
Second order classical perturbation theory for atom surface scattering: Analysis of
asymmetry in the angular distribution
Yun Zhou, Eli Pollak, and Salvador Miret-Artés 
 
Citation: The Journal of Chemical Physics 140, 024709 (2014); doi: 10.1063/1.4851835 
View online: http://dx.doi.org/10.1063/1.4851835 
View Table of Contents: http://scitation.aip.org/content/aip/journal/jcp/140/2?ver=pdfcov 
Published by the AIP Publishing 
 
Articles you may be interested in 
Semiclassical perturbation theory for diffraction in heavy atom surface scattering 
J. Chem. Phys. 136, 204707 (2012); 10.1063/1.4722339 
 
Erratum: “Classical theory for the in-plane scattering of atoms from corrugated surfaces: Application to the
Ar–Ag(111) system” [J. Chem. Phys.130, 194710 (2009)] 
J. Chem. Phys. 132, 049901 (2010); 10.1063/1.3299248 
 
Classical theory for the in-plane scattering of atoms from corrugated surfaces: Application to the Ar–Ag(111)
system 
J. Chem. Phys. 130, 194710 (2009); 10.1063/1.3131182 
 
Classical Wigner theory of gas surface scattering 
J. Chem. Phys. 129, 054107 (2008); 10.1063/1.2954020 
 
Energy and momentum transfer of He atoms scattered from a lithium fluoride crystal surface 
J. Chem. Phys. 110, 8767 (1999); 10.1063/1.478784 
 
 

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

161.111.22.69 On: Tue, 07 Apr 2015 11:05:50

http://scitation.aip.org/content/aip/journal/jcp?ver=pdfcov
http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/956891792/x01/AIP-PT/JCP_ArticleDL_0315/PT_SubscriptionAd_1640x440.jpg/6c527a6a713149424c326b414477302f?x
http://scitation.aip.org/search?value1=Yun+Zhou&option1=author
http://scitation.aip.org/search?value1=Eli+Pollak&option1=author
http://scitation.aip.org/search?value1=Salvador+Miret-Art�s&option1=author
http://scitation.aip.org/content/aip/journal/jcp?ver=pdfcov
http://dx.doi.org/10.1063/1.4851835
http://scitation.aip.org/content/aip/journal/jcp/140/2?ver=pdfcov
http://scitation.aip.org/content/aip?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/136/20/10.1063/1.4722339?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/132/4/10.1063/1.3299248?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/132/4/10.1063/1.3299248?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/130/19/10.1063/1.3131182?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/130/19/10.1063/1.3131182?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/129/5/10.1063/1.2954020?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/110/17/10.1063/1.478784?ver=pdfcov


THE JOURNAL OF CHEMICAL PHYSICS 140, 024709 (2014)

Second order classical perturbation theory for atom surface scattering:
Analysis of asymmetry in the angular distribution

Yun Zhou (��),1,a) Eli Pollak,1,b) and Salvador Miret-Artés2,c)

1Chemical Physics Department, Weizmann Institute of Science, 76100 Rehovot, Israel
2Instituto de Fisica Fundamental, Consejo Superior de Investigaciones Cientificas,
Serrano 123, 28006 Madrid, Spain

(Received 11 April 2013; accepted 6 December 2013; published online 14 January 2014)

A second order classical perturbation theory is developed and applied to elastic atom corrugated
surface scattering. The resulting theory accounts for experimentally observed asymmetry in the fi-
nal angular distributions. These include qualitative features, such as reduction of the asymmetry
in the intensity of the rainbow peaks with increased incidence energy as well as the asymmetry in the
location of the rainbow peaks with respect to the specular scattering angle. The theory is especially
applicable to “soft” corrugated potentials. Expressions for the angular distribution are derived for
the exponential repulsive and Morse potential models. The theory is implemented numerically to a
simplified model of the scattering of an Ar atom from a LiF(100) surface. © 2014 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4851835]

I. INTRODUCTION

The scattering of atoms from surfaces has been measured
extensively during the past fifty years.1–4 The measured an-
gular distribution for heavy atoms, when quantum diffraction
effects may be neglected, is characterized by a few promi-
nent, qualitative features. Rainbows appear at sub-specular
and super-specular angles in the form of maxima in the angu-
lar distribution.5–7 Typically, the intensity of the sub-specular
peak is larger than that of the super-specular peak.8–10 This
will be referred to as intensity asymmetry. Other features in-
clude a reduction of the angular distance between the rainbow
peaks as the incident energy of the atom increases10, 11 or as
the angle of incidence (measured with respect to the vertical)
increases.9, 11 Recent reviews of rainbow scattering from sur-
faces may be found in Refs. 12 and 13.

As discussed in some detail in Ref. 14, a corrugation
potential which does not display a reflection symmetry in
the unit cell will lead to both intensity asymmetry as well
as asymmetry in the location of the sub- and super-specular
peaks with respect to the specular direction in the angular
distribution. A central theme of this paper is understanding
asymmetries in the angular distribution even when the corru-
gation potential exhibits a reflection symmetry in the unit cell.
Henceforth, we will only refer to this symmetric corrugation
potential case. An early model which gave a qualitative expla-
nation for the intensity asymmetry in the angular distribution
was that of a hard corrugated wall potential.15–18 This model
may be solved analytically. It provides a simple explanation
for the rainbows – one readily finds that they originate from
the inflection points of the corrugation. Perhaps more subtle
but not less interesting is that the hard wall corrugated model

a)Electronic mail: zhou.yun.x@gmail.com
b)Electronic mail: eli.pollak@weizmann.ac.il
c)Electronic mail: s.miret@iff.csic.es

also provides an explanation for the intensity asymmetry in
the angular distribution. One finds that the potential which
faces the incoming particle leads to the sub-specular peak.18

Its intensity is higher, just as the intensity of the rain that one
feels is larger when one runs into the rain direction rather than
away from it.

