ref. [83]. The
variation of the mixing parameters within the ranges in Eq. (3.3) modifies the
evolution of the degeneracies, but is restricted to the region between the solid
lines.

5.2.1 Equal but opposite initial asymmetries

It was shown in [83] that there exists a particular case where the flavour equilibrium
could not be achieved before BBN even in the LMA case. This is due to the self-
interaction term that actually can suppress oscillations in a situation where the
excess of neutrinos in one flavour is exactly matched by an excess of anti-neutrinos
in another flavour.

We have performed a new numerical calculation of the particular case ξ0
µ = −ξ0τ =

−0.1 and ξ0e = 0 (the same as in Fig. 9 of [83]), following the evolution of the
full neutrino spectra with unsuppressed neutrino self-potential term below T ' 4
MeV. From Figure 5.2, when θ13 = 0 one can see that indeed the oscillations
driven by ∆m2

31 are blocked and there exists some evolution only when the ∆m2
21-

oscillations become effective around T ' 4 MeV. In this case, flavour equilibrium
basically holds just before 1 MeV. However, it turns out that this situation is not
stable, in the sense that it is enough to modify slightly the initial condition (even a
1% mismatch between ξ0µ and ξ0τ , as shown in the Figure) or to include a non-zero
θ13 to achieve equilibrium at a larger temperature.
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Figure 5.2: Evolution of the neutrino asymmetries with initial values ξ0
µ = −ξ0τ =

−0.1 and ξ0e = 0 with best-fit values of the mixing parameters and θ13 = 0,
compared to the cases with ξ0

µ = −1.01ξ0τ = −0.1 or sin2 θ13 = 0.04.

5.2.2 Synchronized oscillations

As explained in ref. [83, 86, 87, 88], when the neutrino self-potential term domi-
nates flavour oscillations are synchronized, so that the evolution of the degenerate
neutrino spectra follows approximately that of a particular neutrino momentum
psync. In this section we want to check with a numerical calculation how good is
this approximation.

It was shown in [86, 87] that this (dimensionless) momentum is

psync

T
=

√

π2 +
(ξ0α)2

2
' π, (5.5)

in the simplified case of only one non-zero initial degeneracy. Thus we want to
compare the evolution of the flavour neutrino degeneracies calculated with the full
momentum spectrum as in the previous section or with mono-energetic neutrinos
with p = psync. Obviously in the second case the neutrino self-potential term
vanishes. The results are shown in the plots in Figure 5.3 for the case when
θ13 = 0 and all other mixing parameters are fixed to their best-fit values.

One can see from the upper panel in Figure 5.3 that the evolution of the full
neutrino spectrum perfectly tracks that of psync in absence of real collisions [86, 87],
which would be the case if neutrinos were already decoupled from the rest of the
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Figure 5.3: Evolution of the neutrino asymmetries with initial values ξ0
τ = ξ0e =

0 and ξ0µ = −0.1 with best-fit values of the mixing parameters and θ13 = 0,
calculated either with the full momentum spectra or when all momenta follow the
evolution of psync. We consider the cases with zero (upper panel) or standard
collisions (lower panel).

primordial plasma. Instead, neutrinos are still interacting at least above a few
MeV, and the presence of real collisions produces a momentum-dependent damping
of the elements of the neutrino density matrices which are not flavour diagonal. In
this case, shown in the lower panel in Figure 5.3, the evolution of the degeneracies
with a full spectrum calculation is a bit different from that for mono-energetic
neutrinos, but this last one is still a very good approximation. Very similar results
are obtained for non-zero values of θ13.

We will perform in Sec. 5.4 an analysis of the abundances of light elements pro-
duced during Primordial Nucleosynthesis with non-zero neutrino degeneracies.
From the results in Figure 5.3 we conclude that it is enough for the BBN anal-
ysis to consider the single momentum case with psync = πT , with only two free
parameters, namely the initial neutrino asymmetries ξ0

µ = ξ0τ and ξ0e.
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5.3 Improved calculation of the evolution of de-

generate neutrinos

The Boltzmann equations described so far are enough for solving the evolution of
the neutrino asymmetries, but not accurate to follow that of the neutrino momen-
tum spectra when weak interactions are not very effective. Once flavour oscillations
modify the neutrino asymmetries among the three flavours, if the temperature is
large enough to keep the relativistic neutrinos in full equilibrium their spectra
should have a FD form. In this case the contribution of neutrinos to the total
radiation energy density is parameterized in terms of Neff as given in Eq. (5.2).