The hard wall model also provides a partial explanation
for the energy dependence of the distance between the rain-
bow angles. If one adds a shallow attractive square well which
precedes the wall,15, 17, 18 one finds that the distance between
the rainbow peaks decreases as the incident energy increases.
At low incident energies, one “feels” the shallow well and
due to its refractive effect on the straight line trajectories, it
increases the distance between the rainbow angles. As the en-
ergy is increased, the refraction decreases and one reaches the
repulsive hard wall limit, in which the rainbow angles are en-
ergy independent. The energy dependence of the angular dis-
tance between the rainbows is thus a sensitive measure of the
characteristics of the physisorption well.

However, the hard wall class of models is deficient in a
number of respects. Under the condition (which occurs when
the corrugation height is small and the angle of incidence is
not a grazing angle) that all trajectories are reflected only once
by the hard wall, the hard wall model predicts that the dis-
tance between the rainbow angles is independent of the an-
gle of incidence and that the rainbow angles are symmetri-
cally spaced about the specular angle and this is not always
so.9, 10 Moreover, it is not very realistic, since the interaction
between atoms and surfaces really is rather “soft” especially
when dealing with rare gas incident atoms.

With this in mind, we have developed in recent years a
classical theory of atom-surface scattering which is based on a
perturbation theory in which the corrugation height is consid-
ered to be the small parameter.13, 14, 19–21 In previous work, we
developed this theory using a perturbation expansion which
is valid to first order in the corrugation height. The first

0021-9606/2014/140(2)/024709/10/$30.00 © 2014 AIP Publishing LLC140, 024709-1
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order theory correctly predicts the incident energy and inci-
dent angle dependence of the angular distribution. The dis-
tance between the rainbow angles decreases when the incom-
ing atom traverses the horizontal direction rapidly, smearing
out the effect of the corrugation. Therefore, when the angle of
incidence is large, the horizontal velocity is relatively fast and
the distance between the rainbow angles is small. Similarly, at
a fixed angle of incidence, increasing the energy implies also
an increase of the horizontal momentum and this leads to a
smaller angular distance between the rainbows.

Similar to the hard wall model, if the potential is purely
repulsive, then the rainbow angles are energy independent, the
energy dependence arises only when the potential includes
a physisorption well.13 As in the hard wall model, to first
order in the corrugation height, the rainbows are symmetri-
cally placed about the specular angle. The first order pertur-
bation theory does not account for the asymmetry in the angu-
lar scattering unless one imposes an asymmetric corrugation
potential.14

The topic of this paper is to show how a second order
perturbation theory, applied to elastic atom-surface scatter-
ing, accounts for the asymmetries in the angular distribution.
In principle, the second order theory calls for the solution of
a second order in time equation of motion which is charac-
terized by a time dependent harmonic frequency and external
force. Such an equation is rather difficult to solve analytically
except in special cases. However, if one uses the fact that en-
ergy is conserved during the scattering, one may replace the
second order in time equation of motion with a first order in
time equation which is readily solved analytically. Using this
strategy we derive in Sec. II the second order perturbation the-
ory expression for the final momenta of the particle.

In Sec. III we use these results to derive the angular distri-
bution expanded up to second order in the corrugation height.
We find that the second order contribution leads to the ex-
perimentally observed asymmetry in the angular distribution.
Sub-specular final angles have higher intensity than super-
specular angles, due to the same qualitative effect already un-
derstood from the hard wall model. The perturbation theory
also provides an incident angle and energy dependence for
the intensity asymmetry, which decreases as the energy is in-
creased or as the angle of incidence increases with respect
to the vertical direction. Moreover, the theory accounts for
asymmetry in the location of the rainbow angles with respect
to the specular scattering angle.

In Sec. IV we apply the theory to an exponentially re-
pulsive potential and a Morse potential model with a sinu-
soidal corrugation function. Expressions are derived for the
angular distributions in both cases. As in the first order the-
ory, the purely repulsive potential gives an energy indepen-
dent angular distribution. The energy dependence is directly
related to the physisorption well, which is of course included
in the Morse potential model. Some numerical examples are
provided for a simplified model of the scattering of an Ar
atom from a LiF(100) surface. We end with a discussion of
the results, noting for example that one may also observe
asymmetry in the opposite direction, that is, that the super-
specular scattering angles are more probable than the sub-
specular ones.11 We also speculate that the second order per-

turbation expansion should be useful within a semiclassical
description of the scattering.