It has been shown in previous sections and we discuss in Sec. 5.4 that the electron
neutrino degeneracy is constrained from BBN to be |ξe| ∼ 0.1, a bound that also
applies approximately to the other flavours due to the effect of neutrino oscillations
described in the previous sections. If weak interactions were effective enough to
keep neutrinos in full equilibrium down to a temperature of O(MeV), their spectra
would change in order to keep the FD form. The “excess” of energy density in
neutrinos would be transferred to the electromagnetic plasma, so that the photon
temperature falls less than the inverse of the scale factor (similar behavior will
occur later with e±-annihilations). In such a case, the BBN allowed values of ξν

would lead to a contribution of neutrinos to the radiation content that from Eq.
(5.2) is very close to Neff = 3 (as concluded in [83]).

It turns out that neutrino oscillations in the early universe become effective during
the process of neutrino decoupling, so one would expect that weak interactions are
not fully efficient in transferring the entropy from neutrinos to e± and photons. In
such a case, the momentum spectrum of neutrinos with a degeneracy parameter
ξα would not keep the FD form, but acquire a non-equilibrium one. In order to
obtain a better calculation of the evolution of neutrinos with non-zero degenera-
cies, we consider for the collision terms the proper phase-space integrals of the
corresponding weak interaction terms. In such a case, one has again the coupled
set of integro-differential equations that will give us the full numerical evolution
of the neutrino momentum spectra. Since this calculations are time-consuming,
we have only considered a few choices of initial neutrino degeneracies.

An example of this improved calculation is shown in Figure 5.4, where one can
see the complete evolution of the ratio of neutrino and photon energy densities
from large temperatures, when weak interactions were effective (before flavour
oscillations), to the epoch when the process of e±-annihilations is complete. The
ratio of energy densities is normalized in two different ways, so that it gives the



“tesisI” — 2008/6/13 — 11:36 — page 91 — #111
i

i

i

i

i

i

i

i

5.3 Evolution of degenerate neutrinos 91

1.0

2.0

3.0

4.0

20 10 3 1 0.3 0.1 0.03

3.0

3.5
4.0

5.0

8/
7 

ρ ν
 / 

ρ γ

8/
7 

(1
1/

4)
4/

3  ρ
ν 

/ ρ
γ

Tγ (MeV)

ξ0(νe)=-0.9, ξ0(νµ,τ)=0.6

ξ0(νe)=-0.5, ξ0(νµ,τ)=0.5

No asymmetry

Figure 5.4: Evolution of the ratio of neutrino and photon energy densities for two
cases with non-zero initial neutrino degeneracies, compared to the zero asymme-
try case. We consider different normalizations in the y-axis so that the results
correspond to Neff both at large and low temperatures.

effective number of neutrinos from Eq. (1.34) as follows

Neff(T � 1 MeV) =
8

7

ρν

ργ

(5.6)

Neff(T � 1 MeV) =
8

7

(

11

4

)4/3
ρν

ργ

(5.7)

In both cases Neff = 3 without neutrino asymmetries and in the limit of instanta-
neous decoupling [33]. The second value is the frozen contribution of neutrinos to
the radiation content for lower temperatures (until they become non-relativistic),
and essentially the relevant value for BBN.

In the case of negligible neutrino asymmetry, one can see in Figure 5.4 that the
ratio of energy densities is initially constant so that Neff(T � 1 MeV) = 3,
but later it decreases to a new constant value since neutrinos do not share the
entropy transfer from e± into photons that takes place in the approximate range of
temperatures from 2 to 0.1 MeV (except from some residual interactions that lead
to Neff(T � 1 MeV) ' 3.04). For the cases with non-zero neutrino degeneracies
the ratio ρν/ργ is initially larger, with Neff given by Eq. (5.2), and in absence of
neutrino mixing their evolution would be parallel to the standard case. Instead,
the inclusion of flavour mixing largely reduces the ratio of energy densities once
oscillations are effective and neutrinos are still coupled. However, the entropy
transfer from neutrinos to the electromagnetic plasma is not completely effective
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Table 5.1: Final contribution of neutrinos to the radiation content in terms of the
parameter Neff , depending on the initial values of the neutrino degeneracies and
the neutrino mixing parameters.