II. PERTURBATION THEORY FOR THE MOMENTA

In this paper, we limit ourselves to a model of in-plane
scattering from a frozen surface. Generalization to the full
three-dimensional dynamics, as well as inclusion of surface
phonons, is straightforward but leads to somewhat more com-
plicated expressions.13 We thus assume that the scattering
event takes place in the vertical (z) and horizontal (x) con-
figuration space. A “standard” model used for the description
of the scattering is based on the assumption that the potential
of interaction depends on the instantaneous distance from the
surface and so has the generic form V (x, z) = V (z − h (x))
where h(x) is the small periodic (with lattice length l) cor-
rugation height of the surface. Since we will be using a
perturbation theory which is second order with respect to
the corrugation height, we expand the potential to the same
order:

V (z, x) = V (z) − V ′(z)h (x) + 1

2
V ′′(z)h (x)2 . (2.1)

This functional form will then be used as the point of depar-
ture for analysis of the elastic scattering dynamics, developing
a second order perturbation theory with respect to the corru-
gation h(x) which is assumed to be small as compared with
the lattice length.

We will study the classical scattering for a particle with
mass M and vertical and horizontal momenta pz and px, re-
spectively. The Hamiltonian governing the motion is thus

H = p2
x + p2

z

2M
+ V (z, x) . (2.2)

The exact equations of motion governing the vertical and hor-
izontal distances are

Mz̈t + V ′(zt ) − V ′′(zt )h(xt ) + 1

2
V ′′′(zt )h(xt )

2 = 0, (2.3)

Mẍt − V ′(zt )h
′ (xt ) + V ′′(zt )h

′ (xt ) h (xt ) = 0, (2.4)

where the primes denote derivatives with respect to the ar-
gument and the dots, time differentiation. The particle is as-
sumed to be initiated at the time −t0 with initial vertical (neg-
ative) momentum pzi and (positive) horizontal momentum
pxi . The zeroth order motion (expansion to order h0) is decou-
pled, the vertical motion is governed by the vertical Hamilto-
nian,

Hz0 = p2
z

2M
+ V (z), (2.5)

and the horizontal motion is that of a free particle,

Hx0 = p2
xi

2M
, (2.6)

with constant velocity vx = pxi/M . In the zeroth order mo-
tion, the particle impacts the surface at time t = 0 and then
leaves the interaction region by the time t0 which is taken to
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be sufficiently large to assure that the scattering event is over.
Finally, we take the limit of t0 → ∞.

We then expand the horizontal and vertical motions in the
corrugation height as

xt =
∞∑

j=0

xj,t , (2.7)

px,t =
∞∑

j=0

pxj,t , (2.8)

zt =
∞∑

j=0

zj,t , (2.9)

pz,t =
∞∑

j=0

pzj,t , (2.10)

where the index j denotes the power in h(x), such that, for
example, xj, t is of the order of h(xt) j. The zeroth order vertical
solution obeys the equation of motion,

Mz̈0,t + V ′(z0,t ) = 0, (2.11)

and the first order correction to the vertical motion obeys the
equation of motion:

Mz̈1,t + V ′′(z0,t )z1,t − V ′′(z0,t )h(x0,t ) = 0. (2.12)

In the horizontal direction the motion is to zeroth order
that of a free particle (parallel momentum conservation) such
that

x0,t = x0,−t0 + pxi

M
(t + t0) ≡ x0,0 + pxi

M
t. (2.13)

The Jacobian of the transformation between the initial value
of the horizontal coordinate and its value upon impact, x0,0,
is unity. The first order correction to the horizontal motion is
determined by

Mẍ1,t − V ′(z0,t )h
′(x0,t ) = 0, (2.14)

while the second order equation of motion for the horizontal
coordinate is

Mẍ2,t − V ′(z0,t )h
′′(x0,t )x1,t − V ′′(z0,t )z1,th

′(x0,t )

+V ′′(z0,t )h
′(x0,t )h(x0,t ) = 0. (2.15)

One then readily finds that the horizontal momenta up to sec-
ond order are expressed in terms of the lower order solutions
as

px1,t =
∫ t

−t0

dtV ′(z0,t )h
′(x0,t ) (2.16)

and

px2,t =
∫ t

−t0

dt[V ′(z0,t )h
′′(x0,t )x1,t + V ′′(z0,t )z1,th

′(x0,t )

−V ′′(z0,t )h
′(x0,t )h(x0,t )]. (2.17)

The corrugation function h(x) is periodic with period l. In
the following, we will employ the simplest possible periodic

corrugation function:

h (x) = h sin

(
2πx

l

)
. (2.18)

It is straightforward, only increasingly complex to use a
higher harmonic expansion for the corrugation function.13, 14

Using the symmetry of the motion along the vertical direction
(V ′(z0,t ) is symmetric with respect to the time), we find that
the first order contribution to the final horizontal momentum
is19

px1,f = pziK cos

(
2πx0,0

l

)
(2.19)

with

K = 2πh

lpzi

∫ ∞

−∞
dtV ′(z0,t ) cos (ωxt) , (2.20)

the horizontal frequency is defined as

ωx = 2π

l

pxi

M
, (2.21)

and we have taken the limit of t0 → ∞. The dimensionless
quantity K is termed the rainbow shift angle, as will also be-
come evident from the expression for the angular distribution,
as shown in Sec. III. The perturbation theory is valid as long
as the (dimensionless) rainbow shift angle is small compared
with unity. As seen from Eq. (2.20), this is equivalent to de-
manding that the corrugation height is small compared with
the lattice length. The first order contribution to the horizon-
tal coordinate is then seen to take the form:19

x1,t = cos

(
2πx0,0

l

) ∫ t

−∞
dt ′Fc(t ′)

− sin

(
2πx0,0

l

) ∫ t

−∞
dt ′Fs(t

′), (2.22)

where

Fc (t) = h
2π

lM

∫ t

−∞
dt ′V ′(z0,t ′ ) cos(ωxt

′), (2.23)

Fs (t) = h
2π

lM

∫ t

−∞
dt ′V ′(z0,t ′ ) sin(ωxt

′). (2.24)

The first order contribution to the vertical momentum ne-
cessitates the solution of Eq. (2.12). This equation is equiva-
lent in form to that of a forced oscillator with a time depen-
dent frequency, which is rather difficult to solve analytically.
We note however that to first order in the corrugation height,
energy conservation implies that for any time

0 = pxipx1,t + pz0,tpz1,t

M
+ V ′(z0,t )z1,t − V ′(z0,t )h(x0,t ).

(2.25)
This relation then determines the first order contribution to
the final vertical momentum pz1, f in terms of the first order
contribution to the final horizontal momentum:

pz1,f = pxi

pzi

px1,f . (2.26)

Not less important is to note that the first order energy
conservation relation (2.25) also leads to a first order in time
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equation of motion for the first order contribution to the ver-
tical motion,

ż1,t = ṗz0,t

pz0,t

z1,t + 1

pz0,t

∫ t

−t0

dth(x0,t )
d

dt
V ′(z0,t ), (2.27)

whose solution is readily written as

z1,t = pz0,t

∫ t

−t0

dt ′
1

p2
z0,t ′

∫ t ′

−t0

dt ′′h(x0,t ′′ )
d

dt ′′
V ′(z0,t ′′ ).

(2.28)
By taking the time derivative of Eq. (2.28), one may see that
this is a specific solution to the second order in time equa-
tion of motion (2.12) for the first order correction. It is this
observation that allows us to obtain closed form expressions
for the final momenta, up to second order in the corrugation
height. Using the specific sinusoidal form for the corrugation
(Eq. (2.18)), Eq. (2.28) may be rewritten as

z1,t = sin

(
2πx0,0

l

)
pz0,t

∫ t

−t0

dt ′Gc

(
t ′
)

+ cos

(
2πx0,0

l

)
pz0,t

∫ t

−t0

dt ′Gs

(
t ′
)
, (2.29)

where we used the notation:

Gc (t) = h

p2
z0,t

∫ t

−∞
dt ′

dV ′(z0,t ′ )

dt ′
cos(ωxt

′), (2.30)

Gs (t) = h

p2
z0,t

∫ t

−∞
dt ′

dV ′(z0,t ′ )

dt ′
sin(ωxt

′). (2.31)

With these preliminaries, using Eqs. (2.17), (2.22), and
(2.29), we find after some manipulation that the second order
contribution to the final horizontal momentum simplifies to

px2,f ≡ pxiKcc + sin (x̄) cos (x̄) pxi(Ksc + Vsc,2) (2.32)

with

Kcc = 2πMh

lpxi

∫ ∞

−∞
dt

[
cos (ωxt)

dV ′(z0,t )

dt

∫ t

−∞
dt ′Gs(t

′)

− 2π

lM
V ′(z0,t ) sin (ωxt)

∫ t

−∞
dt ′Fc

(
t ′
)]

, (2.33)

Kcc

K2
hw

= π

4lMpxi

∫ ∞

−∞
dtV̄ ′(z0,t ) cos(ωxt)

×
∫ ∞

−∞
dt ′′V̄ ′(z0,t ′′ ) sin(ωxt

′′)(t − t ′′)

− Ml

16πpxi

∫ ∞

−∞
dt

dV̄ ′(z0,t )

dt
sin(ωxt)

×
∫ ∞

−∞
dt ′′

dV̄ ′(z0,t ′′ )

dt ′′
cos(ωxt

′′)
∫ t

t ′′
dt ′

1

p2
z0,t ′

,

(2.34)

Ksc

K2
hw

= Ml

8πpxi

∫ ∞

−∞
dt

dV̄ ′(z0,t )

dt

∫ t

−∞
dt ′′

dV̄ ′(z0,t ′′ )

dt ′′

× cos(ωx[t ′′ + t])
∫ t

t ′′
dt ′

1

p2
z0,t ′

− π

2lMpxi

∫ ∞

−∞
dtV̄ ′(z0,t )

∫ t

−∞
dt ′′V̄ ′(z0,t ′′ )

× cos(ωx[t ′′ + t])(t − t ′′), (2.35)

Vsc,2

K2
hw

= − l

8πpxi

∫ ∞

−∞
dtV ′′(z0,t ) cos(2ωxt), (2.36)

and the hard wall rainbow shift angle is

Khw = 4πh

l
. (2.37)

The second order contribution to the final vertical momentum
is then found through energy conservation to be

pz2,f = pxi

pzi

px2,f + p2
x1,f + p2

z1,f

2pzi

. (2.38)

Equations (2.32)–(2.38) are the central results of this sec-
tion. An explicit solution for the second order contribution to
the final momenta and its dependence on the point of impact
on the surface has been derived. In principle, one can fol-
low the same methodology to obtain all order contributions
to the final momenta, however the complexity increases ac-
cordingly. One may also put in higher harmonics into the cor-
rugation function, however, as we shall see in Sec. III, the
second order perturbation theory suffices to provide a quali-
tative explanation for the observed angular distributions, their
asymmetry and rainbow structure, and angle of incidence and
energy dependence.