ξ0e ξ0µ,τ No mixing θ13 = 0 sin2 θ13 = 0.04

0 0 3.046 3.046 3.045
-0.5 0.5 3.37 3.14 3.09
0.8 -0.5 3.55 3.15 3.06

-0.9 0.6 3.73 3.19 3.08

and the final value of Neff is not what Eq. (5.2) gives for neutrinos with non-zero
neutrino degeneracies and FD spectra.

We list in Table 5.1 the values of the parameter Neff that we found for three
different sets of initial neutrino degeneracies that are allowed by BBN, as we will
see in the next Section. One can see that departures from Neff = 3 of the order of
0.2 are still possible for very small values of θ13, while if this mixing angle is close
to the current upper bound the enhanced equilibration among neutrino flavours
leads to an extra contribution of neutrinos to the radiation content which is only
twice the value that is obtained in the standard case.

5.4 BBN constraints on relic neutrino

asymmetries

It is well known that the influence of a non-zero neutrino degeneracy on the BBN
outcome depends on the neutrino flavour, since electron neutrinos and antineu-
trinos play a direct role on the weak processes that fix the equilibrium between
neutrons and protons. Instead, any value of ξe,µ,τ modifies the expansion rate of
the universe through their enhanced contribution to the radiation energy density.

We have used PArthENoPE [89], an updated version of the BBN code described in
[49], to calculate how the presence of non-zero neutrino degeneracies, parameter-
ized with initial values ξ0µ = ξ0τ and ξ0e, modify the production of light elements.
We consider both the case of zero neutrino mixing and two cases where the neu-
trino mixing parameters are fixed to the best fit values in Eq. (3.3) except for θ13,
for which we take either zero or sin2 θ13 = 0.04. The evolution in the cases with
mixing is found for mono-energetic neutrinos with psync = πT .

The results are shown in Figure 5.5 as contours of equal 4He abundance, in terms
of the primordial mass fraction Yp. We consider here the experimental range
Yp = 0.249± 0.009 as discussed in [90], but other conservative estimates will not
modify significantly our results (see e.g. the recent review [91]). As shown in [92],
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Figure 5.5: Regions of initial neutrino degeneracies that are allowed by the indi-
cated primordial 4He measurement. We compare the unmixed situation and the
approximation of full equilibrium at BBN with two cases with best-fit values of
the mixing parameters and either θ13 = 0 or sin2 θ13 = 0.04. For three specific
choices of ξ0α, two final values of Neff are shown, corresponding to θ13 = 0 and
sin2 θ13 = 0.04.

the observed primordial abundances of the other elements (D, 3He and 7Li) are
not yet competitive to that of 4He in constraining the value of ξe at BBN. We
have also fixed the baryon asymmetry to be ηB = 6.3 × 10−10, a representative
value of the restrictive region allowed by the analysis of CMB anisotropies with
WMAP data [14].

For each case in Figure 5.5, the allowed region in the (ξ0
µ,τ , ξ

0
e) plane is that

between the two lines, which simply reflects that the value of the electron neutrino
degeneracy at BBN must be approximately within the range −0.04 < ξe < 0.07.
One can see how, neglecting flavour oscillations, the effect of large initial values of
ξ0µ,τ on the production of primordial 4He could be always compensated by a small
electron neutrino degeneracy [75, 93]. Instead, as emphasized in [83] oscillations
are effective before BBN leading to equilibrium among the three flavours to a large
amount. Now we can quantify how good is the approximation of complete flavour
among the neutrino degeneracies (labeled “Full eq” in Figure 5.5), as used in [83],
where the BBN bound on ξe was applied to all flavours, and more recently in [92]
to find the BBN bounds on a common neutrino degeneracy for all flavours. It
is indeed very good if the value of θ13 is close to the allowed upper limit, and
reasonable if θ13 is zero or very small.
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As shown in the previous section, neutrinos with initial degeneracies (ξ0
µ,τ , ξ

0
e)

within the BBN allowed region present small differences in their contribution to
the energy density of radiation. This is represented by the points in Figure 5.5,
where we have indicated the values ofNeff for the cases that were calculated solving
the accurate Boltzmann evolution equations. We remind that an independent
constraint on the radiation content of the Universe comes from the analysis of
CMB+LSS data. A future bound on ∆Neff of the order 0.2 − 0.3, as expected
from PLANCK data [16, 17, 18, 19], could potentially test the contribution from
relic neutrino asymmetries.
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Conclusions