III. PERTURBATION THEORY FOR THE FINAL
ANGULAR DISTRIBUTION

The (negative) angle of incidence with respect to the ver-
tical vector to the surface is by definition

θi = tan−1

(
pxi

pzi

)
. (3.1)

The final angular distribution is (with x̄ = 2πx0,0

l
)

P
(
θf

) = 1

2π

∫ 2π

0
dx̄δ

(
θf − tan−1

(
pxf

(x̄)

pzf
(x̄)

))
, (3.2)

where pxf (x̄) and pzf (x̄) are the final momenta as deter-
mined from Hamilton’s equations of motion. Using the sec-
ond order expansion results from Sec. II, this may be rewritten
as

P
(
θf

) � 1

2π cos2
(
θf

) ∫ 2π

0
dx̄δ(tan θf + f (x̄))

= 1

2π cos2(θf )

∑
j

∣∣∣∣ 1

f ′(x̄j )

∣∣∣∣ (3.3)
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with

f (x̄) = −pxf

pzf

= pxi + px1,f + px2,f

pzi − pz1,f − pz2,f

= K cos (x̄) + tan θi(1 + Kcc + K̄sc sin (2x̄))

1 − tan θiK cos (x̄) − Kcc tan2 θi − K2 cos2(x̄)
2 cos2 θi

− K̄sc sin (2x̄) tan2 θi

, (3.4)

where K̄sc = 1
2

(
Ksc + Vsc,2

)
and x̄j are the roots of

tan θf + f
(
x̄j

) = 0. (3.5)

Using the notation y = K cos x̄ and imposing that the ar-
gument of the Dirac “delta” function in Eq. (3.3) vanishes
leads to an equation in y whose solution is denoted as y∗. Since

df

dx̄
= −

√
K2 − y2

df

dy
, (3.6)

we find that rainbows occur whenever

y∗ = ±K (3.7)

or when

df

dy

∣∣∣∣∣
y=y∗

= 0. (3.8)

Suppressing the star notation we then have from
Eqs. (3.3) and (3.4) that the expression for the angular dis-
tribution is

P
(
θf

) =
∑ cos2 θi

(
1 − tan θiy − Kcc tan2 θi − y2

2 cos2 θi
∓ 2 K̄sc

K2

√
K2 − y2y tan2 θi

)2

2π cos2 θf

√
K2 − y2

∣∣∣∣1 + y2

2 + y tan θi (1 + Kcc) ± 2 K̄sc

K2
tan θi√
K2−y2

(
K2 + K2y2

2 − 2y2
)∣∣∣∣

(3.9)

and the sum sign serves to remind us that one must sum
over all the roots of Eq. (3.5).When the root equation (3.5)
is solved numerically and inserted into the expression for the
angular distribution as given in Eq. (3.9), we will refer to the
resulting angular distribution as the numerical one.

At the rainbow angles θ f, R, ± as obtained from Eq. (3.7)
we find that

P
(
θf,R,±

)

=
∑ cos2 θi

(
1 ∓ K tan θi − Kcc tan2 θi − K2

2 cos2 θi

)2

2π cos2 θf,R,±
∣∣∣2K̄sc tan θi

(
K2

2 − 1
)∣∣∣ .

(3.10)

Assuming that K ≥ 0 we have (see also below) that the super-
specular angle (yR = −K) corresponds to the plus sign in
the numerator of Eq. (3.10), while the sub-specular angle
(yR = K) is obtained with the minus sign. Since tan θ i < 0,
this implies that the second order perturbation theory predicts
that the amplitude of the super-specular rainbow angle will
be smaller than the amplitude of the sub-specular rainbow
angle. This also implies (through the relation y = K cos(x̄))
that x̄ = 0 corresponds to the sub-specular peak. When con-
sidering the leading order term in the corrugation potential
−V ′ (z) h sin (x̄) this implies that when the particle hits the
part of the potential which points towards the particle, the

scattering intensity is higher. This is also qualitatively con-
sistent with rainbow scattering from a hard corrugated wall
potential.

To gain some more insight, it is useful to consider the an-
alytic solution of the root equation, by resorting again to the
perturbation expansion. Noting that tan (θ i + θ f) is at least
first order in the corrugation height h (in the absence of cor-
rugation it vanishes), writing the roots y∗ as y∗

1 + y∗
2 , corre-

sponding respectively to the first and second order terms in h,
we readily find that

y∗
1 = − tan

(
θi + θf

)
, (3.11)

y∗
2 = − tan (θi)

[
Kcc + 1

2
tan2

(
θi + θf

)]

±2K̄sc

K2
tan(θi) tan(θi + θf )

√
K2 − tan2(θi + θf )

×H (K2 − tan2(θi + θf )), (3.12)

where the “+” sign corresponds to x̄ ∈ [0, π/2] and [π ,
3π /2], the “−” sign for x̄ ∈ [π/2, π ] and [3π /2, 2π ] and H(x)
is the Heaviside function.
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The rainbow condition (Eq. (3.7)) then implies that

K2 − tan2(θi + θf,r ) � −2y∗
2 tan(θi + θf,R) � O(h3),

(3.13)
so that to second order in the corrugation, at the rainbow
angles:

y∗
2,R = − tan (θi)

[
Kcc + 1

2
tan2

(
θi + θf

)]
. (3.14)

As we have already noted, the sub-specular rainbow angle is
such that yR = K. Equation (3.14) implies that the distance
of the sub-specular peak from the specular peak is approx-
imately K − y∗

2,R , while the distance of the super-specular
peak from the specular peak is K + y∗

2,R . In other words, if
y∗

2,R ≥ 0, then the second order perturbation theory leads to
an asymmetry in the location of the rainbows, with the distri-
bution shifted more to the super-specular side of the angular
distribution. The opposite occurs if y∗

2,R ≤ 0.
It is also worthwhile noting that when limiting the deriva-

tion to only first order perturbation theory (denoted by the
subscript) then the angular distribution takes the symmetric
form13, 19

P1st−ord (θf ) = 1

π cos2(θf + θi)
√

K2 − tan2(θf + θi)
,

(3.15)
demonstrating clearly that the asymmetry observed in the an-
gular distribution is a second order effect. Finally it is in-
structive to compare the second order result Eq. (3.9) with
the angular distribution found for scattering from a hard
wall potential with the same sine corrugation function as
in Eq. (2.18):

Phw(θf ) =
(

1 + tan
(

θf +θi

2

)
tan (θi)

)
π cos2

(
θf +θi

2

) √
K2

hw − 4 tan2
(

θf +θi

2

) . (3.16)

The hard wall potential exhibits rainbow angles that are
symmetrically placed around the specular angle. The asym-
metry in the distribution which comes from the second term
in the numerator is half as large as the asymmetric part in
Eq. (3.9). Here one notes though that the hard wall model is
qualitatively different from the potential used in the present
model. In the hard wall model, the location of the hard wall
varies with the corrugation, while the hard wall limit of the
model we have been using (Eq. (2.1)) leads to a hard wall
whose location is independent of the horizontal coordinate.
However, the qualitative feature of a larger scattering ampli-
tude originating from the wall facing the incident particle is
the same in both cases.

IV. ANALYTICAL MODELS AND NUMERICAL
RESULTS

A. Repulsive exponential potential

Perhaps the simplest soft potential is obtained by replac-
ing the hard wall with a purely repulsive exponential potential

Ve (z) = Ve exp (−αz) , (4.1)

where the inverse length α is the stiffness parameter of the
exponential potential. Ve has the dimensions of energy and
expresses the “strength” of the exponential interaction. The
trajectory for the vertical motion at energy Ez is known
analytically,13

exp (αzt ) = Ve

2Ez

[1 + cosh (�t)] , (4.2)

with

�2 = 2α2Ez

M
, (4.3)

and Ez is the incident energy in the vertical direction. The
rainbow shift angle (see Eq. (2.20)) for this model is

Ke = Khw

π�̄

sinh(π�̄)
(4.4)

with

�̄ = ωx

�
= 2π

αl
|tan θi | . (4.5)

In the hard wall limit, that is, when the stiffness parameter
α → ∞, Ke → Khw.

It is a matter of some algebra, based on the integral (for
further manipulations see Sec. IV of Ref. 14)∫ ∞

−∞
dt

cos(�̄t)

[cos � + cosh(t)]
= 2π sinh(��̄)

sin � sinh(π�̄)
(4.6)

and the identity

[1 + cosh (t)]2

sinh2 (t)
= d

dt

(
t − 2 cosh t + 2

sinh t

)
(4.7)

to find that

Kcc,e = K2
e

2 tan2 θi

(
1 − π�̄ cosh

(
�̄π

)
cos2 θi sinh

(
�̄π

)
)

, (4.8)

and

Vsc,2;e = − πK2
hw

sinh
(
2π�̄

) . (4.9)

Both constants are energy independent. We did not succeed
in deriving a fully analytic expression for Ksc however one
can readily show that it is energy independent too. Thus, also
to second order in the corrugation, in the presence of a purely
repulsive potential, the angular distribution is energy indepen-
dent.

It is of interest to consider the hard wall limit, that is,
when α → ∞. In this case one finds that

lim
α→∞ Ke = Khw, (4.10)

lim
α→∞ Kcc,e = −K2

hw

2
, (4.11)

and that

lim
α→∞(Ksc,e + Vsc,2;e) = 0. (4.12)
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B. Morse potential model

The dependence of the angular distribution on the
incident energy comes from the existence of a shallow
physisorbed well in the potential of interaction of the atom
with the surface. This is well modelled by the Morse potential

VM (z) = V0[(exp (−αz) − 1)2 − 1], (4.13)

which has a physisorption well depth V0. In this case, the rain-
bow shift parameter (Eq. (2.20)) is

KM = Khw

π�̄ cosh(�̄�)

sinh(π�̄)
(4.14)

with

cos � = −
√

V0

Ez + V0
, (4.15)

and �̄ as defined in Eq. (4.5). For a fixed angle of inci-
dence, the angle � decreases from π to π /2 as the energy
is increased, causing the rainbow shift angle to decrease ac-
cordingly. The attractive well leads to a narrowing of the dis-
tance between the rainbow angles, as the incident energy is
increased.