In this thesis I have described a detailed calculation of the decoupling process
of cosmological relic neutrinos including flavour oscillations [33], non-standard
neutrino-electron interactions [57] and non-zero relic neutrino asymmetries [70]. In
order to quantify the implications of these non-standard effects, we solved numer-
ically the momentum-dependent Boltzmann equations for the neutrino ensemble
expressed in terms of the density matrix. By solving these equations we found
the evolution of the neutrino energy spectra during the decoupling process before
BBN. In particular we have calculated the frozen values of the neutrino distribu-
tions that should be used in any numerical evaluation of quantities related to relic
neutrinos, like those done in codes such as CMBFAST or CAMB. Finally we have
also calculated the corrections over the primordial 4He abundance.

Neutrino flavour oscillations

The fact that the spectral distortions produced by residual interactions with the
electromagnetic plasma during the e±-annihilation phase are flavour dependent,
drove us to include the neutrino flavour oscillations in the calculation. The pres-
ence of neutrino oscillations modifies the evolution and final values of the dis-
tortions in the flavour basis, reducing that of electron neutrinos and enhancing
those of the other neutrino flavours. We find that the asymptotic value of the to-
tal neutrino energy density is essentially unchanged with respect to the unmixed
case, being parameterized by an effective number of neutrinos Neff ' 3.046. We
conclude that the main effect of the oscillations is to redistribute the distortions
between the different neutrino flavours, smoothing the flavour dependence.
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In addition, we found the effect of neutrino heating on the outcome of BBN.
While the effect produced by the oscillations on the total neutrino energy density
is negligible with respect to the unmixed case, the variation on the electron neu-
trino spectrum induces a change on the 4He abundance which is approximately
20% larger when flavour oscillations are included. The overall change due to the
neutrino oscillations in other nuclides is practically negligible. Therefore, once
considered the existing (theoretical as well as observational) uncertainties on the
primordial abundances we conclude that definitively one cannot gain information
on the standard scenario of neutrino oscillations physics from BBN.

Non-standard neutrino-electron interactions

The process of relic neutrino decoupling in the early Universe is sensitive to the
strength of the interactions between neutrinos and the plasma formed by electrons
and positrons. If neutrinos were kept in longer thermal contact with them than in
the standard case, they would share a larger fraction of the entropy release from
e±-annihilations. We have considered non-standard couplings between neutrinos
and electrons, which may arise in extended particle physics models that account
for neutrino masses.

We have estimated the size of NSI couplings needed to affect in a relevant way
the properties of the cosmic neutrino background and of related observables. We
found that that the required couplings are by far larger than the existing lab-
oratory bounds, as also confirmed by a semi-analytical solution of the relevant
kinetic equations. Thus, NSI can only play a minor role in the decoupling of relic
neutrinos. However, NSI might still contribute with comparable or larger distor-
tions in the neutrino spectra than those predicted in the case of standard weak
interactions.

The numerical calculation of the full Boltzmann equations shows that there could
exist an enhancement in observables like Neff , or the 4He abundance that can be
up to three times larger than the ones found in the standard case, for values of all
NSI parameters close to the limits placed by laboratory experiments. However,
the variation that we found in the 4He abundance is yet too small (about one
order of magnitude) when compared to the observational error on Yp. Instead, a
value of Neff ' 3.12, which is still possible within the present parameter space for
NSI couplings, might be detectable in the near future. Since it is likely that future
experiments may narrow further the allowed range of NSI couplings, their role in
a cosmological context will be even smaller, at most a sub-leading correction to
the standard prediction of the relic neutrino spectra.
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Relic neutrino asymmetries

Usually the cosmological lepton asymmetry is assumed to be negligible. However,
there exists models that permit a large lepton asymmetry, which necessarily must
be a neutrino asymmetry, together with a small baryonic one. We have studied
the evolution of the neutrino spectra during the process of neutrino decoupling in
presence of large relic neutrino asymmetries.