The trajectory for the Morse potential at an incident en-
ergy Ez is also known analytically,13

exp(αzt ) = − cos �

sin2 �
[cosh (�t) + cos �] , (4.16)

and the frequency � is as given in Eq. (4.3). We then use the
same integrals as for the exponential repulsive potential and
the identity

1

p2
z0,t ′

= α2

M2�2

d

d (�t)

(
�t sinh (�t) − cosh (�t) [1 + cos2 �] − 2 cos �

sinh (�t)

)
(4.17)

to find that

Kcc = K2
M

2

(
1

tan2 |θi | + 1

sin2 |θi |
(��̄ tanh(�̄�) − π�̄ coth(π�̄)) − tanh

(
�̄�

)
�̄ cos � sin �

)
, (4.18)

Vsc,2 = −32π3h2

l2

cosh(2��̄)

sinh(2π�̄)
− 4π2h2α

l

V0

Ez

tan � cot θi

sinh(2��̄)

sinh(2π�̄)
. (4.19)

In the limit that the stiffness parameter α → ∞ the
expression for Kcc reduces to the previous result, that is,

Kcc = −K2
hw

2 . In the limit of a purely repulsive exponential
potential (� → 0) we regain the exponential model result. In
the high energy limit, that is, when � → π /2 we have that

lim
Ez→∞

Kcc = K2
M

2

(
1

tan2 |θi | − π

2

�̄

sin2 |θi |
coth

(
π�̄

2

))
,

(4.20)
while in the low energy limit we have that � → π so that

lim
Ez→0

Kcc

= K2
M

2

{
1

tan2 |θi | + π�̄

sin2 θi

[tanh(π�̄) − coth(π�̄)]

}
,

(4.21)

and as already noted, in both limits this reduces to −K2
hw

2 in
the hard wall limit (α → ∞).

As in the case of a purely repulsive potential, here too we
did not manage to obtain a fully analytic expression for Ksc.
However, with the aid of Eq. (4.17) one can reduce the triple
integral appearing in Eq. (2.35) to a double integral which is
then evaluated numerically. The angular distribution is calcu-
lated by solving tan θf + f (x̄) = 0 for x̄j numerically using
Eqs. (3.3) and (3.5).

C. Numerical examples

The scattering of an Ar atom from the LiF(100) surface
has been studied in some detail, both experimentally10 as well
as theoretically.13, 22 The experimental angular distribution,
measured with a fixed angle of 90◦ between the incident beam
and the detector showed a number of distinct qualitative fea-
tures. The distance between the rainbow peaks decreased as
a function of increasing incident energy. The asymmetry in
the angular distribution was such that the intensity of the rain-
bow peak was higher for final angles which were less than
π /4, however the asymmetry decreased as the incident energy
decreased. All of these features are accounted for within the
present second order perturbation theory.

To demonstrate this we employ parameters used previ-
ously to fit the experimental results. In particular, the follow-
ing values have been used for the Morse potential model:13 h
= 0.25 a.u., l = 4 Å, αl = 3, and V0 = 88 meV.

As has been previously stated, the second order coeffi-
cients, Kcc and K̄sc, play a key role in the asymmetry of the
angular distributions. The dependence of these coefficients on
the incident energy and incident angle is shown in Fig. 1.
Around the incident angle of −45◦ and in the range of en-
ergies (315–705 meV) probed by the experiment,10 the ab-
solute values of the coefficients decrease as the incident en-
ergy is increased. At very low energies, the asymmetry of the
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FIG. 1. The second order coefficients Kcc and K̄sc for the Morse poten-
tial model are plotted as a function of the incident energy (in meV), for
two incident angles, −45◦ and −30◦. The parameters used for this figure
and all other figures presented are h = 0.25 a.u., l = 4 Å, αl = 3, and
V0 = 88 meV.

angular distribution is expected to be very important, since
this second order coefficient becomes relatively large. When
the incident energy is very low, the approaching atom “feels”
the corrugation for a longer period of time. Given the large
magnitude of the coefficients one should expect that in this
low energy limit the perturbation theory will not be accurate.
As the incident energy increases, Kcc and K̄sc become small,
approaching the purely repulsive model result, the asymme-
try in the angular distribution is reduced and the perturbation
theory result should be rather accurate.

The variation of the second order coefficients with
respect to the angle of incidence is plotted at two different
incident energies in Fig. 2. These results have a number of
interesting features. First, at low angles of incidence and
low energies the coefficients become positive. Second, the
parabolic structure implies that similar values are obtained at
different incident angles, indicating that the asymmetry is not
necessarily a monotonic function of the angle of incidence.
Third, when the angle of incidence tends to π /2 (grazing
angle), the coefficients vanish.

Another property which emerges from the second or-
der perturbation theory is that in contrast to the hard wall
model, the location of the rainbows is no longer symmetri-
cally distributed about the specular angle. A measure of this
“location asymmetry” is obtained by considering the differ-

FIG. 2. The second order coefficients Kcc and K̄sc for the Morse potential
given by Eq. (4.18) are plotted as a function of the incident angle for two
incident energies, 300 meV and 700 meV. The potential parameters used are
the same as in Fig. 1.

FIG. 3. Rainbow location asymmetry (difference between the angular dis-
tance of the rainbow angles from the specular angle) for the Morse potential
model is plotted as a function of the incident energy and three incident an-
gles, −15◦, −25◦, and −45◦ (see text). The potential parameters used are the
same as in Fig. 1.

ence between the angular distance of the rainbow angles from
the specular angle. In the symmetric case, this difference of
course vanishes. In Fig. 3, we plot the rainbow location asym-
metry (in degrees) obtained by subtracting the distance of the
sub-specular rainbow peak from the specular angle from the
distance of the super-specular rainbow angle from the specu-
lar angle. From this figure we note that, depending on the an-
gle of incidence, the rainbow location asymmetry can change
sign. In addition the dependence of the location asymmetry
on the incidence energy is not necessarily monotonic.

When considering the angular distribution, one distin-
guishes between two different experiments. In one class, the
angle of incidence is kept fixed and the detector is moved to
measure the final angular dependence of the outcoming flux.
In a different (easier) experimental setup, as used in the mea-
surements of Ref. 10, the angle between the incident and final
beam is kept fixed and only the angle of incidence is varied.
The results for the angular distribution for the former case
are shown in Fig. 4 for two different incidence energies. For
the sake of the presentation, we used a Gaussian smoothing
of the angular distribution with a Gaussian whose width is
∼0.3◦. We ascertained that the asymmetry shown in the fig-
ure is converged with respect to the Gaussian width. With-
out the smoothing, the results at the rainbows diverge and are
difficult to present numerically. One notes that the asymme-
try decreases as the energy is increased from 300 meV to
700 meV. The fixed (π /2) angular distribution, plotted as

FIG. 4. The final angular distribution as given by Eq. (3.9) is plotted for two
incident energies, 300 meV and 700 meV (covering the experimental range),
and for an incident angle of −45◦. The potential parameters used are the same
as in Fig. 1.
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FIG. 5. The final angular distributions with a fixed angle of π/2 between
incident and outgoing beams are plotted for two incident energies, 300 meV
and 700 meV, covering the experimental range. The potential parameters used
are the same as in Fig. 1.

a function of the exit angle (θ f = π /2 + θ i), is shown
in Fig. 5. Qualitatively, the results are similar to those
shown in Fig. 4, however the distance between the rainbow
peaks becomes smaller by approximately a factor of 1/2, as
expected.

The results shown in Fig. 5 for the intensity asymme-
try are qualitatively similar to those measured experimentally
in Ref. 10. Experimentally the intensity asymmetry (defined
as the ratio of the peak height at the sub-specular angle to
the peak height at the super-specular angle) changes from 1.7
to 1.4 as the incident energy is increased from 315 meV to
705 meV. As may be inferred from Fig. 5, in the same energy
range, the theoretical intensity asymmetry changes from 1.78
to 1.70.

V. DISCUSSION

A second order perturbation theory with respect to the
corrugation height has been developed for the elastic scatter-
ing of atoms from a periodic corrugated surface. The second
order theory correctly accounts for experimentally observed
asymmetry in the measured angular distributions. Expres-
sions have been derived for the energy and incident angle
dependence of the angular distributions and their asymmetry.
In contrast to the hard wall model, the second order theory
provides the dependence of the asymmetry on both angle
of incidence and energy of the particle. Expressions for this
dependence were derived for a purely repulsive exponential
model potential as well as a Morse potential which exhibits
the characteristic physisorption well felt by the incoming
atom. Numerical results were shown for parameter values
which fit qualitatively the scattering of Ar from a LiF(100)
surface. In contrast to the hard corrugated wall model and
first order perturbation theory, the second order theory also
accounts for asymmetry in the location of the rainbow
angles.

In this context it should be noted though that the asym-
metry is not always such that the sub-specular rainbow peak
is the more intense one. The opposite is found for the scatter-
ing of Ar from an H covered tungsten surface.11 This indicates
for example that the elastic theory presented in this paper may
not always be sufficient. For example, phonon friction which

is larger in the vertical direction than in the horizontal direc-
tion will tend to shift the final angular distribution towards
super-specular peaks. The three-dimensional structure of the
surface can also affect the asymmetry in the distribution.13, 22

As already noted, the present theory was limited to elas-
tic scattering. In principle, one should include the interaction
of the particle with the surface. As established in a number
of studies,13 this interaction is often weak and may also be
treated using perturbation theory, in which the small param-
eter is the friction strength. For example, in the scattering of
Ar on the LiF(100) surface, in the energy range probed by
the experiment (300–700 meV), the relative energy loss (en-
ergy loss/incidence energy) is estimated to be at most 10%.23

In this weak friction limit, the inelastic interaction leads typ-
ically to a broadening of the distribution which is well de-
scribed by a first order perturbation theory with respect to the
friction strength.13 In this limit the inelastic interaction will
not change the qualitative features of the asymmetry in the
angular distribution, as deduced from the elastic theory pre-
sented in this paper. We do note though that in principle it is
possible to further expand the perturbation theory treatment
with respect to the friction also to second order in the friction
coefficients, using the same methodology presented in this
paper.

The classical first order perturbation theory was used in
previous work13, 23 to study the sticking of atoms scattered
from surfaces. Here too, one could employ the present sec-
ond order theory to study sticking. It would be of interest to
understand how much the asymmetry will change the sticking
probabilities.

The first order perturbation theory fails especially for
grazing angles, where the change in the horizontal momen-
tum can no longer be considered as small with respect to the
magnitude of the incident horizontal momentum. The second
order perturbation theory should improve the theory but the
extent is not clear. Detailed comparison with numerically ex-
act classical mechanics simulations of the scattering would be
helpful in this respect.

Finally, we note that the first order perturbation theory
has been used extensively within a semiclassical context.24, 25

The semiclassical initial value representation used in Ref. 24
is based on the first order perturbation theory solution of the
classical equations of motion. This first order theory pro-
vides relatively simple expressions for the diffraction pattern
of a particle scattered on a corrugated surface. It should be
of interest to see whether the present second order perturba-
tion theory can be employed within the same framework so
that also the resulting semiclassical diffraction patterns will
exhibit the correct asymmetry.
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