First, we analyzed the evolution of the neutrino degeneracies with simplified col-
lision terms in the kinetic equations, showing that the flavour equilibration takes
place before the BBN, as previously shown in [83]. We have updated the results
of that analysis showing that indeed the flavour oscillations are syncrhonized, so
that it is enough to follow the evolution of a particular neutrino momentum. Using
this approach we have found the impact of neutrino asymmetries on BBN, which
previously was calculated using a common value for the neutrino degeneracy pa-
rameters. We show that this approximation of full equilibrium is indeed good,
being better for values of the θ13 mixing angle close to the experimental upper
limit. Finally, for the particular case with initial degeneracies ξ0

µ = −ξ0τ , where
the large neutrino self-potential was shown to block the oscillations, we found that
it is enough to modify slightly the initial condition or to include a non-zero θ13 to
achieve equilibrium before BBN.

We have also performed an improved calculation of the evolution of the neutrino
spectra in presence of neutrino degeneracies, taking into account the proper colli-
sion terms. In such a way we were able to check whether interactions are effective
enough to keep equilibrium distribution functions for neutrinos when the flavour
oscillations modify the relative asymmetries. We found that the final neutrino
spectra do not have a Fermi-Dirac form, i.e. they are not described by a degeneracy
parameter, because the entropy transfer between neutrinos and the electromag-
netic plasma is not completely effective. We have shown that the effective number
of neutrinos could be enhanced up to values of Neff ' 3.2 for some combinations
of initial neutrino asymmetries that are allowed by BBN.

Observational implications

We conclude that the prediction of Neff ' 3 for the contribution of the relic
neutrinos to the total radiation density of the Universe is quite robust within a
few % even when taking into account the three non-standard effects that we have
studied. Thus, their existence can not modify in a significant way the bounds on
neutrino properties from cosmological observables, in particular on their masses,
as recently reviewed in [94].

However, one may wonder if these small departures from Neff = 3 could be mea-
sured in the near future when more precise cosmological observations will be avail-
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able. For instance, it has been shown that the CMB satellite PLANCK will provide
temperature and polarization data that could measure the value of Neff with an
uncertainty of order σ(Neff) ' 0.2 [16, 17, 18, 19], or better when combined with
data from a large galaxy redshift survey such as SDSS [95]. Besides, future CMB
missions may reach the sensitivity of 0.04− 0.05 needed to test the standard sce-
nario [19, 20], and might achieve a 2σ hint for Neff ' 3.2 and eventually test the
effect of large neutrino-electron NSI or a large neutrino asymmetry.
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Appendix

A

Numerical resolution

In this section, we are going to show the basic features of the numerical resolution
of our main system of equations,(3.50) and (2.18). As we have already mentioned,
we are dealing with a system of coupled integro-differential equations, whose res-
olution requires the implementation of a numerical code.

There are two options for solving the numerical problem. One consists in solving
the Bolztmann equations for small deviations from the equilibrium. The other one
consists in using the complete distribution function. Given these two options, we
have decided to use the second one.

A.1 Initial conditions and momentum grid

Since we want to calculate the whole decoupling process, we must calculate the
evolution from an instant in which weak interactions are effective enough to keep
the neutrinos coupled with the electromagnetic plasma, until the instant in which
both the distortions of the neutrino spectrum and the photon temperature are
frozen. This corresponds to an interval of x ∈ [me/10, 35] approximately.

On the other hand, we have to deal with the initial value of the dimensionless
photon temperature, z. It is possible to assume this value which, in principle,
gives us the relation between the temperatures of neutrinos and photons, to be
equal to the unity, since it corresponds to the value the system will have with
the neutrinos in thermal contact with the electromagnetic plasma, right before
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100 Appendix A. Numerical resolution

the decoupling process starts. Nevertheless, the initial value zin, is not exactly
equal to 1 for the xin we have chosen, since at the initial moments, the reaction
e+e− → γγ is not the same in both directions. Its real value can and should be
calculated through the equation of state (2.18), where imposing neutrinos to be
coupled implies

dz

dx
=

x
zF1(x/z)

x2

z2 F1(x/z) + F2(x/z) + 2π4

15 + 7
40π

2
(A.1)

So we obtain a value zin =1.00003 at zin = 0.05.

Under these conditions, we will see that the initial values of the diagonal elements
of the density matrix, %(yi, x), will be FD equilibrium functions writes as follows:

%ii =
1

exp(yi/zin) + 1
(A.2)

While the off-diagonal terms will be zero, since the oscillations are blocked at high
temperatures due to the effects of the medium, V �M 2/2p.

For the comoving momentum, we will take the interval 0 ≤ y ≤ 20, since, for
neutrinos in equilibrium ρν(y > 20)/ρν ≈ 10−6. Moreover, due to the fact that
the non-equilibrium corrections for the energy density of the neutrino are of the
order of 1% (see Chapter 2), dismissing the momenta y > 20 will not affect the
result.

On the other hand, the ∼ p2 factor of the interaction rates means, in principle, a
more important inconvenient than the previous ones. However, setting the cut off
at y = 20 will give us enough precision. We have verified that the variations at this
cut off do not imply noticeable modifications in the results. The mentioned interval
will be divided by 100 in order to create the grid on momentum. Taking 100 values
for the grid gives us a reasonable precision level, with minimum variations with
respect to one of 200 or 400 points [25].

A.2 Evolution of distortions

In order to solve simultaneously the evolution of the distortions and the effects
of the oscillations, we have had to perform two “independent” calculations. This
has been due to the fact that, when the oscillations become effective, after the
blocking produced by the potential induced by the medium, the program needs an
excessively small step to keep moving forward. Therefore:

• In a first step, the program calculates the change produced in the diagonal
terms of %(yi, x) through the collision integrals and with a step ∆x which
will be fixed by the typical scale of the electron-positron annihilation rate.



“tesisI” — 2008/6/13 — 11:36 — page 101 — #121
i

i

i

i

i

i

i

i

A.2 Evolution of distortions 101

• In a second step, the effect of the oscillations will be calculated following the
evolution of %(yi, x), using a smaller step that we have fixed to be ∆x/100.
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Appendix

B
Treatment of the col-
lision term

B.1 How to reduce the collision integral

In this section, we will show the analytical calculations which will help us reduce
the 9-dimension collision integrals into 2-dimensional ones.

From the scattering amplitude for four fermions

νν ←→ νν; eν ←→ eν; νν̄ ←→ ee (B.1)

we only obtain two kinds of terms, namely, (pi · pj)(pk · pl) and m2
e(pi · pj) (for a

process ij ←→ kl). We will do the calculations for two particular examples, being
easy to generalize them.

In the next Table, we show the value of the matrix elements for different reactions
with neutrinos (obtained from [25]).

B.1.1 Scattering amplitude proportional to (p1 · p2)

We start from the collision integral

Icoll =
1

2E1

∫

(2π)4δ(4)

(

∑

i

pi

)

|Mfi(|p|)|2F (f)Π
d3pi

(2π)32Ei
(B.2)



“tesisI” — 2008/6/13 — 11:36 — page 104 — #124
i

i

i

i

i

i

i

i

104 Appendix B. Treatment of the collision term

Table B.1: Scattering amplitudes for electronic neutrinos: gL = 1/2+sin2 θW and
gR = sin2 θW (for the case of νµ,τ one makes the substitution gL → gL − 1)

Process 2−5G−2
F |A|2

νeν̄e → νeν̄e 4(p1 · p4)(p2 · p3)
νeνe → νeνe 2(p1 · p2)(p3 · p4)
νeν̄e → νµ(τ)ν̄µ(τ) (p1 · p4)(p2 · p3)
νeν̄µ(τ) → νeν̄µ(τ) (p1 · p4)(p2 · p3)
νeνµ(τ) → νeνµ(τ) (p1 · p2)(p3 · p4)

4[g2
L(p1 · p4)(p2 · p3)

νeν̄e → e+e− +g2
R(p1 · p3)(p2 · p4)]

+gRgLm
2
e(p1 · p2)

4[g2
L(p1 · p2)(p3 · p4)

νee
− → νee

− +g2
R(p1 · p4)(p2 · p3)]
−gRgLm

2
e(p1 · p3)

4[g2
R(p1 · p2)(p3 · p4)

νee
+ → νee

+ +g2
L(p1 · p4)(p2 · p3)]
−gRgLm

2
e(p1 · p3)

where the energy of the particles is Ei =
√

m2
i + p2

i . This equation takes the form

Icoll ∝
(2π)4

2E1

∫

d3p2

(2π)32E2

d3p3

(2π)32E3

d3p4

(2π)32E4

δ(4)(p1 + p2 − p3 − p4)|Mfi|2F (f)

We apply δ(3) and integrate over p4.

Icoll ∝
(2π)4

2E1

∫

d3p2

(2π)32E2

d3p3

(2π)32E3

1

(2π)32E4

δ(E1 +E2 −E3 −E4)|Mfi|2F (f) (B.3)

We define P = p1 + p2 so that p4 = |P − p3| and through

δ(F (x)) =
1

[

∂F (x)
∂x

]

0

δ(x− x0) (B.4)

we transform δ(Ei) into δ(p4 −X)

δ(E4 +E3−E2−E1) = δ(
√

m2
e + p2

4 +E3−E2−E1) =
E4

p4
δ(p4−|P −p3|) (B.5)

so (B.3) becomes

Icoll ∝
(2π)4

2E1

∫

d3p2

(2π)32E2

d3p3

(2π)32E3

1

p4
δ(p4 − |P − p3|)k(p1 · p2)F (f) (B.6)



“tesisI” — 2008/6/13 — 11:36 — page 105 — #125
i

i

i

i

i

i

i

i

B.1 How to reduce the collision integral 105

Next we will express d3p3 in spherical coordinates

d3p3 = p2
3dp3dφd cos θP,p3

|p4| = |P − p3| ⇒ |p4|2 = P 2 + p2
3 − 2Pp3 cos θ

⇒ cos θ =
P 2 + p2

3 − p2
4

2Pp3

and we transform δ applying the relation (B.4)

δ(p4 − |P − p3|) = − p4

Pp3
δ(cos θ − cos θ0) (B.7)

so

Icoll ∝ −
1

24(2π)9E1

∫

d3p2

E2

p3dp3

E3

1

P
k(p1 · p2)F (f) (B.8)

We now will transform it into spherical coordinates d3p2:

d3p2 = p2
2dp2dφd cos θp1,p2 (B.9)

and introduce the expansion:

(p1 · p2) = (E1E2 − ~p1~p2) = (E1E2 − p1p2 cos θ12) (B.10)

Besides, if we take into account that

cos θ12 =
P 2 − p2

1 − p2
2

2p1p2
⇒ d cos θ12 =

PdP

p1p2
(B.11)

we will have

Icoll ∝ − 1

24(2π)9E1

∫

dp2

E2

p3dp3

E3
k

∫ B

A

dP

(

E1E2 −
P 2 − p2

1 − p2
2

2

)

F (f) (B.12)

Finally, we solve the integral in P and obtain

Icoll ∝ − 1

24(2π)9E1

∫

dp2

E2

p3dp3

E3
k

1

2

[

(p2
1 + p2

2 + 2E1E2)P −
P 3

3

]B

A

F (f) (B.13)

Where A and B are the integration limits, which correspond to

A = max[pi − pj , pk − pl]

B = max[pi + pj , pk + pl]
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B.1.2 Scattering amplitude proportional to
(p1 · p2)(p3 · p4)

The calculations are completely analogous to the previous ones. We can modify the
matrix element taking into account the momentum conservation: p1+p2 = p3+p4.
Squaring both terms, we obtain

p3 · p4 =
m2

1 +m2
2 −m2

3 −m2
4

2
+ p1 · p2 (B.14)

In this equation, the mass term will always be equal to zero, so the matrix element
becomes

|M |2 = k(p1 · p2)(p3 · p4) = k(p1 · p2)
2 (B.15)

Therefore, the integral to be reduces becomes

Icoll ∝
(2π)4

2E1

∫

d3p2

(2π)32E2

d3p3

(2π)32E3

d3p4

(2π)32E4

δ(4)(p1 + p2 − p3 − p4)k(p1 · p2)
2F (f)

From this point, we proceed as we did in the previous example and we will come
to the following integral type

Icoll ∝
1

24(2π)9E1

∫

dp2

E2

p3dp3

E3
k

∫ B

A

dP
[

2E1E2 − P 2 + p2
1 + p2

2

]2
F (f) (B.16)

Solving the integral on P , we obtain

Icoll ∝
1

24(2π)9E1

∫

dp2

E2

p3dp3

E3
k

1

2

[

(p2
1 + p2

2 + 2E1E2)P −
P 3

3

]B

A

F (f) (B.17)

where A and B are the integration limits previously mentioned.

B.1.3 Final expression of Icoll

Finally, through the results of the integrals on P which arise for each type of
reaction, they can be gathered in the following factors

Π1(pi, pj) = [(−1)j(p2
i + p2

j ) + 2EiEj ](B −A)− (B −A)3

3
(B.18)

for the (pi · pj) terms, and

Π2(pi, pj) = [(−1)j(p2
i + p2

j ) + 2EiEj ](B −A)

− 2[(−1)j(p2
i + p2

j ) + 2EiEj ]
(B −A)3

3

− (B −A)5

5
(B.19)
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for the (pi · pj)(pk · pl) terms.

If we add for all the processes, taking into account that the distribution functions
satisfy the condition f = f̄ , and using the factors previously described, the collision
integral becomes

Iνe

coll ∝
∫

dp2dp3F (f (1)
νe
, f (2)

νe
, f (3)

νe
, f (4)

νe
)[4Π2(p1, p4) + 2Π2(p1, p2)]

+ F (f (1)
νe
, f (2)

νe
, f (3)

νµ
, f (4)

νµ
)Π2(p1, p4)

+ F (f (1)
νe
, f (2)

νµ
, f (3)

νe
, f (4)

νµ
)[Π2(p1, p4) + Π2(p1, p2)]

+ F (f (1)
νe
, f (2)

νe
, f (3)

e , f (4)
e )4[g2

LΠ2(p1, p4) + g2
RΠ2(p1, p3)

+ 2g2
Lg

2
Rm

2
eΠ1(p1, p2)]

+ F (f (1)
νe
, f (2)

e , f (3)
νe
, f (4)

e )4[g2
LΠ2(p1, p2) + g2

RΠ2(p1, p4)

− 2g2
Lg

2
Rm

2
eΠ1(p1, p3)] (B.20)

and analogous for νµ,τ and antineutrinos.

B.2 Approximations over Icoll

Before solving the system of equations, we assume an approximation over the
collision integral that simplifies the calculations without varying the final result.

It corresponds to the treatment of the statistical factor of the collision integral
(3.44). As we see, the statistical factors now have a matrix shape, however since the
off-diagonal elements are negligible when compared to the diagonal ones, %ij � %ii,
we have used the usual statistical factors, that only includes the diagonal entries.
Therefore we only make an explicit calculation of the collision integral for the
diagonal elements, introducing a damping factor for the off-diagonal, as it was
done in [83]. This damping factor can be written as follows

D(x, y) =
D

Hx
=
MPG

2
F zeta(3)ymed

3π3
√

8π/3

1√
ρ

y

x4
(B.21)

where ymed corresponds to the averaged momentum of the neutrino distribution
and
zeta(x) is the Riemann zeta function.
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Appendix

C
Useful functions for
the equation of state

In this section, some functions which appear in the equation of state (2.18) defined
in this work are shown.

The following equations correspond to the three components of the energy density
and the pressure, expressed as a function of the comoving variables defined in
(2.8).

ρ̄γ =
π2

15
z4

ρ̄ν =
1

π2

∫

dyy3
(

fνe
+ 2fνµ

+ 2fντ

)

ρ̄e =
2

π2

∫

dyy2

√

x2 + y2

exp(
√

y2 + x2/z) + 1

P̄e =
2

3π2

∫

dy
y4

√

x2 + y2

1

exp(
√

y2 + x2/z) + 1

The following functions appear in the equation of the temperature evolution of the
bath of photons (2.12)

F1(ω) =
1

π2

∫

duu2 exp(
√
u2 + ω2)

(exp(
√
u2 + ω2) + 1)2

F2(ω) =
1

π2

∫

duu4 exp(
√
u2 + ω2)

(exp(
√
u2 + ω2) + 1)2

The functions that appear in the equation of state after introducing the QED
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corrections are shown.

G1 = 2πα

[

1

ω

(

K(ω)

3
+ 2K(ω)2 − F1(ω)−K(ω)F1(ω)

)

+

(

K ′(ω)

6
−K(ω)K ′(ω) + F ′

1(ω)K(ω)

+
F ′

1(ω)

6
+ F1(ω)K ′(ω)

)]

G2 = − 8πα

(

K(ω)

6
+
F1(ω)

6
− 1

2
K(ω)2 +K(ω)F1(ω)

)

+ 2παω

(

K ′(ω)

6
−K(ω)K ′(ω)

+ F ′
1(ω)K(ω) + F1(ω)K ′(ω) +

F ′
1(ω)

6

)

K(ω) =
1

π2

∫

du
u2

√
u2 + ω2

1

exp(
√
u2 + ω2) + 1
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